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DISCLAIMER

The U. S. Environmental Protection Agency through its Office of Research and Development
partially funded and collaborated in the research described here under assistance agreement number
CR-820499 to The University of Vermont. It has been subjected to the Agency’s peer and
administrative review and has been approved for publication as an EPA document. Mention of trade
names or commercial products does not constitute endorsement or recommendation for use.

When available, the software described in this document is supplied on “as-is” basis without
guarantee or warranty of any kind, express or implied. Neither the United States Government (United
States Environmental Protection Agency, Robert S. Kerr Environmental Research Center), The
University of Vermont, nor any of the authors accept any liability resulting from use of this
software.



FOREWORD

The U.S. Environmental Protection Agency is charged by Congress with protecting the Nation’s
land, air, and water resources. Under a mandate of national environmental laws, the Agency strives
to formulate and implement actions leading to a compatible balance between human activities and
the ability of natural systems to support and nurture life. To meet these mandates, EPA’s research
program is providing data and technical support for solving environmental problems today and
building a science knowledge base necessary to manage our ecological resources wisely, understand
how pollutants affect our health, and prevent or reduce environmental risks in the future.

The National Risk Management Research Laboratory is the Agency’s center for investigation of
technological and management approaches for reducing risks from threats to human health and the
environment. The focus of the Laboratory’s research program is on methods for the prevention and
control of pollution to air, land, water, and subsurface resources; protection of water quality in public
water systems; remediation of contaminated sites and ground water, and prevention and control of
indoor air pollution. The goal of this research effort is to catalyze development and implementation
of innovative, cost-effective environmental technologies; develop scientific and engineering
information needed by EPA to support regulatory and policy decisions; and provide technical support
and information transfer to ensure effective implementation of environmental regulations and
strategies.

This report focuses on the simulation of the contamination of soils and aquifers which results from
the release of organic liquids commonly referred to as Non-Aqueous Phase Liquids (NAPLs).  The
approach used in this simulation is applicable to three interrelated zones: a vadose zone which is in
contact with the atmosphere, a capillary zone, and a water-table aquifer zone.  The simulator
accommodates three mobile phases: water, NAPL, and gas.  The numerical solution algorithm is
based on a Hermite collocation finite element discretization.  The simulator provides an accurate
solution of a coupled set of non-linear partial differential equations that are generated by combining
fundamental balance equations with constitutive and thermodynamic relationships.

Clinton W. Hall, Director
Subsurface Protection and Remediation Division
National Risk Management Research Laboratory
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Devwudfw

D pdwkhpdwlfdo dqg qxphulfdo prgho lv ghyhorshg wr vlpxodwh wkh wudqvsruw dqg
idwh ri QDSOv lq qhdu0vxuidfh judqxodu vrlov1 Wkh uhvxowlqj wkuhh0glphqvlrqdo/
wkuhh skdvh vlpxodwru lv fdoohg QDSO1 Wkh vlpxodwru dffrpprgdwhv wkuhh pr0
eloh skdvhv= zdwhu/ QDSO dqg jdv/ dv zhoo dv zdwhu0 dqg jdv0skdvh wudqvsruw ri
QDSO frqwdplqdqwv1 Wkh qxphulfdo vroxwlrq dojrulwkp lv edvhg rq d Khuplwh
froorfdwlrq �qlwh hohphqw glvfuhwl}dwlrq1 Sduwlfxodu dwwhqwlrq kdv ehhq sdlg wr wkh
ghyhorsphqw ri d vxe0prgho wkdw ghvfulehv wkuhh0skdvh k|vwhuhwlf shuphdelolw|0
vdwxudwlrq0suhvvxuh +n0V0S, uhodwlrqvklsv/ dqg wkdw frqvlghuv wkh srwhqwldo hqwuds0
phqw ri dq|  xlg zkhq lw lv glvsodfhg1 Lq dgglwlrq udwh0olplwhg glvvroxwlrq dqg
yrodwlol}dwlrq pdvv wudqvihu prghov kdyh ehhq lqfoxghg1 Wkh ryhudoo prgho kdv
ehhq whvwhg iru vhoi0frqvlvwhqf| xvlqj pdvv edodqfh dqg whpsrudo dqg vsdwldo frq0
yhujhqfh dqdo|vlv1 Wkh k|vwhuhwlf n0V0S dqg pdvv h{fkdqjh prghov kdyh ehhq
whvwhg djdlqvw h{shulphqwdo uhvxowv1 Vhyhudo h{dpsoh gdwd vhwv duh surylghg/ lq0
foxglqj d vhwxs ri wkh duwl�fldo dtxlihu h{shulphqwv ehlqj frqgxfwhg dw wkh HSD*v
Vxevxuidfh Surwhfwlrq dqg Uhphgldwlrq Glylvlrq ri wkh Qdwlrqdo Ulvn Pdqdjh0
phqw Uhvhdufk Oderudwru| lq Dgd/ RN +iruphuo| UVNHUO, dw wklv zulwlqj1



Frqwhqwv

4 LQWURGXFWLRQ 44
414 SUREOHP 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 44
415 IRFXV 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 45
416 DSSURDFK 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 46
417 PRGHO FDSDELOLWLHV 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 47
418 RUJDQL]DWLRQ 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4:

5 FRQFOXVLRQV 4<

6 UHFRPPHQGDWLRQV 53

7 WKHRUHWLFDO GHYHORSPHQW 54
714 RYHUYLHZ 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 54
715 PDVV EDODQFH HTXDWLRQV 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 55
716 SULPDU\ YDULDEOHV 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 58
717 IOXLG SURSHUWLHV 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 5:

71714 Ghqvlw| 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 5:
71715 Ylvfrvlw| 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 5;
71716 Lqwhuidfldo Whqvlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 5;

718 SKDVH DGYHFWLRQ 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 5<
719 GLVSHUVLRQ FRHIILFLHQW 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 63
71: QDWXUDO GHJUDGDWLRQ 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 63
71; PDVV WUDQVIHU 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 64

71;14 Oltxlg0Oltxlg Pdvv Wudqvihu 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 68
71;15 Oltxlg0Vrolg Pdvv Wudqvihu 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 6:

71< VXPPDU\ 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 6;

8 K\VWHUHWLF n0V0S PRGHO 73
814 FRQFHSWXDO PRGHO RYHUYLHZ 1 1 1 1 1 1 1 1 1 1 1 1 1 1 77
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815 WZR0SKDVH PRGHO 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 78
81514 Hqwudsphqw dqg Uhohdvh Vxe0Prgho 1 1 1 1 1 1 1 1 1 1 1 1 1 79
81515 Vdwxudwlrq0Suhvvxuh Vxe0Prgho 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 87
81516 Uhodwlyh Shuphdelolw|0Vdwxudwlrq Vxe0Prgho 1 1 1 1 1 1 1 1 94

816 WKUHH0SKDVH PRGHO 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 97
81614 Hqwudsphqw dqg Uhohdvh Vxe0Prgho 1 1 1 1 1 1 1 1 1 1 1 1 1 97
81615 Vdwxudwlrq0Suhvvxuh Vxe0Prgho 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 98
81616 Uhodwlyh Shuphdelolw|0Vdwxudwlrq Vxe0Prgho 1 1 1 1 1 1 1 1 9:

817 PRGHO LPSOHPHQWDWLRQ 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :3
81714 Skdvh Hqwudsphqw dqg Uhohdvh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :4
81715 V0S Fxuyh Suhvvxuh Vfdoh Wudqvlwlrq 1 1 1 1 1 1 1 1 1 1 1 1 :4
81716 V0S Fxuyh Uhvwulfwlrq Sdudphwhuv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :5
81717 Pdvv Edodqfh dqg Frqvlvwhqf| 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :7

818 FDSLOODU\ SUHVVXUH VFDOLQJ 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :8

9 QXPHULFDO PRGHO GHYHORSPHQW :;
914 ILQDO IRUP RI WKH EDODQFH HTXDWLRQV 1 1 1 1 1 1 1 1 :;

91414 Zdwhu0Skdvh Iorz dqg Frqwdplqdqw Wudqvsruw 1 1 1 1 1 1 :<
91415 QDSO0Skdvh Iorz 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;4
91416 Jdv0Skdvh Iorz dqg Frqwdplqdqw Wudqvsruw 1 1 1 1 1 1 1 1 ;4

915 VHTXHQWLDO/ LWHUDWLYH VROXWLRQ 1 1 1 1 1 1 1 1 1 1 1 1 1 ;5
91514 Wlph0Glvfuhwh2Olqhdul}hg Irup ri wkh Iorz Htxdwlrqv 1 1 ;5
91515 Wlph0Glvfuhwh2Olqhdul}hg Irup ri wkh Wudqvsruw Htxdwlrqv ;;

916 VSDWLDO DSSUR[LPDWLRQ 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <3
917 LPSRVHG FRQGLWLRQV 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <5

91714 Lqlwldo Frqglwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <5
91715 Erxqgdu| Frqglwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <6
91716 H{whuqdo Iox{ Frqglwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <;

918 GLDJQRVWLF WRROV 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <;
91814 Shfohw Frqvwudlqw 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <<
91815 Wlph Vwhs Frqwuro 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 437
91816 Skdvh Glvfrqwlqxlwlhv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 439

919 VROYLQJ WKH V\VWHP RI OLQHDU HTXDWLRQV 1 1 1 1 1 1 43:
91: VXPPDU\ RI VHTXHQWLDO LWHUDWLRQ 1 1 1 1 1 1 1 1 1 1 1 43;
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: VLPXODWRU GRFXPHQWDWLRQ 43<
:14 GDWD LQSXW 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 43<

:1414 Vhw xs iru wkh lqfoxgh1i �oh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 446
:1415 Gdwd Lqsxw Gulyhu 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 447

:15 LQSXW0 DQG RXWSXW0ILOH GHVFULSWLRQ 1 1 1 1 1 1 1 1 1 1 46;
:1514 Lqsxw Ilohv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 46;
:1515 Uhvwduw Ilohv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 473
:1516 Frpslodwlrq Ilohv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 474
:1517 Vfuhhq rxwsxw 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 474
:1518 Rxwsxw �ohv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 476

; PRGHO WHVWLQJ DQG H[DPSOH SUREOHPV 479
;14 FRQYHUJHQFH DQG PDVV EDODQFH 1 1 1 1 1 1 1 1 1 1 1 1 1 479

;1414 Frpsdwlelolw| ri wkh julg dqg wkh  rz prgho 1 1 1 1 1 1 1 1 479
;1415 Dqdo|vlv ri wkh wkuhh0skdvh k|vwhuhwlf n0V0S prgho 1 1 1 1 1 47:
;1416 Dqdo|vlv ri wkh pdvv wudqvihu prgho 1 1 1 1 1 1 1 1 1 1 1 1 1 483

;15 FRPSDULVRQV WR H[SHULPHQWDO UHVXOWV 1 1 1 1 1 1 1 1 486
;1514 OQDSO Vsloo 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 486
;1515 GQDSO Vsloo 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 48;
;1516 GQDSO Glvvroxwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 499
;1517 GQDSO Ydsru Wudqvsruw 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 499

;16 VRIWZDUH 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 49:

D SDUDPHWHU OLVW 4::

E SDUWLFXODUV RI KHUPLWH FROORFDWLRQ 4;6
E14 Qrgdo Ghjuhhv ri Iuhhgrp 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4;6
E15 Edvlv Ixqfwlrq Gh�qlwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4;6
E16 Khuplwh Lqwhusrodwlrq ri Fdsloodu| Suhvvxuh 1 1 1 1 1 1 1 1 1 1 1 1 4;7
E17 Erxqgdu| Frqglwlrq Vshfl�fdwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4;7

F LQLWLDOL]H WUDSSLQJ SDUDPHWHUV 4;:

G SHFOHW FRQVWUDLQW 4<3

H VRXUFH ILOH GHVFULSWLRQ 4<5
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I QDSO SURMHFW 4<;
I14 Sxusrvh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4<;
I15 Vfrsh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4<;
I16 H{shulphqwdo Vhwxs dqg Gdwd Edvh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4<<
I17 WDVN 4 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 535

I1714 Sxusrvh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 535
I1715 Surfhgxuh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 537
I1716 Uhvxowv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 538

I18 WDVN 5 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 538
I1814 Sxusrvh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 538
I1815 Surfhgxuh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 538
I1816 Uhvxowv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 53:

I19 WDVN 6 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 53;
I1914 Sxusrvh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 53;
I1915 Surfhgxuh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 53<
I1916 Uhvxowv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 546

I1: WDVN 7 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 548
I1:14 Sxusrvh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 548
I1:15 Surfhgxuh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 548
I1:16 Uhvxowv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 549
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Olvw ri Iljxuhv

414 Gh�qlwlrq looxvwudwlrq ri QDSO frqwdplqdwlrq lq qhdu0vxuidfh vrlov
gxh wr dq lqwhuplwwdqw vxuidfh uhohdvh1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 45

714 Vxppdu| ri uhfhqw vwxglhv ri pdvv h{fkdqjh surfhvvhv lq QDSO
frqwdplqdwhg vrlov1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 65

715 Frqwlqxhg= Vxppdu| ri uhfhqw vwxglhv ri pdvv h{fkdqjh surfhvvhv
lq QDSO frqwdplqdwhg vrlov1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 66

716 Frqwlqxhg= Vxppdu| ri uhfhqw vwxglhv ri pdvv h{fkdqjh surfhvvhv
lq QDSO frqwdplqdwhg vrlov1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 67

814 Vxppdu| ri frqfhswxdo dqg qxphulfdo prghov ghvfulelqj wkuhh0
skdvh  rz lq judqxodu vrlov1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 75

815 Frqwlqxhg= Vxppdu| ri frqfhswxdo dqg qxphulfdo prghov ghvfule0
lqj wkuhh0skdvh  rz lq judqxodu vrlov1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 76

816 Gh�qlwlrq sorw ri wkh k|vwhuhwlf uhodwlrqvkls ehwzhhq vdwxudwlrq
dqg fdsloodu| suhvvxuh hpsor|lqj wkh hpslulfdo prgho xvhg lq wkh
vlpxodwru1 Fxuyh srvlwlrq dqg vkdsh lv jryhuqhg e| wkh prelolw|
vwdwxv dqg wkh pdjqlwxgh ri wkh skdvh vdwxudwlrqv zkhq wkh fxuyh
lv vsdzqhg dqg zkhwkhu wkh glvsodfhphqw surfhvv lv gudlqdjh +(,
ru lpelelwlrq +U, zlwk uhvshfw wr wkh zhwwlqj skdvh1 Sulpdu| +� ,
dqg Pdlq +�, fxuyhv duh vsdzqhg zkhq rqo| rqh skdvh lv preloh
^fxuyh qxpehuv 4 dqg 5`1 Vfdqqlqj +7, fxuyhv duh vsdzqhg zkhq
erwk skdvhv duh preloh ^fxuyh qxpehuv 6 wr 9`1 Wkh fxuyh0w|sh
qxpehulqj vfkhph lv vhw vxfk wkdw rgg qxpehuv duh doljqhg zlwk
gudlqdjh fxuyhv ^4 @ �(� ru �(�/ 6 dqg 8 @ 7(�` dqg hyhq
qxpehuv duh doljqhg zlwk lpelelwlrq fxuyhv ^5 @ SLF ru PLF/ 7
dqg 9 @ 7U�`1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 7:
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817 Wkh uhvxowlqj k|vwhuhwlf & � 7 ixqfwlrqdov iru wkh zhwwlqj skdvh
jhqhudwhg iurp wkh hpslulfdo prgho xvhg lq wkh vlpxodwru dqg wkh
gdwd gh�qlqj wkh 7 � � uhodwlrqvkls1 Qrwh wkdw wkh �(� dqg
�U�/ vkrzq dv gdvkhg olqhv/ duh sudfwlfdoo| frlqflghqw/ dqg wkdw
wkh vfdqqlqj fxuyhv/ vkrzq dv gdvkhg olqhv/ duh jurxs0odeohg eh0
fdxvh e| prgho gh�qlwlrq wkh| duh frlqflghqw1 1 1 1 1 1 1 1 1 1 1 1 7;

818 Wkh uhvxowlqj k|vwhuhwlf &�7 ixqfwlrqdov iru wkh qrqzhwwlqj skdvh
xvlqj wkh gdwd gh�qlqj wkh 7 � � uhodwlrqvkls dqg wkh hpslulfdo
prgho xvhg lq wkh vlpxodwru1 Qrwh wkdw wkh fxuyh odehohg �U�W

lv rewdlqhg xsrq uhyhuvdo iurp d �(� zkhuh qr qrqzhwwlqj skdvh
zdv suhylrxvo| wudsshg1 Vxevhtxhqw uhyhuvdov iroorz wkh �(�
dqg �U� zklfk duh sudfwlfdoo| frlqflghqw1 Dovr qrwh wkdw wkh
vfdqqlqj fxuyhv duh jurxs0odeohg ehfdxvh e| prgho gh�qlwlrq wkh|
duh frlqflghqw1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 7<

819 Dq looxvwudwlrq ri wkh h�hfw wkdw wkh hqwudsphqw prgho eohqglqj
sdudphwhu h kdv rq wkh vkdsh ri wkh &�7�� ixqfwlrqdov1 Iru wkh
vrolg fxuyhv/ e ' �/ dqg iru wkh gdvkhg fxuyhv e ' f1 1 1 1 1 1 1 1 :5

81: Wkh h�hfw ri xvlqj wkh eohqglqj uxoh ghvfulehg lq Wdeoh 815 wr gh�qh
@Es� dv lw fkdqjhv iurp @_ wr @� dw d  rz uhyhuvdo iurp d �(� wr dq
7U�1 Wkh gdvkhg 7U� xvhv wkh eohqglqj uxoh zlwk Ke|@ ' f +l1 h1/
dq lqvwdqwdqhrxv wudqvlwlrq,/ dqg wkh vrolg 7U� xvhv wkh eohqglqj
uxoh zlwk Ke|@ ' f�21 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :6

81; Judsklfdo uhsuhvhqwdwlrq ri krz wkh 7�� ixqfwlrqdo uhwdlqv frqwl0
qxlw| ryhu d wlph vwhs1 Lqlwldo gudlqdjh lv iurp srlqw 4* wr 41 Wkhq
d uhyhuvdo lv lqglfdwhg/ dqg wkh VLF� lv jhqhudwhg +wkh gdvkhg fxuyh
ehwzhhq srlqwv 4 dqg 4*,1 Ryhu wkh wlph vwhs 7` lqfuhdvhv wr wkh
srlqw 5 dorqj wkh gdvkhg fxuyh1 Prgho sdudphwhuv duh xsgdwhg
wr �w wkh VLF� ehwzhhq srlqwv 5 +wkh fxuuhqw srlqw, dqg 5* +wkh
xsgdwhg wudsshg skdvh frqglwlrq/ ��7C|,/ wkhuhe| jhqhudwlqj wkh
wklq vrolg fxuyh1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :8

:14 Ghidxow d{lv rulhqwdwlrq iru wkh 60glphqvlrqdo dqg wkh 50glphqvlrqdo
yhuvlrqv ri wkh vlpxodwru1 Qrwh wkdw wkh {0d{lv lv doljqhg zlwk judy0
lw| lq erwk yhuvlrqv1 Dovr looxvwudwhg duh wkh gh�qlwlrqv ri wkh julg
urwdwlrq rswlrq dqg wkh lqsxw sdudphwhu ?s@Se zklfk lv xvhg lq
vhwwlqj erxqgdu| frqglwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 444
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;14 Dqdo|vlv ri dssursuldwh julg vsdflqj wr frpsxwh fdsloodu| ulvh iru
gl�huhqw vrlo0w|shv1 Sduwv +d, dqg +e, duh iru d uhodwlyho| �qh vdqg/
dqg sduwv +f, dqg +g, duh iru d uhodwlyho| frduvh vdqg1 1 1 1 1 1 1 1 47;

;15 Uhvxowv ri d rqh0glphqvlrqdo/ wkuhh0skdvh/ GQDSO lqmhfwlrq dqg
uhglvwulexwlrq vlpxodwlrq/ kljkoljkwlqj vsdwldo frqyhujhqfh dqgpdvv
edodqfh1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 484

;16 Frpsxwdwlrqdo dqdo|vlv ri wkh glvvroxwlrq prgho1 Sduwv +d, dqg
+e, looxvwudwh wkh h�hfw wkdw wkh udwh frqvwdqw +h{ lq wkh �jxuh/ h{0
suhvvhg lq xqlwv ri 42gd|, kdv rq wkh vroxwlrq1 Dv wkh glvvroxwlrq
iurqw vkdushqv/ rvfloodwlrqv dsshdu lqglfdwlqj wkdw d �qhu julg vsdf0
lqj lv uhtxluhg1 Sduwv +f, dqg +g, looxvwudwh vsdwldo frqyhujhqfh iru
h{ @ 572g1 Iru wkh sdudphwhuv fkrvhq d julg vsdflqj ri dssur{l0
pdwho| 8 fp lv dssursuldwh1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 485

;17 Sorw ri wkh sulpdu| dqg pdlq V0S ixqfwlrqdov gh�qhg e| wkh fxuuhqw
prgho iru wkh OQDSO vsloo vlpxodwlrq/ zkhuh wkh gudlqdjh fxuyhv
duh uhsuhvhqwhg e| wkh wklfn olqhv dqg wkh lpelelwlrq fxuyhv duh
uhsuhvhqwhg e| wkh wklq olqhv1 Khuh wkh �wwlqj sdudphwhuv/ dvvxphg
wr eh ydolg iru d zdwhu0jdv v|vwhp/ kdyh ehhq vfdohg wr uhsuhvhqw
wkh zdwhu0QDSO dqg QDSO0jdv v|vwhpv1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 487

;18 Gh�qlwlrq vnhwfk iru wkh OQDSO vsloo vlpxodwlrq/ vkrzlqj vsdwldo
vfdoh dqg erxqgdu| frqglwlrqv1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 487

;19 Frpsdulvrq ri uhvxowv iurp wkh sk|vlfdo h{shulphqw/ wkh fxuuhqw
prgho/ dqg wkh prgho xvhg e| Ydq Jhho dqg V|nhv +YJV,1 Sduw +d,
vkrzv wkh yhuwlfdo glvwulexwlrq ri zdwhu suhvvxuh khdg dqg Sduw +e,
vkrzv wkh yhuwlfdo glvwulexwlrq ri zdwhu vdwxudwlrq1 1 1 1 1 1 1 1 1 1 488

;1: Frpsdulvrq ri uhvxowv iru wkh OQDSO vsloo sureohp1 Wkh sorwv
rq wkh ohiw vkrz wkh QDSO vdwxudwlrq frqwrxuv dv frpsxwhg e|
wkh fxuuhqw prgho dw wkh wlphv lqglfdwhg iurp wkh lqlwldwlrq ri wkh
OQDSO vsloo1 Wkh sorwv rq wkh uljkw frpsduh uhvxowv wdnhq dorqj
wkh lqvwuxphqwhg yhuwlfdo vhfwlrq +wkh yhuwlfdo grwwhg olqh lq wkh
sorwv rq wkh ohiw,1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 489

;1; D frpsdulvvrq ri wkh fxpxodwlyh OQDSO pdvv zklfk kdv hqwhuhg
wkh grpdlq dv d ixqfwlrq ri wlph1 Dw wlph @ 4453 v wkh OQDSO
vrxufh zdv uhpryhg1 Wkh vrolg olqh lv wkh frpsxwhg fxpxodwlyh
pdvv zklfk kdv furvvhg wkh erxqgdu|1 Wkh gdvkhg olqh lv wkh fkdqjh
lq pdvv lq wkh grpdlq1 Wkh gdvk0grw olqh lv wkh h{shulphqwdo gdwd1 48:

:



;1< D frpsdulvrq sorw ri wkh h{shulphqwdo dqg prgho prlvwxuh sur�oh
xvhg dv wkh lqlwldo frqglwlrq iru wkh GQDSO  rrg1 1 1 1 1 1 1 1 1 1 493

;143 D frpsdulvrq sorw ri wkh h{shulphqwdo dqg prgho gdwd txdqwli|lqj
wkh fxpxodwlyh yroxph ri SFH lq�owudwhg dv d ixqfwlrq ri wlph1
Vshfl�f wr wkh h{shulphqw/ lw wrrn 476 vhfrqgv iru 533 fp� ri SFH
wr lq�owudwh1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 494

;144 Frpsdulvrq ehwzhhq h{shulphqw dqg prgho uhvxowv dw wlph @ 476
vhfrqgv +wkh wlph zkhq wkh GQDSO vrxufh zdv uhpryhg,1 1 1 1 1 495

;145 Frpsdulvrq ehwzhhq h{shulphqw dqg prgho uhvxowv dw wlph @ 5;6
vhfrqgv diwhu wkh GQDSO vrxufh zdv �uvw dssolhg1 1 1 1 1 1 1 1 1 1 496

;146 Frpsdulvrq ehwzhhq h{shulphqw dqg prgho uhvxowv dw wlph @ 44<8
vhfrqgv diwhu wkh GQDSO vrxufh zdv �uvw dssolhg1 1 1 1 1 1 1 1 1 1 497

;147 Frpsdulvrq ehwzhhq h{shulphqw dqg prgho uhvxowv dw wlph @ 68<8
vhfrqgv diwhu wkh GQDSO vrxufh zdv �uvw dssolhg1 1 1 1 1 1 1 1 1 1 498

;148 Dq looxvwudwlrq ri wkh GQDSO ydsru wudqvsruw prgho sureohp gr0
pdlq lqfoxglqj lqlwldo dqg erxqgdu| frqglwlrqv1 1 1 1 1 1 1 1 1 1 1 49:

;149 D frpsdulvrq sorw ri wkh h{shulphqwdo +vrolg olqh, dqgprgho +gdvkhg
olqh, uhvxowv dw wlph @ 45 krxuv1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 49;

I14 Skrwr ri wkh h{shulphqwdo dssdudwxv mxvw diwhu wkh SFH zdv uh0
pryhg/ vkrzlqj glphqvlrqv dqg yhuwlfdo frqvwdqw khdg erxqgdulhv1
Wkh SFH +gdun juh|, kdv ehhq g|hg uhg wr pd{lpl}h frqwudvw1 1 1 535

I15 Lghdol}dwlrq ri wkh h{shulphqwdo vhwxs vxshulpsrvhg rq d ylghr
lpdjh ri wkh er{ +8 vhfrqgv diwhu wkh SFH vrxufh zdv dssolhg,1 1 536

I16 Sorw ri wkh lqlwldo vwdwlf vdwxudwlrq sur�oh1 Wkh frpsxwhg fxuyh lv
�w wr wkh h{shulphqwdo gdwd e| dowhulqj wkh V0S prgho fxuyh �wwlqj
sdudphwhuv1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 537

I17 Looxvwudwlrq ri wkh rqh0glphqvlrqdo zdwhu0jdv glvsodfhphqw h{shul0
phqw vkrzlqj erxqgdu| dqg lqlwldo frqglwlrqv dqg glphqvlrqv1 Wkh
phvk kdv rqh 5 fp hohphqw lq wkh krul}rqwdo gluhfwlrq/ dqg wkh yhu0
wlfdo gluhfwlrq lv glvfuhwl}hg lq dq dssursulwdwh pdqqhu1 1 1 1 1 1 1 539

I18 Looxvwudwlrq ri wkh 50G prgho vhwxs iru wkh wkuhh vhtxhqwldo vlpxod0
wlrqv/ vkrzlqj erxqgdu| dqg lqlwldo frqglwlrqv dqg wkh wlph iudph
iru hdfk h{shulphqw1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 543

I19 Looxvwudwlrq ri wkh xqlirup glvwulexwlrq ri iruflqj frqglwlrqv derxw
d qrgh1 Iru wklv h{dpsoh/ QDSO lv srqghg zlwk khdg �� ryhu dq
duhd htxdo wr 518 fp21 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 545

;



I1: Ylghr lpdjh dw wlph @ 476 vhfrqgv mxvw diwhu wkh GQDSO vrxufh
zdv uhpryhg +l1 h1/ dw wkh hqg ri H{shulphqw 5,/ vkrzlqj glphq0
vlrqv/ zkhuh wkh vxshulpsrvhg julg lv iru uhihuhqfh sxusrvhv +hoh0
phqwv duh 818fp e| 818 fp, 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 54;

I1; Ylghr lpdjhv dw wlph @ 5;6 dqg 9;6 vhfrqgv diwhu wkh GQDSO vsloo
ehjdq +l1 h1/ wdnh Wlph @ 3 dv wkh lqlwldo frqglwlrq iru H{shulphqw
5,1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 54<

I1< Ylghr lpdjhv dw Wlph @ 44<8 dqg 4:<8 vhfrqgv diwhu wkh GQDSO
vsloo ehjdq1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 553

I143 Ylghr lpdjh dw Wlph @ 68<8 vhfrqgv diwhu wkh GQDSO vsloo ehjdq1 554

<



Olvw ri Wdeohv

814 WZR0SKDVH n0V0S FXUYH0W\SH GHILQLWLRQ 1 1 1 1 1 1 1 1 83
815 GHILQLWLRQ RI WKH VFDOLQJ SDUDPHWHU *d* IRU WKH

WZR0SKDVH K\VWHUHWLF V0S PRGHO 1 1 1 1 1 1 1 1 1 1 1 1 8:
816 GHILQLWLRQ RI WKH VFDOLQJ SDUDPHWHU *Vu* IRU WKH

WZR0SKDVH K\VWHUHWLF V0S PRGHO 1 1 1 1 1 1 1 1 1 1 1 1 8<
817 GHILQLWLRQ RI WKH VFDOLQJ SDUDPHWHU *Vv* IRU WKH

WZR0SKDVH K\VWHUHWLF V0S PRGHO 1 1 1 1 1 1 1 1 1 1 1 1 93
818 WKH UHODWLRQ EHWZHHQ WZR0 DQG WKUHH0SKDVH V0S

PRGHO SDUDPHWHUV 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 9:

914 VXPPDU\ RI WKH V\VWHP XVHG WR GHILQH ERXQGDU\
FRQGLWLRQV IRU WKH IORZ YDULDEOHV 1 1 1 1 1 1 1 1 1 1 <8

:14 WLPH LQGHSHQGHQWEXW VSDWLDOO\YDU\LQJ LQSXWSD0
UDPHWHUV DQG WKHLW DVVRFLDWHG LQSXW ILOHV 1 1 1 1 443

;14 SDUDPHWHUV XVHG WR PRGHO WKUHH0SKDVH SFH PL0
JUDWLRQ LQ RWWDZD VDQG 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 47<

;15 SDUDPHWHUV XVHG LQ WKH OQDSO VSLOO SUREOHP 1 1 1 486
;16 SDUDPHWHUV XVHG LQ WKH GQDSO VSLOO SUREOHP 1 1 1 48;
;17 SDUDPHWHUV XVHG LQ WKH GQDSO YDSRU WUDQVSRUW

H[SHULPHQW +qrwh/ sdudphwhuv zlwk dq dvwhulvn duh hvwlpdwhg, 49;

I14 H[SHULPHQWDO GDWD 0 PRLVWXUH FRQWHQW DV D IXQF0
WLRQ RI GHSWK 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 534

I15 H[SHULPHQWDOGDWD 0 SFHYROXPHHQWHULQJWKHGR0
PDLQ DV D IXQFWLRQ RI WLPH 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 534
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41 LQWURGXFWLRQ

4141 SUREOHP

Wkh sk|vlfdo sureohp zklfk lv dgguhvvhg khuhlq lv wkh frqwdplqdwlrq ri d sulvwlqh
srurxv phglxp dv wkh uhvxow ri uhohdvhv ri rujdqlf oltxlgv/ frpprqo| uhihuuhg wr
dv Qrq0Dtxhrxv Skdvh Oltxlgv +QDSOv,/ lq qhdu0vxuidfh khwhurjhqhrxv judqxodu
vrlov1 Wkh rujdqlf oltxlgv fdq eh hlwkhu oljkwhu wkdq zdwhu +lghqwl�hg dv OQDSOv/
l1 h1/ shwurohxp k|gurfduerq0edvhg, ru khdylhu wkdq zdwhu +lghqwl�hg dv GQDSOv/
l1 h1/ fkorulqdwhg k|gurfduerq0edvhg,1 E| qhdu0vxuidfh zh phdq wkdw wkh vfdoh
zklfk fkdudfwhul}hv  xlg suhvvxuh lv rq wkh rughu ri dwprvskhulf suhvvxuh1 Lq
dgglwlrq wkh vrlo grpdlq fdq eh lghdol}hg dv frqvlvwlqj ri wkuhh lqwhuuhodwhg }rqhv=
d ydgrvh }rqh zklfk lv lq frqwdfw zlwk wkh dwprvskhuh/ d fdsloodu| iulqjh }rqh/
dqg d zdwhu0wdeoh dtxlihu }rqh1 D sduwlfxodu sureohp ri lqwhuhvw pd| lqfoxgh doo
wkuhh }rqhv ru d vxevhw wkhuhri1 E| judqxodu vrlov zh phdq wkrvh vrlov zklfk duh
vwdeoh +qrq0ghiruplqj, dqg uhodwlyho| fkhplfdoo| lqhuw +wkh vrlo sduwlfohv gr qrw
lqwhudfw zlwk wkh vrlo  xlgv,1 Wkhuhiruh/ wkh vrlo lv lghdol}hg dv frqwdlqlqj d kljk
shufhqwdjh ri txduw} sduwlfohv dqg rqo| d plqru shufhqwdjh ri fod| sduwlfohv dqg
rujdqlf pdwwhu1

D frqfhswxdo looxvwudwlrq ri vxuidfh0uhohdvh0jhqhudwhg QDSO pljudwlrq lq wkh
ydgrvh/ fdsloodu| iulqjh dqg dtxlihu }rqhv lv surylghg lq Iljxuh 4141 Wkhuh duh
wkuhh ixqgdphqwdo phfkdqlvpv iru QDSO pljudwlrq1 Iluvw/ wkh QDSO lq�owudwhv
lqwr wkh vrlo dqg pljudwhv erwk yhuwlfdoo| dqg odwhudoo| xqghu wkh lq xhqfh ri judy0
lwdwlrqdo dqg fdsloodu| irufhv1 Wkh glvwulexwlrq ri wkh QDSO oltxlg lv d ixqfwlrq
ri  xlg surshuwlhv +ghqvlw|/ ylvfrvlw|/ lqwhuidfldo whqvlrq/ zhwwlqj srwhqwldo dqg
yduldeoh fkhplfdo frpsrvlwlrq,/ vrlo surshuwlhv +judlq vl}h glvwulexwlrq/ plqhudo
frqwhqw/ prlvwxuh frqwhqw/ srurvlw|/ k|gudxolf frqgxfwlylw| dqg vsdwldo khwhur0
jhqhlw|,/ dqg v|vwhp iruflqj klvwru|1 Li wkh vrxufh lv shulrglf lq qdwxuh/ wkhq
gxulqj gu|lqj shulrgv/ qrw doo wkh QDSO zloo gudlq iurp wkh sruh vsdfh/ ohdylqj
ehklqg dq lppreloh uhvlgxdo/ khog lq sodfh e| fdsloodu| irufhv1 Li wkh QDSO lv
pruh ghqvh wkdq zdwhu/ lw zloo pljudwh wkurxjk wkh fdsloodu| iulqjh dqg frqwlqxh
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Iljxuh 414= Gh�qlwlrq looxvwudwlrq ri QDSO frqwdplqdwlrq lq qhdu0vxuidfh vrlov
gxh wr dq lqwhuplwwdqw vxuidfh uhohdvh1

lwv yhuwlfdo pljudwlrq xqwlo hlwkhu wkh prelolw| ehfrphv }hur +doo wkh QDSO oltxlg
lv dw wkh lppreloh uhvlgxdo vwdwh, ru wkh QDSO iurqw hqfrxqwhuv dq lpshqhwudeoh
jhrorjlf krul}rq

Wkh vhfrqg frqwdplqdqw wudqvsruw phfkdqlvp lv glvvroxwlrq dqg frqvhtxhqw
dgyhfwlrq lq wkh grzqzdug0 rzlqj zdwhu0skdvh/ zlwk suhflslwdwlrq surylglqj wkh
zdwhu vrxufh lq wkh ydgrvh }rqh1 Lq wkh fdvh ri d GQDSO/  rzlqj jurxqgzdwhu
slfnv xs glvvroyhg QDSO frqvwlwxhqwv1

Wkh wklug wudqvsruw phfkdqlvp lv wudqvsruw dv d ydsru QDSO frqvwlwxhqw lq
wkh vrlo jdv/ zkhuh wkh lqfuhdvhg jdv0skdvh ghqvlw| lqgxfhv grzqzdug pryhphqw1
Sduwlwlrqlqj ehwzhhq wkh jdv0 dqg zdwhu0skdvh frqwdplqdqwv ixuwkhu hqkdqfhv wkh
pljudwru| srwhqwldo ri wkh QDSO frqvwlwxhqwv1

4151 IRFXV

Wkh irfxv ri wklv lqyhvwljdwlrq lv wr ghyhors d sk|vlfdoo| frpsohwh vxevxuidfh  rz
dqg wudqvsruw pdwkhpdwlfdo prgho +dovr uhihuuhg wr khuhlq dv wkh vlpxodwru, wr
vwxg| wkh pryhphqw dqg idwh ri QDSO frqwdplqdqwv lq qhdu0vxuidfh judqxodu
vrlov1 Vshfl�fdoo|/ wkuhh ixqgdphqwdo/ lqwhuuhodwhg/ sk|vlfdo surfhvvhv kdyh ehhq
lghqwl�hg= pxowlskdvh  rz/ lqwhuskdvh pdvv wudqvihu/ dqg frqvwlwxhqw pdvv wudqv0
sruw1 Wkh pxowlskdvh  rz surfhvv gh�qhv wkh wlph0ghshqghqw yroxphwulf h{whqw
ri wkh preloh dqg lppreloh frpsrqhqwv ri wkh zdwhu/ QDSO dqg jdv skdvhv1 Wkh
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lqwhuskdvh pdvv0wudqvihu surfhvv gh�qhv krz wkh QDSO frqwdplqdqwv sduwlwlrq
ehwzhhq skdvhv1 Wkh frqvwlwxhqw pdvv wudqvsruw gh�qhv wkh whpsrudo dqg vsdwldo
glvwulexwlrq ri wkh QDSO frqwdplqdqwv zlwklq d jlyhq skdvh1 Wkh wkuhh surfhvvhv
duh uhodwhg lq d qrqolqhdu zd| vlqfh wkh skdvh yhorflw| dqg pdvv h{fkdqjh whupv
duh erwk ixqfwlrqv ri/ dprqj rwkhu wklqjv/ skdvh yroxphwulf frqwhqw/ dqg wkh
skdvh  xlg surshuwlhv +ghqvlw|/ ylvfrvlw|/ dqg lqwhuidfldo whqvlrq, duh lq jhqhudo d
ixqfwlrq ri wkh fkhplfdo frpsrvlwlrq ri wkh skdvh1

Wkh prgho suhvhqwhg khuhlq lv ghyhorshg zlwk d irfxv rq ehwwhu txdqwli|lqj
wkhvh wkuhh ixqgdphqwdo sk|vlfdo surfhvvhv dv wkh| h{lvw lq wkh qdwxudo hqylurq0
phqw1 Sduwlfxodu dwwhqwlrq kdv ehhq sdlg wr txdqwli|lqj wkh iroorzlqj surfhvvhv=

41  xlg hqwudsphqw dqg uhohdvh>

51 k|vwhuhvlv lq wkh uhodwlyh shuphdelolw|0vdwxudwlrq0fdsloodu| suhvvxuh prgho>

61 udwh0olplwhg pdvv wudqvihu wr ghvfuleh QDSO glvvroxwlrq dqg yrodwlol}dwlrq>

71 dgyhfwlyh0glvshuvlyh wudqvsruw lq erwk wkh zdwhu dqg jdv skdvhv1

Wkh pdmru sxusrvh ri ghyhorslqj vxfk d vlpxodwru lv wkdw/ rqfh frpslohg/ lw fdq
eh xvhg wr yhuli| wkh wkhru| ghvfulelqj wkh sk|vlfv ri wkh sureohp dqg wr txdqwli|
sdudphwhu vhqvlwlylw|1 Lq dgglwlrq/ wkh lqirupdwlrq ghulyhg iurp yhul�fdwlrq dqg
vhqvlwlylw| dqdo|vlv fdq eh xvhg wr vlpsoli| wkh v|vwhp +iru h{dpsoh/ ghulyh dqg
hydoxdwh vlpsohu frqvwlwxwlyh prghov, zklfk lv dq lpsruwdqw frqvlghudwlrq jlyhq
wkh frpsxwdwlrqdoo| ghpdqglqj qdwxuh ri wkh sureohp +wkh vroxwlrq ri frxsohg
qrqolqhdu htxdwlrqv zlwk vkdus0iurqw wudqvsruw fkdudfwhulvwlfv,1 Wkurxjk wklv w|sh
ri ghyhorsphqw/ wkh uhvxowlqj vlpxodwru/ frxsohg zlwk ghglfdwhg suh0 dqg srvw0
surfhvvlqj vriwzduh iru gdwd lqsxw dqg rxwsxw ylvxdol}dwlrq/ uhvshfwlyho|/ zloo eh
dq h!flhqw dqg h�hfwlyh hqjlqhhulqj wrro wr eh xvhg iru �hog0vfdoh dqdo|vlv1

4161 DSSURDFK

Wr ghvfuleh wkh sk|vlfdo sureohp pdwkhpdwlfdoo|/ d vhw ri frxsohg qrqolqhdu sdu0
wldo gl�huhqwldo edodqfh htxdwlrqv +SGH*v, zklfk jryhuq wkh whpsrudo dqg vsdwldo
yduldelolw| ri wkh v|vwhp/ dqg d vhw ri frqvwlwxwlyh dqg wkhuprg|qdplf htxdwlrqv
zklfk uhodwh sk|vlfdoo|0edvhg sdudphwhuv rffxuulqj lq wkh SGH*v +iru h{dpsoh
uhodwlyh shuphdelolw|, wr wkh ghshqghqw yduldeohv +iru h{dpsoh  xlg suhvvxuh dqg
vdwxudwlrq, pxvw eh gh�qhg1 Wkhuh duh wzr frqvwlwxwlyh prghov zklfk duh ri
sduwlfxodu lpsruwdqfh zlwk uhjdug wr wklv vlpxodwru=
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41 d prgho ri wkuhh0skdvh uhodwlyh shuphdelolw|0vdwxudwlrq0fdsloodu| suhvvxuh
uhodwlrqvklsv zklfk lqfoxghv  rz0 sdwk0klvwru|0ghshqghqw ixqfwlrqdov +k|v0
whuhvlv,/  xlg hqwudsphqw frqvlghudwlrqv/ dqg ixqfwlrqdo ghshqghqfh rq  xlg
dqg vrlo surshuwlhv>

51 d prgho ri udwh0olplwhg lqwhuskdvh pdvv wudqvihu surfhvvhv/ lqfoxglqj QDSO
glvvroxwlrq dqg yrodwlol}dwlrq1

Wkh uhvxowlqj pdwkhpdwlfdo lqwhusuhwdwlrq ri wkh sk|vlfdo v|vwhp lv vroyhg
xvlqj d qxphulfdo vroxwlrq dojrulwkpzklfk hpsor|v wkh iroorzlqj frqfhswxdo wrrov=

� Dq lpsolflw0lq0wlph froorfdwlrq �qlwh hohphqw phwkrg zlwk Khuplwh fxelf
edvlv ixqfwlrqv lv xvhg wr jhqhudwh wkh v|vwhpv ri dojheudlf htxdwlrqv1

� D vxffhvvlyh vxevwlwxwlrq lwhudwlrq vfkhph lv xvhg iru qrqolqhdu whupv1

� D vhtxhqwldo vroxwlrq surfhgxuh lv xvhg wr vroyh wkh frxsohg edodqfh htxd0
wlrqv wr plqlpl}h wkh v|vwhp pdwul{ rughu dqg edqgzlgwk/ zkhuh wkh skdvh
 rz htxdwlrqv duh vroyhg vhtxhqwldoo| xvlqj d wrwdo yhorflw| irupxodwlrq/ dqg
jlyhq wkh  rz vroxwlrq/ wkh wudqvsruw htxdwlrqv duh wkhq vroyhg1

4171 PRGHO FDSDELOLWLHV

Wkh pdwkhpdwlfdo prgho zklfk lv suhvhqwhg lq wklv grfxphqwdwlrq fdq eh fkdu0
dfwhul}hg e| d olvw ri dwwulexwhv1 Wklv olvw lv lqwhqghg wr surylgh wkh uhdghu zlwk d
vxppdu| ri wkh fdsdelolwlhv dqg olplwdwlrqv ri wkh vlpxodwru1

41 Sureohpv lq rqh/ wzr dqg wkuhh vsdwldo glphqvlrqv +Fduwhvldq frruglqdwh
v|vwhp, duh dssolfdeoh1

51 Wkh �qlwh hohphqw phvk xwlol}hv uhfwdqjxodu hohphqwv1

61 Wkh vlpxodwru fdq dffrpprgdwh dv pdq| dv wkuhh0 xlg skdvhv/ lghqwl�hg dv
d zdwhu0skdvh/ d QDSO0skdvh dqg d jdv0skdvh/ dqg fdq prgho  rz ri hlwkhu
rqh/ wzr ru wkuhh skdvhv lq dq| frpelqdwlrq1

71 Gduf|*v odz lv d ydolg prgho iru txdqwli|lqj zdwhu0/ QDSO0/ dqg jdv0skdvh
dgyhfwlrq>
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81 Ilfn*v odz lv d ydolg prgho iru txdqwli|lqj zdwhu0 dqg jdv0skdvh gl�xvlrq
surfhvvhv1

91 Wkh zdwhu skdvh lv fkdudfwhul}hg dv iroorzv=

� lw lv lqfrpsuhvvleoh>

� lw lv pdgh xs ri wzr vshflhv= zdwhu dqg glvvroyhg QDSO>

� lwv surshuwlhv duh d ixqfwlrq ri frqwdplqdqw frqfhqwudwlrq rqo|>

� wkh glvvroyhg QDSO fdq ydsrul}h lqwr wkh jdv skdvh dqg dgvrue rqwr
wkh vrolg skdvh1

:1 Wkh QDSO0skdvh lv fkdudfwhul}hg dv iroorzv=

� lw lv lqfrpsuhvvleoh>

� lw lv pdgh xs ri d vlqjoh fkhplfdo vshflhv>

� lw lv deoh wr glvvroyh lqwr wkh zdwhu skdvh>

� lw lv deoh wr yrodwlol}h lqwr wkh jdv skdvh1

;1 Wkh jdv skdvh lv fkdudfwhul}hg dv iroorzv=

� lw lv lqfrpsuhvvleoh4>

� lw lv pdgh xs ri wzr vshflhv= jdv dqg yrodwlol}hg QDSO>

� lwv surshuwlhv duh d ixqfwlrq ri frqwdplqdqw frqfhqwudwlrq rqo|>

<1 Wkh srurxv phglxp lv fkdudfwhul}hg dv iroorzv=

� lw lv qrq0ghiruplqj>

� lw lv jhqhudoo| khwhurjhqhrxv dqg lvrwurslf>

� lw lv pdgh xs ri wzr vshflhv= vrlo dqg dgvruehg QDSO1

431 Lvrwkhupdo frqglwlrqv suhydlo1

4Wkh prgho lv lqwhqghg wr eh dssolhg wr sk|vlfdo sureohpv zkhuh suhvvxuh judglhqwv duh
vpdoo/ dqg zkhuh wkh wlph0vfdoh gh�qlqj jdv0skdvh suhvvxuh uhvsrqvh wr iruflqj lv pxfk vkruwhu
wkdq wkdw zklfk gh�qhv jdv0skdvh vdwxudwlrq uhvsrqvh1 Wkhuhiruh wkh jdv0skdvh lv frqvlghuhg
h�hfwlyho| lqfrpsuhvvleoh dqg Gduf|*v odz lv dvvxphg wr dsso|1
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441 Pdvv wudqvihu uhodwlrqvklsv duh gh�qhg e|=

� QDSO skdvh glvvroxwlrq lv jryhuqhg e| d udwh0olplwhg/ �uvw0rughu/ nl0
qhwlf uxoh>

� QDSO skdvh ydsrul}dwlrq lv jryhuqhg e| d udwh0olplwhg/ �uvw0rughu/
nlqhwlf uxoh>

� glvvroyhg QDSO vshflhv ydsrul}dwlrq lv jryhuqhg e| d udwh olplwhg/
�uvw0rughu/ nlqhwlf uxoh>

� glvvroyhg QDSO vshflhv dgvruewlrq lv jryhuqhg e| d olqhdu htxloleulxp
sduwlwlrqlqj uxoh1

451 Wkh uxohv dqg uhodwlrqvklsv zklfk gh�qh wkh pxowlskdvh  rz sdudphwhuv duh
dv iroorzv=

� wkh srurxv phglxp lv lvrwurslf/ dqg lw pd| eh vdwxudwhg zlwk rqh/ wzr
ru wkuhh skdvhv>

� zkhq pruh wkdq rqh skdvh lv suhvhqw wkh uhodwlrqvkls ehwzhhq uhodwlyh
shuphdelolw|/ vdwxudwlrq dqg fdsloodu| suhvvxuh +fdoohg wkh n0V0Sprgho,
lv edvhg rq zhwwdelolw| frqvlghudwlrqv dqg wzr0skdvh gdwd/ zkhuh skdvh
zhwwdelolw| lv frqvwudlqhg wr iroorz iurp prvw wr ohdvw= zdwhu0QDSO0
jdv1

� wkh n0V0S prgho lv vxemhfw wr k|vwhuhvlv gxh wr fdsloodu| dqg  xlg hq0
wudsphqw h�hfwv>

� wkh ydq Jhqxfkwhq +4<;3, vdwxudwlrq0suhvvxuh prgho lv prgl�hg wr
dffrpprgdwh k|vwhuhvlv>

� wkh Pxdohp +4<:9, uhodwlyh shuphdelolw|0vdwxudwlrq prgho lv prgl�hg
wr dffrpprgdwh k|vwhuhvlv>

� wkh fdsloodu| suhvvxuh ehwzhhq skdvhv fdq eh vfdohg wr dffrpprgdwh
yduldeoh  xlg dqg vrlo surshuwlhv1

461 Erxqgdu| dqg h{whuqdo iruflqj frqglwlrqv duh vxppdul}hg dv iroorzv=

� Glulfkohw gdwd iru wkh pxowlskdvh  rz sureohp lv vshfl�hg dv hlwkhu
rqh ri wkh wkuhh skdvh suhvvxuhv nqrzq ru doo ri wkh sulpdu|  rz ydul0
deohv nqrzq +l1 h1/ erwk suhvvxuh dqg vdwxudwlrq,1 Glulfkohw gdwd iru
frqwdplqdqw wudqvsruw lv vshfl�hg dv d nqrzq ydoxh iru wkh vshflhv ri
lqwhuhvw1
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� Qrq0}hur  x{ frqglwlrqv iru d skdvh ru vshflhv zlwklq d skdvh duh df0
frpprgdwhg e| vshfli|lqj dq dssursuldwh srlqw vrxufh ru vlqn whup +l1
h1/ d zhoo,1

� Gl�xvlyh pdvv  x{ ri wkh QDSO vshflhv lq wkh jdv0skdvh wkurxjk d
erxqgdu| od|hu dw wkh lqwhuidfh ehwzhhq wkh jurxqg vxuidfh dqg wkh
dwprvskhuh lv dffrxqwhg iru e| wkh xvh ri d pl{hg erxqgdu| frqglwlrq15

471 Wkh qxphulfdo prgho lqfoxghv wkh iroorzlqj ihdwxuhv=

� Wkh frgh lv zulwwhq lq vwdqgdug IRUWUDQ:: zlwk wkh lqwhqw ri pdnlqj
lw sruwdeoh1

� Wkh urxwlqhv zklfk fdq uxq lq sdudooho prgh kdyh ehhq frghg wr gr vr
xvlqj wkh Vlolfrq Judsklfv i:: frpslohu1

� Wkh frgh kdv d uh0vwduw idflolw|1

� Wkh frgh lv phpru| lqwhqvlyh/ hvshfldoo| lq 60G prgh zkhuh lwv xwlolw|
iru vroylqj 60G sureohpv lv olplwhg1 Wkhuhiruh/ d 50G yhuvlrq lv dovr
lqfoxghg dv sduw ri wklv vlpxodwlrq sdfndjh1

� Vwdqgdug xsvwuhdp zhljkwlqj dv d phdqv ri dgglqj duwl�fldo gl�xvlrq
wr wkh vroxwlrq ri sduderolf htxdwlrqv lv qrw xwlol}hg lq wklv vlpxodwru1
Lqvwhdg/ d sk|vlfdoo|0edvhg gl�xvlrq whup lv dgghg wr wkh vroxwlrq lq d
srlqw0zlvh idvklrq zkhq qhfhvvdu|/ wkh pdjqlwxgh ri zklfk lv edvhg rq
d xvhu0gh�qhg fulwlfdo Shfohw qxpehu1

� Wlph0vwhs frqwuro lv surylghg e| wzr dojrulwkpv1 Rqh lv edvhg rq wkh
qxpehu ri lwhudwlrqv uhtxluhg iru frqyhujhqfh rq wkh qrqolqhdulw|/ dqg
rqh lv edvhg rq d xvhu0gh�qhg pd{lpxp orfdo Frxudqw qxpehu1

� Wkh vlpxodwru kdv ehhq lqwhjudwhg zlwk d frpphufldoo| dydlodeoh judsk0
lfdo xvhu lqwhuidfh +JXL,/ dqg dq| lqwhuhvwhg xvhuv fdq frqwdfw wkh dx0
wkruv iru pruh lqirupdwlrq1

4181 RUJDQL]DWLRQ

Wklv uhsruw lv rujdql}hg dv iroorzv1 Wkh frqfoxvlrqv dqg uhfrpphqgdwlrqv duh
surylghg lq Vhfwlrqv 5 dqg 6/ uhvshfwlyho|1 Vhfwlrq 7 ghvfulehv wkh pdwkhpdwlfdo

5Wkh wzr0glphqvlrqdo yhuvlrq ri wkh vlpxodwru lqfoxghv wkh pl{hg0w|sh erxqgdu| frqglwlrq
iru jdv0skdvh wudqvsruw/ exw wkh wkuhh0glphqvlrqdo yhuvlrq grhv qrw1

4:



prgho zklfk lqfoxghv ghyhorsphqw ri wkh jryhuqlqj dqg frqvwlwxwlyh htxdwlrqv1
Vhfwlrq 8 surylghv d ghwdlohg ghvfulswlrq ri wkh k|vwhuhwlf & � 7 � � prgho xvhg
lq wkh vlpxodwru1 Vhfwlrq 9 suhvhqwv wkh qxphulfdo dssurdfk xvhg wr pdnh wkh
pdwkhpdwlfdo prgho dphqdeoh wr frpsxwdwlrqdo vroxwlrq1 Wkh ghyhorsphqw lq
wklv Vhfwlrq lqfoxghv htxdwlrq glvfuhwl}dwlrq/ olqhdul}dwlrq dqg lwhudwlyh vroxwlrq1

Vhfwlrq : ghwdlov wkh gdwd lqsxw dqg rxwsxw vwuxfwxuh ri wkh vlpxodwru fdoohg
QDSO1 Vhfwlrq ; ghwdlov wkh dqdo|vlv xvhg wr yhuli| wkh pdwkhpdwlfdo dqg qxphu0
lfdo prghov/ lqfoxglqj frqyhujhqfh dqg frpsdulvrq wr h{shulphqwdo uhvxowv1 Wklv
Vhfwlrq dovr ghwdlov d vhw ri h{dpsoh sureohpv zklfk duh wxwruldo lq qdwxuh1
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51 FRQFOXVLRQV

Wkh pryhphqw ri QDSO lq d srurxv phglxp hqylurqphqw fdq eh ghvfulehg e|
d frxsohg vhw ri qrq0olqhdu sduwldo gl�huhqwldo htxdwlrqv wkdw duh jhqhudwhg e|
frpelqlqj ixqgdphqwdo edodqfh htxdwlrqv zlwk frqvwlwxwlyh dqg wkhuprg|qdplf
uhodwlrqvklsv1 Wkuhh0skdvh frxsohg  rz/ lqfoxglqj k|vwhuhvlv dqg pdvv wudqvihu
h�hfwv/ lv frqvlghuhg1 H{dplqdwlrq ri wkh olwhudwxuh vxjjhvwv wkdw wkh prgho sur0
ylghg deryh lv wkh prvw sk|vlfdoo| frpsuhkhqvlyh pdwkhpdwlfdo uhsuhvhqwdwlrq iru
wkh sureohp ri gh�qlqj wkh hpsodfhphqw ri QDSO uhvlgxdo1 Wkh delolw| wr uhsur0
gxfh d sk|vlfdoo| frpsoh{ QDSO h{shulphqw zlwkrxw fdoleudwlrq ghprqvwudwhv
wkdw wklv prgho lv d vxlwdeoh uhdo0zruog vxuurjdwh1

Wkh qdwxuh ri wkh prgho htxdwlrqv uhtxluhv wkh xvh ri d qxphulfdo whfkqltxh
wr rewdlq d vroxwlrq wr sk|vlfdoo| phdqlqjixo sureohpv1 Wkh phwkrg vhohfwhg
lq wklv zrun/ froorfdwlrq �qlwh hohphqwv/ surylghv d yhu| dffxudwh vroxwlrq iru wkh
h{dpsohv whvwhg/ lqfoxglqj rqh �hog dssolfdwlrq1 Wkh lwhudwlyh surfhgxuh hpsor|hg
doorzv iru wkh vroxwlrq ri wkuhh0glphqvlrqdo sureohpv rq frqyhqwlrqdo frpsxwhu
v|vwhpv1
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61 UHFRPPHQGDWLRQV

Zkloh wkh zrun ghvfulehg khuhlq surylghv dq dffxudwh/ sk|vlfdoo| vrsklvwlfdwhg
vlpxodwru iru QDSO / dgglwlrqdo zrun rq wklv vriwzduh lv uhfrpphqghg=

41 Wkh vroxwlrq dojrulwkp/ zkloh dghtxdwh iru vpdoo sureohpv/ lv lqdssursuldwh
iru odujh/ wkuhh0glphqvlrqdo �hog dssolfdwlrqv1 D idvwhu/ ohvv frpsxwhu 0
phpru| lqwhqvlyh vroxwlrq whfkqltxh lv qhhghg1

51 Wkh qhz shuphdelolw|0vdwxudwlrq0suhvvxuh uhodwlrqvkls vkrxog eh h{dplqhg
h{shulphqwdoo|1

61 Wkh fxuuhqw prgho doorzv iru d vlqjoh vshflhv QDSO1 D pxowl0frpsrqhqw
QDSO fdsdelolw| zrxog eh dq lpsruwdqw h{whqvlrq1

71 Pruh prgho yhul�fdwlrqv xvlqj fduhixoo| frqgxfwhg h{shulphqwv zrxog eh
khosixo1 Frpsdulvrqv ehwzhhq ydulrxv fxuuhqwo| h{lvwlqj prghov zrxog eh
hqoljkwhqlqj1

81 Wkh prgho vkrxog eh h{whqghg wr dffrpprgdwh ydulrxv uhphgldwlrq vwudwh0
jlhv1 Frqvlghu iru h{dpsoh=

+d, wkh xvh ri vxuidfwdqwv dqg fr0vroyhqwv iru QDSO prelol}dwlrq dqg uh0
prydo>

+e, wkh dffrpprgdwlrq lq wkh prgho ri elrfkhplfdo wudqvirupdwlrqv>

+f, wkh lqfoxvlrq ri wkh QDSO prgho lqwr rswlpdo ghvljq vriwzduh>

+g, wkh h�hfw ri wkhupdo iruflqj +l1 h1/ vwhdp vwulsslqj,1
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71 WKHRUHWLFDO GHYHORSPHQW

7141 RYHUYLHZ

Lq wklv vhfwlrq d pdwkhpdwlfdo prgho edvhg xsrq wkh dwwulexwhv suhvhqwhg lq wkh
suhylrxv vhfwlrq zloo eh ghyhorshg1 Wkh pdwkhpdwlfdo prgho lv pdgh xs ri wzr
pdmru frpsrqhqwv= wkh pdvv edodqfh htxdwlrqv zklfk gh�qh wkh glvwulexwlrq lq
wlph dqg vsdfh ri wkh sulpdu| yduldeohv/ dqg wkh frqvwlwxwlyh htxdwlrqv zklfk
gh�qh wkh lqwhu0uhodwlrqvkls ehwzhhq sulpdu| dqg vhfrqgdu| yduldeohv41

Wkh edodqfh htxdwlrqv ghvfuleh wkh frqvhuydwlrq ri pdvv ri hdfk skdvh + xlg
dqg vrolg, dqg hdfk frqvwlwxhqw zlwklq d sduwlfxodu skdvh +vshflhv, dv wkh| pryh
dqg lqwhuplqjoh zlwklq d srurxv phglxp1 Rqh pdvv edodqfh htxdwlrq fdq eh
jhqhudwhg iru hdfk skdvh dqg frqvwlwxhqw ri lqwhuhvw1 Hdfk htxdwlrq lv frpsrvhg
ri whupv zklfk gh�qh wkh ydulrxv frpsrqhqwv ri pdvv wudqvsruw dw wkh pdfurvfrslf
vfdoh= dffxpxodwlrq/ dgyhfwlrq/ glvshuvlrq/ h{whuqdo vrxufhv dqg vlqnv/ dqg pdvv
wudqvihu ehwzhhq skdvhv1 Hdfk whup lq wxuq lv gh�qhg e| d vhw ri sdudphwhuv zklfk
txdqwl�hv wkh sk|vlfv ri wkh wudqvsruw surfhvv iru d sduwlfxodu sk|vlfdo v|vwhp1

Lq rughu wr vroyh wkh uhvxowlqj edodqfh htxdwlrqv wkh| pxvw eh dxjphqwhg e| d
vhw ri frqvwlwxwlyh uhodwlrqvklsv zklfk uhodwh wkh sulpdu| dqg vhfrqgdu| yduldeohv1
Lq wkh glvfxvvlrq zklfk iroorzv/ wkh frqvwlwxwlyh uhodwlrqvklsv duh vhsdudwhg lqwr
irxu fdwhjrulhv=

41 wkrvh zklfk gh�qh wkh  xlg surshuwlhv ghqvlw|/ frpsuhvvlelolw| dqg ylvfrvlw|>

51 wkrvh zklfk gh�qh  xlg  rz ru dgyhfwlrq>

61 wkrvh zklfk gh�qh qrq0dgyhfwlyh vshflhv wudqvsruw/ qdpho| glvshuvlrq/ dqg
gl�xvlrq>

71 wkrvh zklfk gh�qh lqwhuskdvh pdvv h{fkdqjh1

4Wkh sulpdu| yduldeohv duh wkrvh zklfk duh dgydqfhg lq wlph dqg vsdfh e| vroylqj wkh
pdvv edodqfh htxdwlrqv1 Wkh vhfrqgdu| yduldeohv duh wkrvh yduldeohv zklfk duh ixqfwlrqv ri wkh
sulpdu| yduldeohv1
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Dv zloo eh vhhq/ zkloh wkh frqvwlwxwlyh uhodwlrqvklsv fdq eh fdwhjrul}hg dv lqgl0
fdwhg/ wkh| h{klelw lqwhu0ixqfwlrqdo ghshqghqfh wkurxjk skdvh suhvvxuh/ vdwxudwlrq
dqg frpsrvlwlrqdo ghshqghqfh1 Wkhuhiruh/ wkh htxdwlrq vhw wkdw lv jhqhudwhg e|
frpelqlqj wkh edodqfh htxdwlrqv dqg wkh frqvwlwxwlyh uhodwlrqvklsv lv frxsohg dqg
qrqolqhdu1

Dqrwkhu rxwfrph ri wklv ghyhorsphqw lv d olvw ri sulpdu| yduldeohv zklfk duh
xvhg wr vroyh wkh edodqfh htxdwlrqv/ dqg dq rxwolqh ri wkh vlpsoli|lqj dvvxpswlrqv
hpsor|hg wkhuhe| surylglqj d edvlv iru prgho dssolfdelolw|1 Jlyhq surshu lqlwldo
dqg erxqgdu| frqglwlrqv/ wkh vroxwlrq ri wkh htxdwlrq vhw zloo |lhog wkh skdvh
yroxph dqg suhvvxuh glvwulexwlrqv dqg wkh frqvwlwxhqw frqfhqwudwlrqv lq wlph dqg
lq vsdfh1

Lq wkh iroorzlqj glvfxvvlrq/ wkh phdvxuhphqw xqlw vfdoh uhsuhvhqwlqj d sdu0
wlfxodu phdvxudeoh txdqwlw| lv zulwwhq lq eudfnhwv1 Iru h{dpsoh/ wkh xqlwv iru
 xlg ylvfrvlw| duh d�*EAu�o/ zkhuh � uhsuhvhqwv pdvv/ A uhsuhvhqwv wlph dqg u
uhsuhvhqwv ohqjwk1

7151 PDVV EDODQFH HTXDWLRQV

Dv d srlqw ri ghsduwxuh/ ohw xv hpsor| wkh htxdwlrq ghyhorsphqw ri Slqghu dqg
Deulrod +4<;9,1 Iluvw/ frqvlghu wkh pdvv edodqfh odz iru hdfk  xlg frqvwlwxhqw/ dq
rughuhg sdlu Ec k� uhsuhvhqwlqj d vshflhv  lq d  xlg skdvh k=
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 �
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k
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kne4k +714,

zkhuh wkh �yh frqvwlwxhqwv Ec k� uhohydqw wr wklv vlpxodwru duh lghqwl�hg dv=
E�c` �cd zdwhu vshflhv lq wkh zdwhu skdvh> E?c` �/ d QDSO vshflhv lq wkh zd0
whu skdvh> E?c��/ d QDSO vshflhv lq wkh QDSO skdvh> E?cC�/ d QDSO vshflhv
lq wkh jdv skdvh> dqg E}cC�/ d jdv vshflhv lq wkh jdv skdvh51 Rwkhu v|perov
rffxuulqj lq htxdwlrq 714 duh xvhg wr uhsuhvhqw wkh iroorzlqj=

0 lv wkh srurvlw| ri wkh srurxv phglxp1

7k lv wkh vdwxudwlrq ri wkh k0skdvh1

5Wkh frqyhqwlrq xvhg wr lghqwli| skdvh dqg vshflhv lv wkdw wkh skdvh lv uhsuhvhqwhg e| xsshu0
fdvh ohwwhuv ^l1 h1/ Z +zdwhu,/ Q +QDSO,/ J +jdv,/ dqg V +vrolg,`/ dqg wkh frpsrqhqwv ri wkh
skdvh +vshflhv, duh uhsuhvhqwhg e| orzhu0fdvh ohwwhuv ^l1 h1/ z +zdwhu,/ q +QDSO,/ j +jdv,`1
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4k lv wkh pdvv frqfhqwudwlrq ri vshflhv  lq wkh k0skdvh d�*u�o1

�k lv wkh pdvv dyhudjh yhorflw| ri skdvh k/ d yhfwru du*A o1

#k lv wkh glvshuvlrq frh!flhqw iru wkh k0skdvh/ d v|pphwulf vhfrqg0rughu whqvru
du2*A o1

'k lv wkh srlqw vrxufh +., ru vlqn +0, k0skdvh pdvv d�*A o1

Vk lv wkh ghfd| frh!flhqw iru vshflhv  lq wkh k0skdvh d�*A o1

e4k lv wkh vrxufh ru vlqn ri pdvv iru d vshflhv  lq wkh k0skdvh d�*u�A o gxh wr
lqwhuskdvh pdvv h{fkdqjh +l1 h1/ glvvroxwlrq/ yrodwlol}dwlrq dqg dgvruswlrq,1

Wkh h{fkdqjh ri pdvv iru hdfk frqvwlwxhqw lq htxdwlrq 714 lv gh�qhg e|=

e4`� ' f +715,e4`? ' .`
? � .C

?*` �.7
?*`e4�? ' �

�
.`
? n.C

?

�
e4C? ' .C

? n.C
?*`e4C} ' f

zkhuh

.`
? uhsuhvhqwv glvvroxwlrq pdvv wudqvihu ri wkh QDSO vshflhv iurp wkh QDSO

skdvh wr wkh zdwhu skdvh>

.C
?*` uhsuhvhqwv yrodwlol}dwlrq pdvv wudqvihu ri wkh QDSO vshflhv iurp wkh zdwhu

skdvh wr wkh jdv skdvh>

.C
? uhsuhvhqwv yrodwlol}dwlrq pdvv wudqvihu ri wkh QDSO vshflhv iurp wkh QDSO

skdvh wr wkh jdv skdvh>

.7
?*` uhsuhvhqwv dgvruswlrq pdvv wudqvihu ri wkh QDSO vshflhv iurp wkh zdwhu

skdvh wr wkh vrlo1

D vl{wk pdvv edodqfh htxdwlrq lv uhtxluhg wr ghvfuleh wkh QDSO vshflhv pdvv
zklfk lv dgvruehg rqwr wkh vrlo1 Wklv htxdwlrq lv zulwwhq dv=

Y
�
d�� 0o47/7

?

�
Y|

n d�� 0o47V7?/
7
? ' .7

?*` +716,
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zkhuh 47 lv wkh ghqvlw| ri wkh vrlo d�*u�o dqg /7
? lv wkh pdvv iudfwlrq ri wkh

dgvruehg QDSO rq wkh vrolg ^glphqvlrqohvv`1 Dv ghvfulehg lq Vhfwlrq 71;15/ wkh
edodqfh htxdwlrq 716 lv uhsodfhg e| wkh iroorzlqj olqhdu htxloleulxp uhodwlrqvkls=

/7
? ' g_4

`
? +717,

zkhuh g_ lv d glvwulexwlrq frh!flhqw du�*� o1
Wr hqvxuh joredo pdvv frqvhuydwlrq/ wkh iroorzlqj gh�qlwlrqv dqg frqvwudlqwv

rq  xlg yroxph/ ghqvlw| dqg pdvv h{fkdqjh duh hpsor|hg=

41 Wkh k0skdvh vdwxudwlrqv pxvw vxp wr rqh=

7` n 7� n 7C ' � +718,

51 Wkh k0skdvh pdvv ghqvlw|/ 4k d�*u�o/ lv wkh vxp ri wkh vshflhv pdvv frq0
fhqwudwlrqv lq wkh k0skdvh=

4k '
[

'�c?c}

4k / k ' `c�cC +719,

61 Wkh vxp ri pdvv  x{hv ri doo vshflhv  lqwr wkh k0skdvh/ pxvw htxdo wkh wrwdo
pdvv fkdqjh lq wkh k0skdvh=

e4k '
[

'�c?c}

e4k / k ' `c�cC +71:,

71 Wkh wrwdo pdvv fkdqjh ryhu doo skdvhv pxvw eh }hur=[
k' c̀�cC

e4k ' f

81 Wkh vxp ri wkh uhdfwlqj pdvv pxvw eh htxdo wr wkh vxp ri wkh surgxfhg
pdvv= [

'�c?c}

Vk 4
k
 ' f / k ' `c�cC

D vhw ri  xlg skdvh pdvv edodqfh htxdwlrqv fdq eh jhqhudwhg e| vxpplqj
wkh edodqfh htxdwlrqv 714 iru hdfk vshflhv zlwklq wkh skdvh/ dqg e| lqfrusrudwlqj
htxdwlrqv 715/ 719 dqg 71:1 Wkh wkuhh uhvxowlqj  xlg0skdvh pdvv edodqfh htxdwlrqv
duh=

57



Zdwhu0skdvh=

Y
�
07`4`

�
Y|

nQ �
�
07`4`�`

�
' 4`'` n.`

? �.C
?*` � .7

?*` +71;,

QDSO0skdvh=

Y
�
07�4

�
�

Y|
nQ �

�
07�4

���
�
' 4�'� � .`

? � .C
? +71<,

Jdv0skdvh=

Y
�
07C4

C
�

Y|
nQ �

�
07C4

C�C
�
' 4C'C n.C

? n.C
?*` +7143,

Zlwk wklv ghyhorsphqw/ wkh sk|vlfdo sureohp fdq eh fdvw lqwr d pdwkhpdwlfdo
uhsuhvhqwdwlrq frqvlvwlqj ri �yh pdvv edodqfh htxdwlrqv1 Ri wkh edodqfh htxdwlrqv
zulwwhq/ wkh iroorzlqj �yh duh xvhg lq wkh vlpxodwru=

4 wr 6, Wkh wkuhh  xlg0skdvh edodqfh htxdwlrqv/ htxdwlrqv 71;/ 71< dqg 71431
Wkhvh htxdwlrqv gh�qh wkh whpsrudo dqg vsdwldo glvwulexwlrq dqg wkh  rz
surshuwlhv ri wkh zdwhu0/ QDSO0 dqg jdv0skdvhv wkurxjkrxw wkh grpdlq1

7 dqg 8, Wkh wzr QDSO vshflhv edodqfh htxdwlrqv/ htxdwlrqv 714 zlwk Ec k� '
E?c` � dqg E?cC�1 Wkhvh htxdwlrqv gh�qh wkh whpsrudo dqg vsdwldo glvwule0
xwlrq ri wkh QDSO vshflhv dv wkh| duh wudqvsruwhg zlwklq dqg ehwzhhq wkhlu
uhvshfwlyh skdvhv1

7161 SULPDU\ YDULDEOHV

Ilyh sulpdu| +ru ghshqghqw, yduldeohv duh uhtxluhg wr vroyh wkh edodqfh htxdwlrqv
olvwhg lq wkh suhylrxv Vhfwlrq1 Wkh �yh sulpdu| yduldeohv xvhg lq wkh vlpxodwru
duh= �

�` c 7` c 7A�c 4
`
? c 4C?

�
+7144,

zkhuh �` lv wkh suhvvxuh lq wkh zdwhu skdvh d�*EuA 2�o/ dqg iurp htxdwlrq 718
zh kdyh gh�qhg d qhz vdwxudwlrq phdvxuh/

7A� ' 7` n 7� ' �� 7C
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fdoohg wkh wrwdo oltxlg skdvh vdwxudwlrq1 Wkhvh yduldeohv lq 7144 duh gh�qhg vxfk
wkdw wkh| duh frqwlqxrxv lq wlph dqg vsdfh1 Lq dgglwlrq/ wkh| duh lqwhqghg wr
dsso| uhjdugohvv ri zklfk skdvh frq�jxudwlrq h{lvwv +l1 h1 rqh0/ wzr0/ ru wkuhh0
skdvh  rz,1 Wkh iroorzlqj frqvwudlqwv rq wkh uhodwlrqvkls ehwzhhq wkh suhvvxuh
dqg vdwxudwlrq yduldeohv doorz iru wklv dwwulexwh wr eh lpsohphqwhg=

41 Wkh surshuw| ri  xlg zhwwdelolw| lv gh�qhg dv/ iurp prvw wr ohdvw/ zdwhu0
QDSO0jdv1

51 Wkh surshuw| ri fdsloodu| suhvvxuh ehwzhhq lpplvfleoh skdvhv lv gh�qhg dv
d ixqfwlrq ri skdvh vdwxudwlrq/ fdoohg khuhlq d vdwxudwlrq0suhvvxuh prgho
+7 � � prgho,/ zkhuh �Skq ' �k � � q lv wkh fdsloodu| suhvvxuh ehwzhhq
wkh qrqzhwwlqj k0skdvh dqg wkh zhwwlqj q0skdvh61 Lq dgglwlrq zkhq doo
wkuhh skdvhv duh suhvhqw/ wkh QDSO0skdvh uhqghuv wkh zdwhu0jdv lqwhudfwlrqv
qhjoljleoh/ dqg wkuhh0skdvh ehkdylru fdq eh johdqhg iurp wzr/ wzr0skdvh
7 � � prghov7=

�S�` ' �S�` E7` � ' �� � �` +7145,

�SC� ' �SC�E7A�� ' �C � ��

61 Wkh ixqfwlrqv �S�` E7` � dqg �SC�E7A�� duh gh�qhg vxfk wkdw=

+d, wkh| duh frqwlqxrxv lq wlph dqg vsdfh uhjdugohvv ri skdvh frq�jxudwlrq>

+e, iru wkh wzr0skdvh zdwhu0jdv fdvh/ �SC` lv ghwhuplqhg iurp=

�SC` ' �S�` n �SC� +7146,

+f, �SC` / �S�` dqg �SC� duh uhodwhg wkurxjk wkh iroorzlqj vfdolqj uxoh=

�S�`

j�`
'

�SC�
jC�

'
�SC`
jC`

+7147,

zkhuh jC` / j�` dqg jC� duh wkh lqwhuidfldo whqvlrqv dorqj wkh lqwhu0
idfhv ehwzhhq wkh jdv dqg zdwhu skdvhv/ wkh QDSO dqg zdwhu skdvhv/

6Ehfdxvh wkh gh�qlwlrq ri wkh V0S prgho lv dq lpsruwdqw frpsrqhqw ri wklv vlpxodwru/ lwv

ghyhorsphqw lv ghwdlohg lq Fkdswhu 81
7Iru wkh fdvh zkhq QDSO lv wkh lqwhuphgldwh zhwwlqj  xlg/ VWz lv fdoohg wkh wrwdo zhwwlqj

skdvh vdwxudwlrq1 E| frqyhqwlrq wkh V�S uhodwlrqvkls lv zulwwhq lq whupv ri wkh zhwwlqj skdvh

vdwxudwlrq1
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dqg wkh jdv dqg QDSO skdvhv/ uhvshfwlyho|1 Lq rughu iru htxdwlrqv 7146
dqg 7147 wr eh frpsdwleoh/ wkh lqwhuidfldo whqvlrqv duh frqvwudlqhg wr
eh uhodwhg e|=

jC` � j�` � jC� ' f +7148,

Dq lpsruwdqw rxwfrph ri dsso|lqj wkh fdsloodu| suhvvxuh vfdolqj uxoh +htxd0
wlrq 7147, dqg wkh frqvwudlqw ri d qhxwudo vsuhdglqj frh!flhqw +htxdwlrq
7148, lv wkdw/ ri wkh wkuhh fdsloodu| suhvvxuh uhodwlrqvklsv uhtxluhg wr prgho
wzr0 dqg wkuhh0skdvh  rz/ rqo| rqh ri wkh wkuhh uhodwlrqvklsv qhhgv wr eh
phdvxuhg/ zlwk wkh rwkhu wzr johdqhg iurp wkh xvh ri htxdwlrq 71471

71 Wkh QDSO dqg jdv0skdvh suhvvxuhv duh qrqolqhdu ixqfwlrqv ri �` / 7` dqg
7A� dv lqglfdwhg iurp wkh iroorzlqj gh�qlwlrqv=

�� ' �` n �S�` E7` � +7149,

�C ' �` n �S�` E7` � n �SC�E7A��

Wkh frqvwlwxwlyh prghov zklfk gh�qh wkh uhodwlrqvklsv ehwzhhq wkh sulpdu|
dqg vhfrqgdu| yduldeohv duh ghulyhg zlwk uhihuhqfh wr wkh sulpdu| yduldeohv lq
7144 dqg wkh frqvwudlqwv lpsrvhg rq wkh uhodwlrq ehwzhhq  xlg0skdvh suhvvxuh
dqg vdwxudwlrq1

7171 IOXLG SURSHUWLHV

Wkh k0skdvh  xlg surshuwlhv ri lqwhuhvw duh wkh ghqvlw|/ 4kd�*u�o/ ylvfrvlw|/
>kd�*EAu�o/ dqg wkh lqwhuidfldo whqvlrq ehwzhhq lpplvfleoh skdvhv k dqg q/ jkq
d�*A 2o1 Xqghu wkh dvvxpswlrq ri lvrwkhupdo frqglwlrqv/ wkhvh sdudphwhuv duh/
lq jhqhudo/ d ixqfwlrq ri wkh fkhplfdo pdnhxs ri wkh skdvh +l1h1 skdvh frpsrvl0
wlrq, dqg wkh dssolhg suhvvxuh +wr wkh ghjuhh wkdw lw h�hfwv wkh skdvh surshuwlhv
yld skdvh frpsuhvvlelolw|,1 Dvvxplqj wkdw qdwxudo ru lqgxfhg suhvvxuh yduld0
wlrqv fkdudfwhulvwlf ri dssolfdwlrqv lqyroylqj qhdu0vxuidfh vrlov lq frqwdfw zlwk wkh
dwprvskhuh duh vpdoo +Vohhs dqg V|nhv/ 4<;</ Phqgr}d dqg Iulqg/ 4<<3/ dqg
Euxvvhdx/ 4<<4,/ wkh ghshqgdqfh ri  xlg surshuwlhv rq suhvvxuh lv qhjohfwhg lq wklv
vlpxodwru1

717141 Ghqvlw|

Wkh ghshqgdqfh ri  xlg ghqvlw| rq frpsrvlwlrq lv prghohg dv iroorzv=
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4� ' 4�o ' frqvwdqw

4` ' 4`o n 4`?

�
��

4`o

4�o

�
+714:,

4C ' 4Co n 4C?

�
��

4Co

4�o

�
+714;,

zkhuh 4`o/ 4�o dqg 4Co duh wkh pdvv ghqvlwlhv ri sxuh0skdvh zdwhu/ QDSO dqg
jdv/ uhvshfwlyho|1

717151 Ylvfrvlw|

Ioxlg ylvfrvlwlhv duh prghohg dv d ixqfwlrq ri frpsrvlwlrq dv iroorzv=

>� ' frqvwdqw

*L} >` '

�
4`?
4�o

�
*L} >�o n

�
��

4`?
4�o

�
*L} >`o +714<,

*L} >C '

�
4C?
4�o

�
*L} >�o n

�
��

4C?
4�o

�
*L} >Co +7153,

zkhuh >`o/ >�odqg >Co duh wkh sxuh oltxlg skdvh ylvfrvlwlhv ri wkh zdwhu/ QDSO
dqg jdv/ uhvshfwlyho|1

717161 Lqwhuidfldo Whqvlrq

Wkh lqwhuidfldo whqvlrqv ehwzhhq  xlg skdvhv duh dvvxphg wr eh nqrzq frqvwdqwv1
Wkh frpelqdwlrq ri lqwhuidfldo whqvlrq dqg frqwdfw dqjoh gh�qhv  xlg zhwwdelolw|1
Uhjdugohvv ri wkh ydoxhv ri wkh lqwhuidfldo whqvlrqv/ wkh frqwdfw dqjoh lv dvvxphg
wr eh vxfk wkdw wkh  xlg zhwwlqj rughu lv frqvwdqw/ dqg iroorzv/ iurp prvw wr ohdvw/
zdwhu0QDSO0jdv1

Wkh lqwhuidfldo whqvlrqv duh xvhg wr vfdoh wkh fdsloodu| suhvvxuhv dv lqglfdwhg lq
htxdwlrq 71471 Lq dgglwlrq/ lq rughu wr prgho wkh jhqhudo fdvh zkhuh wkh qxpehu ri
skdvhv vdwxudwlqj wkh sruh vsdfh fdq ydu| ryhu wlph ehwzhhq rqh/ wzr dqg wkuhh/
wkh vlpxodwru hpsor|hv wkh dojheudlf frqvwudlqwv 7146 dqg 71481 Wkhuhiruh/ rqo|
wzr ri wkh lqwhuidfldo whqvlrqv duh lqghshqghqw zlwk wkh wklug gh�qhg e| htxdwlrq
71481 Wkh wzr lqghshqghqw ydoxhv fdq eh frqvlghuhg �wwlqj sdudphwhuv1
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7181 SKDVH DGYHFWLRQ

Ioxlg  rz lv gh�qhg e| wkh sdudphwhu �k lq htxdwlrqv 714 dqg 71; wkurxjk 71431
Wkh skdvh yhorflw| lv zulwwhq lq whupv ri wkh pxowlskdvh h{whqvlrq ri Gduf|*v odz=

�k ' �
!&ok
07k>k

� EQ�k � �kQ5� / k ' `c�cC +7154,

zkhuh �k lv wkh k�skdvh suhvvxuh d�*EuA 2�o/ �k ' 4k} lv wkh vshfl�f zhljkw ri
wkh skdvh d�*A 2o/ } lv wkh dffhohudwlrq gxh wr judylw| du*A 2o/ ! lv wkh lqwulqvlf
shuphdelolw| ^u2`/ frqvlghuhg d vfdodu khuhlq/ dqg &ok lv wkh uhodwlyh shuphdelolw|1

Wkh k�skdvh uhodwlyh shuphdelolw| lv d vfdolqj idfwru/ f � &ok � �/ zklfk
dffrxqwv iru wkh fdvh zkhuh wkh srurxv phglxp lv qrw ixoo| vdwxudwhg zlwk wkh
k�skdvh1 Wklv sdudphwhu lv lq jhqhudo d ixqfwlrq ri wkh k�skdvh vdwxudwlrq1
Jlyhq wkh dvvxpswlrq wkdw wkh skdvh zhwwlqj0rughu lv frqvwdqw/ dqg iroorzv/ iurp
prvw wr ohdvw/ zdwhu0QDSO0jdv/ wkh iroorzlqj ixqfwlrqdo ghshqgdqfh lv dvvxphg=

&o` ' &o` E7` � +7155,

&o� ' &o�E7` c 7A��

&oC ' &oCE7A��

zkhuh wkh uhodwlrqvklsv olvwhg uhgxfh wr wkhlu surshu wzr0skdvh irupv zkhq dssur0
suldwh1 Vlqfh wkh gh�qlwlrq ri wkh uhodwlrqvkls ehwzhhq wkh uhodwlyh shuphdelolw|
dqg vdwxudwlrq +fdoohg khuhlq wkh &�7 prgho, lv d pdmru frpsrqhqw ri wklv vlpx0
odwru/ lw lv ghyhorshg iurp erwk d frqfhswxdo dqg hpslulfdo ylhzsrlqw lq Fkdswhu
81

Jlyhq wkdw �` / 7` dqg 7A� duh wkh sulpdu|  rz yduldeohv/ dqg wkdw wkh skdvh
suhvvxuhv duh uhodwhg wr rqh dqrwkhu wkurxjk fdsloodu| suhvvxuh uhodwlrqvklsv/ 7145
dqg 7146/ wkh irup ri htxdwlrq 7154 iru hdfk  xlg skdvh ri lqwhuhvw lv ghwdlohg khuh
dv=

�` ' �
!&o`

07`>`
�
�
Q�` � �`Q5

�
+7156,

�� ' �
!&o�
07�>�

�
�
Q

�
�` n �S�`

�
� ��Q5

�
�C ' �

!&oC
07C>C

�
�
Q

�
�` n �S�` n �SC�

�
� �CQ5

�
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7191 GLVSHUVLRQ FRHIILFLHQW

Wkh glvshuvlyh  x{ ri wkh QDSO vshflhv lq erwk wkh zdwhu dqg jdv skdvhv lv
gh�qhg e| wkh wklug whup lq htxdwlrq 7141 Iru wkh fdvh zkhuh skdvh ghqvlw| lv
uhodwhg wr skdvh frpsrvlwlrq dv gh�qhg lq htxdwlrqv 714: dqg 714; wkh glvshuvlrq
whup lq htxdwlrq 714 lv vlpsol�hg dv=

4k#k �QE
4k
4k

� �

�
4ko

4k

�
#k �Q4k +7157,

Wklv uhodwlrqvkls vkrzv wkdw li 4k lv d frqvwdqw htxdo wr 4ko/ wkhq wkh vwdqgdug
gh�qlwlrq iru glvshuvlyh  x{ dssolhv/ exw li 4k lv d ixqfwlrq ri skdvh frpsrvlwlrq/
wkhq glvshuvlyh  x{ ehfrphv d qrqolqhdu ixqfwlrq ri frqfhqwudwlrq1

Wkh glvshuvlrq frh!flhqw/ #kc lv d vhfrqg0udqn whqvru/ dqg lwv frpsrqhqwv lq
+%/ +/ 5, Fduwhvldq frruglqdwhv duh uhsuhvhqwhg dv +Vfkhlghjjhu/ 4<94,=

(k
%% ' @kA m�

kmn E@ku � @kA � E�
k
% �

2 * m�kmn �k(k
6 +7158,

(k
++ ' @kA m�

kmn E@ku � @kA �
�
�k+

�2
* m�kmn �k(k

6

(k
55 ' @kA m�

kmn E@ku � @kA � E�
k
5 �

2 * m�kmn �k(k
6

(k
%+ ' (k

+% ' E@ku � @kA � �
k
%�

k
+ * m�

km

(k
+5 ' (k

5+ ' E@ku � @kA � �
k
+ �

k
5 * m�

km

(k
%5 ' (k

5% ' E@ku � @kA � �
k
%�

k
5 * m�

km

zkhuh k @ Z dqg J/ @ku lv wkh orqjlwxglqdo glvshuvlylw| ^O`/ @kA lv wkh wudqvyhuvh
glvshuvlylw| ^O`/ �k% / �

k
+ dqg �k5 duh wkh frpsrqhqwv ri wkh lqwhuvwlwldo sruh zdwhu

yhorflw| yhfwru +htxdwlrq 7154,/ m�km lv wkh phdq skdvh yhorflw| pdjqlwxgh/ (k
6 lv

wkh k0skdvh frh!flhqw ri prohfxodu gl�xvlrq ^O22W`/ dqg �k dffrxqwv iru gl�xvlrq
srurvlw| dqg wruwxrvlw| h�hfwv ^glphqvlrqohvv`1 Wkh dssur{lpdwlrq iru �k xvhg lq
wkh vlpxodwru lv surylghg e| wkh Ploolqjwrq dqg Txlun +4<94, prgho=

�k ' 0�*� E7k�
.*�

71:1 QDWXUDO GHJUDGDWLRQ

Pdq| QDSO*v duh vxemhfw wr elrorjlfdo dqg fkhplfdo ghjudgdwlrq lq wkh vrlo/
dqg wkhuhiruh wkh| duh qrw vwdeoh lq wkh qdwxudo hqylurqphqw1 Wr dffrxqw iru
wklv qdwxudo dwwhqxdwlrq skhqrphqrq d frqvwdqw �uvw0rughu ghjudgdwlrq udwh lv
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dvvxphg iru dffrxqw iru doo ghjudgdwlrq surfhvvhv1 Zlwk wklv/ wkh ghfd| frh!flhqwv
lq htxdwlrq 714/ V`? dqg VC? d�*A o/ duh gh�qhg lq whupv ri wkh kdoi0olih/ |�*2 dA o/ ri
wkh QDSO vshflhv dv=

V`? ' VC? ' *? E2� *|�*2 +7159,

zkhuh wkh dvvxpswlrq lv pdgh wkdw |�*2 lv wkh vdph iru wkh QDSO vshflhv lq wkh
jdv dqg zdwhu skdvhv1

71;1 PDVV WUDQVIHU

Wr rewdlq d shuvshfwlyh rq fxuuhqw uhvhdufk dssolfdwlrqv lq pdvv wudqvihu surfhvvhv
d�hfwlqj wkh idwh ri QDSOv lq qhdu vxuidfh judqxodu vrlov/ frqvlghu Iljxuhv 714/
715 dqg 716 zklfk vxppdul}h uhohydqw sxeolfdwlrqv1 Xsrq uhylhz ri wkhvh �jxuhv
wkh iroorzlqj frqfoxvlrqv fdq eh gudzq=

41 Irxu w|shv ri pdvv wudqvihu surfhvvhv duh lpsruwdqw lq gh�qlqj wkh sk|vlfv
ri wkh idwh ri QDSOv lq qhdu vxuidfh judqxodu vrlov=

+d, glvvroxwlrq pdvv wudqvihu ri sxuh skdvh QDSO wr wkh zdwhu skdvh>

+e, hydsrudwlrq pdvv wudqvihu ri sxuh skdvh QDSO wr wkh jdv skdvh>

+f, hydsrudwlrq pdvv wudqvihu ri QDSO vshflhv lq wkh zdwhu skdvh wr wkh
jdv skdvh>

+g, dgvruswlrq pdvv wudqvihu ri QDSO vshflhv lq wkh zdwhu skdvh wr wkh vrlo
skdvh1

Dgvruswlrq ri QDSO vshflhv lq wkh jdv skdvh gluhfwo| wr wkh vrlo skdvh lv
qhjohfwhg1

51 Wkuhh edvlf pdvv wudqvihu prghov duh w|slfdoo| xwlol}hg =

+d, Orfdo htxloleulxp prgho= +lqglfdwhg e| *H* lq wkh uhylhz �jxuhv, Edvhg
rq wkh dvvxpswlrq wkdw htxloleulxp sduwlwlrqlqj glfwdwhv QDSO skdvh
frqfhqwudwlrqv1 Wklv prgho0w|sh kdv ehhq vkrzq wr kdyh xwlolw| lq
sureohpv lqyroylqj orz Gduf| yhorflwlhv dqg krprjhqhrxv vrlo surshu0
wlhv1
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reference phases and
components
considered

exchange processes
modeled

kinetic
process

parameter
variability

investigation
type comment

Armstrong et
al. (1994)

SW>0, krW=0

Mendoza and
Frind (1990)

N/A

• focus on soil gas venting application
• rate−limited gas−water mass transfer

is the controlling process for the 
time−scale chosen

• first−order kinetic is adequate
• cannot calibrate the model with 

effluent concentrations

Sleep and
Sykes
 (1989)

Falta et al.
(1989)

• the magnitude of density−driven
gas−phase flow velocity varies 
linearly with K and density contrast 
between pure and contaminated gas

• need to look at: soil heterogeneity,
multi−component organic liquids,
the effect of gas−phase pressure
forcing

SG>0, krG>0
SN=0

ρn , ρn  , ωn 
G W S

Henry’s law − 
E and K

E and K

organic carbon
partitioning −
E and K

diffusive
boundary
layer

constant rate coefficients
variable temperature and

soil properties
PG = constant
SW = constant
ρG = f(composition)

numerical
model:
advective/
dispersive
gas−phase
transportρn/W

S∧ρn/W
S∧

SW>0, krW=0
SG>0, krG>0
SN=0

ρn , ωn 
G

Henry’s law − 
E

organic carbon
partitioning −
E

ρn/W
G∧

diffusive
boundary
layer

ρn/W
S∧ρn/W
S∧

ρn/W
G∧

ρn
W∧

isothermal
PG = constant
SW = constant
ρG = f(composition)
µG = f(composition)
looked at layered soils

numerical
model:
advective/
dispersive
gas−phase
transport

• density−driven gas−phase transport is
important when NAPL source is
present and in high−K soils

• three important transport processes: 
diffusion, density−driven advection,
vapor source mass flux

S

SW>0, krW>0
SG>0, krG>0

ρn , ρn  
G W

Henry’s law − 
K

K

ρn/W
G∧

ρn
W∧SN>0, krN=0

constant rate coefficients
uncoupled water−gas flow
PG = constant
SN = constant
ρW = constant
ρG = f(composition)

numerical
model:
advective/
dispersive
gas− and
water−phase
transport

• density−driven gas−phase transport is
important 

• neglected the effects of capillarity

SW>0, krW=0
SG>0, krG>0

Henry’s law − 
E

organic carbon
partitioning −
E

ρn/W
G∧

ρn/W
S∧ρn/W
S∧SN>0, krN=0

ρn , ωn 
G S

N/A get saturated vapor conc−
entration from ideal
gas law

homogeneous soil
SW= constant
SN = constant
µG = constant
ρG = f(composition)

numerical
model:
advective/
dispersive
gas−phase
transport

I
ljx

uh
714=

V
x
p
p
du|

ri
uhfhq

w
vwx

g
lhv

ri
p
dvv

h{
fk
dq
jh

s
ur
fhvvhv

lq
Q
D
S
O
frq

0
wdp

lq
dwhg

vrlov1
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reference phases and
components
considered

exchange processes
modeled

kinetic
process

parameter
variability

investigation
type comment

Brusseau 
(1991)

SW>0, krW=0 • focus on rate−limited sorption
• differentiate between advective and

non−advective domains
• for gas−phase transport: Darcy’s and

Fick’s laws apply
• the limiting mass transfer step is solid

to water for water at residual

Rabideau and
Miller (1994)

Powers et al.
(1991 and
1992)

• rate−limited mass transfer is important
for spills of small areal extent, high
Darcy velocities, large blob sizes,
and low residual SN

SG>0, krG>0
SN=0

ρn , ρn  , ωn 
G W S

Henry’s law − 
E

organic carbon
partitioning −
E and K

diffusive
boundary
layer

constant rate coefficients
variable soil properties
isothermal
PG = constant
SW = constant
ρG = constant

numerical
model:
advective
gas−phase
transport

SW>0, krW>0
SG=0

ρn , ωn 
W

E and K

E and K

ρn
W∧

diffusive
boundary
layer

ρn/W
S∧ρn/W
S∧

ρn/W
G∧

numerical
model:
advective/
dispersive
water−phase
transport

S

SW=1 constant rate coefficients
layered soils

numerical
model:
pump−and−
treat 
application

• when SN = 0, mass transfer is most
sensitive to spatially variable K and
sorption capacity, and/or sorption 
non−equilibrium with heterogeneity
dominating

first−order
mass
transfer

variable rate coefficients
homogeneous soils
consider variable NAPL

saturation and residual
blob shape

numerical
model:
pump−and−
treat
application

ρn/W
S∧ρn/W
S∧

Brusseau 
(1992)

SN>0, krN=0

diffusive
boundary
layer

constant rate coefficients
multi−component NAPL
heterogeneous soil due to

residual NAPL
isothermal
SN = constant

• focus on rate−limited mass transfer
• heterogeneity due to NAPL residual

greatly affects mass transfer
• rate−limited mass transfer is an 

important consideration under
reduced−gradient conditions

ρn , ωn 
W S

ρn/W
S∧ρn/W
S∧ E and K

SW>0, krW>0
SG=0

ρn 
W

SN>0, krN=0

E and Kρn
W∧

Miller et al.
(1990)
Imhoff et al.
(1992)

• diffusive boundary layer is an 
inadequate exchange model

• exchange rate is a strong function of
water velocity and NAPL saturation

first−order
mass
transfer

variable rate coefficients
homogeneous soils
consider variable NAPL

saturation and residual
blob shape

experimental:
determine
rate−
coefficient 
parameters

SW>0, krW>0
SG=0

ρn 
W

SN>0, krN=0

Kρn
W∧

I
ljx

uh
715=

F
rq
wlq

x
hg
=
V
x
p
p
du|

ri
uhfhq

w
vwx

g
lhv

ri
p
dvv

h{
fk
dq
jh

s
ur
fhvvhv

lq
Q
D
S
O
frq

wdp
lq
dwhg

vrlov1
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reference phases and
components
considered

exchange processes
modeled

kinetic
process

parameter
variability

investigation
type comment

Sleep and
Sykes 
(1993a, b)

SW>0, krW>0 • multi−component DNAPL rem−
ediation in heterogeneous soil at
the field−scale

• investigate the effect that infiltrating
water fronts have on DNAPL
vapor transport

SG>0, krG>0

ρn , ρn  , ωn 
G W S

N/A phase densities are a 
function of pressure and
composition

phase viscosities are a 
function of composition

heterogeneous soil
multi−component NAPL
isothermal

numerical
model:
3−phase, 3D
compositional
simulator

numerical
model:
3−phase
steam 
injection
simulations

Falta et al.
(1992a, b)

use ideal gas law for gas−
phase properties

gas not a function of P
fluid properties are a 

function of composition
and temperature

homogeneous soils
single−component NAPL

• local chemical and thermal
equilibrium

• NAPL saturation allowed to go to 0,
but water and gas saturations forced
to be >0

SN>0, krN>0

Henry’s law − E

E

E

organic carbon
partitioning −Eρn/W

S∧ρn/W
S∧

ρn/W
G∧

ρn
W∧

ρn
G∧

SW>0, krW>0
SG>0, krG>0

ρn , ρn  , ωn 
G W S

N/A

SN>0, krN>0

Henry’s law − E

E

E

organic carbon
partitioning −Eρn/W

S∧ρn/W
S∧

ρn/W
G∧

ρn
W∧

ρn
G∧

numerical
model:
3−phase
NAPL
remediation
using
surfactants

Delshad et al.
(1995)

use ideal gas law for gas−
phase properties

water properties are a 
function of composition

NAPL properties are 
constant

heterogeneous soils
single−component NAPL
non−isothermal

• model emplacement of residual NAPL
and rate−limited NAPL dissolution

• fluid properties a function of
surfactant concentration

• residual NAPL a function of capillary
and Bond numbers

• compare results with field data

SW>0, krW>0
SG>0, krG>0

ρn

first−
order
kinetic

SN>0, krN>0

K

W

ρn
W∧

numerical
model:
3−phase
NAPL 
remediation

Guarnaccia
et al. (1997)

water and gas density and
viscosity are a function
of NAPL concentration

fluid properties  not a 
function of P or T

heterogeneous soils
single−component NAPL

with constant properties

• model emplacement of residual NAPL
and volatilization, dissolution and
adsorption mass transfer

SW>0, krW>0
SG>0, krG>0

ρn , ρn  , ωn 
G W S

SN>0, krN>0

Henry’s law − K

K

K

organic carbon
partitioning −Eρn/W

S∧ρn/W
S∧

ρn/W
G∧

ρn
W∧

ρn
G∧

first−
order
kinetic

I
ljx

uh
716=

F
rq
wlq

x
hg
=
V
x
p
p
du|

ri
uhfhq

w
vwx

g
lhv

ri
p
dvv

h{
fk
dq
jh

s
ur
fhvvhv

lq
Q
D
S
O
frq

wdp
lq
dwhg

vrlov1
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+e, Udwh0olplwhg pdvv h{fkdqjh prgho = +lqglfdwhg e| *N* lq wkh uhylhz
�jxuhv, Edvhg rq wkh dvvxpswlrq wkdw pdvv wudqvihu ehwzhhq skdvhv
lv olplwhg e| gl�xvlyh wudqvsruw dfurvv d vwdjqdqw erxqgdu| od|hu df0
fruglqj wr Ilfn*v odz +gl�xvlyh erxqgdu| od|hu,1 Wkh prgho kdv olplwhg
xwlolw| ehfdxvh wkh wklfnqhvv ri wkh erxqgdu| od|hu fdqqrw eh hvwlpdwhg/
dqg lw qhjohfwv dgyhfwlyh/ ylvfrvlw|0 dqg ghqvlw|0gulyhq surfhvvhv1

+f, Iluvw0rughu nlqhwlf pdvv wudqvihu prgho = +lqglfdwhg e| *N* lq wkh uhylhz
�jxuhv, Pruh jhqhudo wkdq wkh udwh0olplwhg pdvv h{fkdqjh prgho lq
wkdw lw frqvlghuv dgyhfwlyh0 gl�xvlyh surfhvvhv dqg fkdqjlqj lqwhuidfldo
frqwdfw duhd1 Wkhruhwlfdo frqvlghudwlrqv dqg h{shulphqwdo gdwd duh
xvhg wr gh�qh wkh ixqfwlrqdo irup ri wkh frh!flhqwv1

61 Wkh xvh ri udwh0olplwhg pdvv wudqvihu surylghv suhglfwlyh  h{lelolw|/ dv orfdo
htxloleulxp frqglwlrqv fdq eh vlpxodwhg e| lqfuhdvlqj wkh udwh frh!flhqw1

71 Idfwruv zklfk idyru udwh0olplwhg pdvv wudqvihu lqfoxgh= khwhurjhqhrxv vrlov/
lqkrprjhqhrxv uhvlgxdo glvwulexwlrq/ lqkrprjhqhrxv eore vl}h glvwulexwlrq/
dqg kljk  xlg  rz udwhv1

81 Prgholqj sxps0dqg0wuhdw uhphgldwlrq ri QDSO0frqwdplqdwhg vrlov pxvw
lqfoxgh udwh0olplwhg pdvv wudqvihu wr plplf erwk h{shulphqwdo0 dqg �hog0
vfdoh gdwd/ vshfl�fdoo| h"xhqw frqfhqwudwlrq wdlolqj1

91 Zlwk uhvshfw wr prghoolqj ghvruswlrq ri QDSO iurp oltxlg xqvdwxudwhg
vrlov/ zkhuh wkh wudqvsruw sdwk ri dq dgvruehg QDSO vshflhv lv vrlo0wr0
zdwhu/ zdwhu0wr0jdv/ gdwd vxjjhvwv wkdw rqh qhhg frqvlghu rqo| rqh ri wkh
pdvv wudqvihu surfhvvhv dv udwh olplwhg vlqfh wkh udwh0olplwhg surfhvv zloo
glfwdwh wkh ryhudoo pdvv hqwhulqj wkh jdv skdvh1

:1 Khqu|*v odz lv xvxdoo| xvhg wr gh�qh ydsru frqfhqwudwlrqv ri d QDSO vshflhv
glvvroyhg lq wkh zdwhu skdvh1

;1 Wkh dprxqw ri QDSO pdvv zklfk fdq eh dgvruehg rqwr wkh vrlo lv xvxdoo|
gh�qhg xvlqj dq rujdqlf fduerq0edvhg prgho1

71;141 Oltxlg0Oltxlg Pdvv Wudqvihu

Zkhq wkh rujdqlf skdvh lv dw dq lppreloh uhvlgxdo vwdwh/ vdwxudwlrq lv qr orqjhu
frqvlghuhg d ixqfwlrq ri fdsloodu| suhvvxuh vlqfh fdsloodu| suhvvxuh ehfrphv xqgh0
�qhg1 Frqvlghu wkh QDSO skdvh edodqfh htxdwlrq 71< iru wkh fdvh ri dq lppreloh
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uhvlgxdo zlwk frqvwdqw skdvh ghqvlw|/ frqvwdqw srurvlw|/ dqg qr h{whuqdo vrxufhv
ru vlqnv1 Iru wkhvh frqglwlrqv htxdwlrq 71< uhgxfhv wr=

04�
Y7�
Y|

' �.`
? �.C

? +715:,

Wklv htxdwlrq vwdwhv wkdw fkdqjh lq QDSO vdwxudwlrq lv gxh wr pdvv wudqvihu
surfhvvhv1

Wkh glvvroxwlrq prgho gh�qlqj wkh pdvv h{fkdqjh whup/ .`
? / lv dvvxphg wr

eh d �uvw0rughu nlqhwlf0w|sh uhdfwlrq ri wkh irup=

.`
? ' �`

?

�
4`? � 4`?

�
+715;,

zkhuh �`
? d�*A o lv wkh udwh frh!flhqw zklfk uhjxodwhv wkh udwh dw zklfk htxlole0

ulxp lv uhdfkhg/ dqg 4`? d�*u�o lv wkh htxloleulxp frqfhqwudwlrq ri wkh QDSO
vshflhv lq wkh zdwhu skdvh +vroxelolw| olplw,1 Lq wkh vlpxodwru/ 4`? lv dvvxphg wr
eh d phdvxudeoh frqvwdqw ydoxh1

Wr ghwhuplqh wkh sdudphwulf iurp ri �`
? / wkh zrun ri Lpkr� hw do1 +4<<5, lv

hpsor|hg1 Wkh| frqgxfwhg froxpq h{shulphqwv ghvljqhg wr vwxg| glvvroxwlrq nl0
qhwlfv ri uhvlgxdo wulfkorurhwk|ohqh +WFH, lq d xqlirup vdqg e|  xvklqj wkh v|vwhp
zlwk fohdq zdwhu dqg wudfnlqj wkh glvvroxwlrq iurqw dv d ixqfwlrq ri wlph1 Xvlqj
d oxpshg sdudphwhu prgho/ wkh| ghulyhg wkh iroorzlqj srzhu0odz uhodwlrqvkls iru
�`
? =

�`
? ' q`�

�
E07��

q
2

���` ��q� +715<,

zkhuhq2 � f�D dqg q� � ��f duh glphqvlrqohvv �wwlqj sdudphwhuv1 Wkh sdudphwhu
q`�
�

d�*A o lv wkh udwh frh!flhqw/ dqg lw lv �w wr dydlodeoh h{shulphqwdo0 ru �hog0
vfdoh gdwd1

Wkh yrodwlol}dwlrq prgho gh�qlqj wkh pdvv h{fkdqjh whup/ .C
? / lv dvvxphg wr

iroorz d vlplodu prgho dv iru glvvroxwlrq/ l1 h1=

.C
? ' �C

?

�
4C? � 4C?

�
+7163,

zkhuh �C
? d�*A o lv wkh udwh frh!flhqw zklfk uhjxodwhv wkh udwh dw zklfk htxloleulxp

lv uhdfkhg/ dqg 4C? d�*u�o lv wkh frqvwdqw htxloleulxp ydsru frqfhqwudwlrq ri wkh
QDSO vshflhv lq wkh jdv skdvh +ydsru vroxelolw| olplw,1 Wkh udwh frh!flhqw/ �C

?

lv dvvxphg wr kdyh wkh irup=

�C
? ' qC�

�
E07��

q
2 +7164,
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zkhuhq
2
lv wkh vdph dv iru wkh glvvroxwlrq prgho/ dqg qC�

�
^42W` lv �w wr dydlodeoh

gdwd1
Frqvlghu qrz wkh yrodwlol}dwlrq ri d glvvroyhg QDSO vshflhv lq wkh zdwhu skdvh

wr wkh jdv skdvh1 Dvvxplqj wkdw wkh zdwhu skdvh lv dw uhvlgxdo vdwxudwlrq lq wkh
ydgrvh }rqh/ dqg wkdw wkhuh duh qr h{whuqdo vrxufhv ru vlqnv ri pdvv/ wkhq htxdwlrq
71; fdq eh zulwwhq dv=

07`
Y4`

Y|
' .`

? � .C
?*` �.7

?*` +7165,

zkhuh wkh h{fkdqjh whup .`
? lv gh�qhg lq htxdwlrq 715;/ dqg .C

?*` jryhuqv wkh
yrodwlol}dwlrq pdvv wudqvihu ri d glvvroyhg QDSO vshflhv lq wkh zdwhu skdvh wr wkh
jdv skdvh=

.C
?*` ' �C

?*`

�
M4`? � 4C?

�
+7166,

zkhuh M lv wkh glphqvlrqohvv Khqu|*v odz frh!flhqw zklfk lv gh�qhg dw htxlole0
ulxp frqglwlrqv dv iroorzv=

M ' 4C? *4
`
?

dqg �C
?*` d�*A o lv wkh pdvv wudqvihu udwh frh!flhqw zklfk lv dvvxphg wr eh gh�qhg

e| wkh srzhu odz=
�C
?*` ' qC`

�
E07` �q2 +7167,

zkhuh wkh �wwlqj sdudphwhu q
2
lv dvvxphg wr eh wkh vdph dv iru wkh oltxlg0oltxlg

pdvv wudqvihu prghov/ dqg qC`
�

d�*A o lv �w wr wkh dydlodeoh gdwd1

71;151 Oltxlg0Vrolg Pdvv Wudqvihu

Ilqdoo|/ pdvv h{fkdqjh gxh wr dgvruswlrq/ .7
?*` / lv dvvxphg wr eh gh�qhg e| d

olqhdu htxloleulxp prgho=
/7? ' g_4

`
? +7168,

zkhuhg_ lv wkh glvwulexwlrq frh!flhqw du
�*� o gh�qhg dv d ixqfwlrq ri wkh rujdqlf

fduerq frqwhqw ri wkh vrlo dqg wkh uhodwlyh k|gurskrelflw| ri wkh glvvroyhg QDSO
vshflhv=

g_ ' sJSgJS +7169,

zkhuh sJS lv wkh pdvv iudfwlrq ri rujdqlf fduerq dqg gJS lv wkh rujdqlf fduerq
sduwlwlrq frh!flhqw1 Frpelqdwlrq ri htxdwlrqv 716 dqg 7168 |lhogv wkh iroorzlqj
gh�qlwlrq iru .7

?*` =

.7
?*` ' 4Kg_

�
Y4`?
Y|

n V7?4
`
?

�
+716:,
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zkhuh 4K ' d�� 0o47 lv wkh exon ghqvlw| ri wkh vrlo1

71<1 VXPPDU\

Wkh sk|vlfdo sureohp fdq eh fdvw lqwr d pdwkhpdwlfdo uhsuhvhqwdwlrq frqvlvwlqj
ri �yh pdvv edodqfh htxdwlrqv= wkuhh  xlg0skdvh edodqfh htxdwlrqv ^htxdwlrqv
71;/ 71< dqg 7143`/ dqg wzr QDSO vshflhv edodqfh htxdwlrqv ^htxdwlrqv 714 zlwk
Ec k� ' E?c` � dqg E?cC�`1

Wkh �yh sulpdu| yduldeohv xvhg lq wkh vlpxodwru wr vroyh wkh edodqfh htxdwlrqv
duh �` c 7` c 7A�c 4

`
? dqg 4C? 1 Doo rwkhu sdudphwhuv zklfk frqvwlwxwh wkh edodqfh

htxdwlrqv duh dvvxphg wr eh nqrzq sk|vlfdo frqvwdqwv ru ixqfwlrqv ri wkh sulpdu|
yduldeohv1

Wkh uhtxluhg sk|vlfdo frqvwdqwv duh=

41 Wkh uhihuhqfh  xlg surshuwlhv ghqvlw| dqg ylvfrvlw|= 4`o/ 4�o/ 4Co/ >`o/
>�o/ >Co1

51 Wkh lqwhuidfldo whqvlrqv/ jC` / j�` dqg jC� 1 Wkhvh sdudphwhuv duh xvhg
wr vfdoh wkh fdsloodu| suhvvxuhv dv shu htxdwlrq 71471 Wkhlu pdjqlwxghv duh
frqvwudlqhg wr eh uhodwhg e| htxdwlrq 71481 Wklv frqvwudlqw lv uhtxluhg wr
prgho wkh jhqhudo fdvh ri wzr0 dqg wkuhh0skdvh  rz1 Wkh wzr lqghshqghqw
ydoxhv fdq eh frqvlghuhg �wwlqj sdudphwhuv1

61 Wkh sdudphwhuv zklfk gh�qh zdwhu0 dqg jdv0skdvh glvshuvlrq= @`u / @`A / (
`
6 /

@Cu / @
C
A / (

C
61

71 Wkh sdudphwhuv zklfk gh�qh wkh pdvv wudqvihu lqfoxgh= wkh udwh frh!flhqwv=
q�`
�

/ qC�
�

/ qC`
�

dqg wkh �wwlqj sdudphwhuv= q
2
/ q�/ wkh vroxelolw| olplwv=

4`? / 4C? / wkh Khqu|*v odz frh!flhqw= M/ dqg wkh rujdqlf fduerq0edvhg sdu0
wlwlrqlqj sdudphwhuv= sJS/ gJS/

81 Vrlo surshuwlhv srurvlw| dqg shuphdelolw|/ zkhuh shuphdelolw| lv dvvxphg wr
eh d vfdodu1

Wkh frqvwlwxwlyh uhodwlrqvklsv zklfk uhodwh wkh sulpdu| dqg vhfrqgdu| ydul0
deohv duh=

41 Wkh vdwxudwlrq0suhvvxuh prgho +7�� prgho, lv suhglfdwhg rq wkh dvvxps0
wlrq wkdw skdvh zhwwlqj iroorzv/ iurp prvw wr ohdvw/ zdwhu0QDSO0jdv/ dqg
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zkhq doo wkuhh skdvhv duh suhvhqw/ rqo| wzr vdwxudwlrq0fdsloodu| suhvvxuh
ixqfwlrqv h{lvw/ �S�` E7` � dqg �SC� E7A��1 Uhtxlulqj wkdw

� �S�` E7` � dqg �SC�E7A�� duh frqwlqxrxv lq wlph dqg vsdfh uhjdugohvv
ri skdvh frq�jxudwlrq/

� �SC` ' �S�` n �SC� / dqg

� wkh fdsloodu| suhvvxuhv duh uhodwhg wkurxjk lqwhuidfldo whqvlrq vfdolqj/
htxdwlrq 7147/

doorzv wkh vlpxodwru wr prgho wkh jhqhudo fdvh ri wzr0 dqg wkuhh0skdvh  rz
zlwkrxw fkdqjlqj sulpdu| yduldeohv1 Dq lq ghswk suhvhqwdwlrq ri wkh 7��
prgho lv surylghg lq Fkdswhu 81

51 Wkh vdwxudwlrq0suhvvxuh prgho +& � � prgho, lv jlyhq e| htxdwlrq 71551 D
ghwdlohg glvfxvvlrq ri wkhvh ixqfwlrqdo ghshqghqflhv lv surylghg lq Fkdswhu
81

61 Wkh ghqvlw| dqg ylvfrvlw| ri wkh zdwhu dqg jdv skdvhv duh ixqfwlrqv ri QDSO
vshflhv pdvv frqfhqwudwlrqv rqo|/ htxdwlrqv 714:/ 714;/ 714< dqg 7153>

71 Wkh skdvh yhorflw| lv gh�qhg xvlqj Gduf|*v odz/ htxdwlrq 7154/ dqg lw lv
frqvlghuhg iru wkh wkuhh skdvhv dqg wzr vshflhv ri lqwhuhvw1

81 Wkh skdvh glvshuvlrq frh!flhqw lv gh�qhg e| htxdwlrq 7158/ dqg lw lv xvhg
wr gh�qh wkh glvshuvlyh pdvv  x{ ri wkh QDSO vshflhv lq wkh zdwhu0 dqg
jdv0skdvhv1

91 Wkh iroorzlqj suhglfwlyh pdvv wudqvihu prghov duh hpsor|hg=

� d �uvw rughu nlqhwlf prgho iru glvvroxwlrq dqg yrodwlol}dwlrq pdvv wudqvihu/
htxdwlrqv 715;/ 7163 dqg 7166> dqg

� dq htxloleulxp dgvruswlrq2ghvruswlrq prgho/ htxdwlrq 71681
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81 K\VWHUHWLF n0V0S PRGHO

Zlwk uhvshfw wr prgholqj wkuhh0skdvh  rz lq srurxv phgld/ d vxevwdqwldo dprxqw
ri uhvhdufk gh�qlqj dssursuldwh frqvwlwxwlyh uhodwlrqvklsv h{lvwv lq erwk wkh shwur0
ohxp uhvhuyrlu dqg wkh zdwhu uhvrxufhv olwhudwxuh1 Iurp dq klvwrulfdo shuvshfwlyh/
wkh ghyhorsphqw dqg dssolfdwlrq ri pdq| ri wkh edvlf sk|vlfdo prghov txdqwli|lqj
wkh sk|vlfv ri wkuhh0skdvh  rz lq srurxv phgld dsshduhg �uvw lq wkh shwurohxp
uhvhuyrlu olwhudwxuh1 Wkhvh prghov duh dssolhg wr suhglfwlyh prgholqj ri rlo dqg
qdwxudo jdv uhfryhu| iurp shwurohxp uhvhuyrluv1 Wklv hduo| zrun lv vxppdul}hg lq
wkh errnv ri Froolqv +4<94,/ D}l} dqg Vhwwdul +4<:<,/ dqg Pduoh +4<;4,1

Uhodwlyho| uhfhqwo|/ wkh sureohp ri txdqwli|lqj wkh vsdwldo dqg whpsrudo glv0
wulexwlrq ri QDSO*v lq wkh preloh ru lppreloh uhvlgxdo vwdwh/ gxh wr vxuidfh ru
qhdu0vxuidfh uhohdvh+v,/ kdv ehfrph d pdmru frqfhuq lq wkh zdwhu uhvrxufhv duhd1
Doo ri wkh suhglfwlyh prghov ghulyhg iru wklv dssolfdwlrq duh exlow xsrq wkh ds0
solfdeoh wkhruhwlfdo xqghuslqqlqjv suhylrxvo| ghulyhg lq wkh shwurohxp uhvhuyrlu
olwhudwxuh1 Krzhyhu/ ehfdxvh ri wkh vxevwdqwldoo| gl�huhqw sk|vlfdo sureohp +jh0
rorjlf hqylurqphqw/  xlg surshuwlhv dqg gulylqj irufhv,/ dqg hqjlqhhulqj jrdov
+QDSO uhfryhu| whfkqltxhv, hqfrxqwhuhg zlwklq wkh wzr glvflsolqhv/ wkhuh lv d
qhhg wr dxjphqw h{lvwlqj wkhru| iru shwurohxp uhvhuyrlu dssolfdwlrqv/ dqg wr gh0
yhors qhz vxe0prghov wr ghvfuleh sk|vlfdo surfhvvhv xqltxh wr zdwhu uhvrxufhv
dssolfdwlrqv1

Frqvlghulqj wklv shuvshfwlyh/ d uhylhz ri wkh vwdwh0ri0wkh0duw prgholqj wrrov
dydlodeoh wr ghvfuleh wkuhh0skdvh  rz lq qhdu0vxuidfh judqxodu vrlov lv surylghg lq
Iljxuhv 814 dqg 8151 Wkhvh vxppdu| �jxuhv kljkoljkw wkh pdmru sk|vlfdo prgho
frpsrqhqwv/ zkhuh wkh 7�� prgho ghvfulehv wkh ixqfwlrqdo uhodwlrqvkls ehwzhhq
vdwxudwlrq dqg fdsloodu| suhvvxuh/ dqg wkh & � 7 prgho ghvfulehv wkh ixqfwlrqdo
uhodwlrqvkls ehwzhhq wkh uhodwlyh shuphdelolw| dqg vdwxudwlrq1 Lq dgglwlrq wkh
iroorzlqj sdudphwhuv duh gh�qhg= 7k/ k @ Z +zdwhu,/ Q +QDSO,/ dqg J +jdv,/ lv
wkh k0skdvh vdwxudwlrq +wkh shufhqw ri wkh sruh vsdfh rffxslhg e| wkh k0skdvh,/
7A� ' 7` n 7� lv wkh wrwdo oltxlg vdwxudwlrq/ �Skq ' �k � � q/ lv wkh fdsloodu|
suhvvxuh ehwzhhq qrqzhwwlqj dqg zhwwlqj lpplvfleoh  xlgv k dqg q/ uhvshfwlyho|/
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dqg &ok/ k @ Z/ Q/ J/ lv wkh k0skdvh uhodwlyh shuphdelolw| +vfdohv wkh lqwulqvlf
shuphdelolw| wr dffrxqw iru yduldeoh k0skdvh vdwxudwlrq,1

Edvhg rq frqfoxvlrqv deoh wr eh gudzq iurp uhylhz ri wkh prghov vxppdul}hg
lq Iljxuhv 814 dqg 815/ d uhodwlyh shuphdelolw|0vdwxudwlrq0fdsloodu| suhvvxuh prgho
+& � 7 � � prgho, lv ghulyhg zklfk=

41 lv fdsdeoh ri prgholqj wkh vlpxowdqhrxv  rz ri d zdwhu skdvh +Z,/ QDSO
skdvh +Q,/ dqg jdv skdvh +J,>

51 lv edvhg rq zhwwdelolw| frqvlghudwlrqv dqg wzr0skdvh gdwd>

61 uhgxfhv wr wkh dssursuldwh wzr0skdvh dqg vlqjoh0skdvh fdvhv>

71 hpsor|v fdsloodu| suhvvxuh vfdolqj wr dffrpprgdwh yduldeoh vrlo dqg  xlg
surshuwlhv>

81 lqfoxghv  rz0sdwk/ klvwru|0ghshqghqw ixqfwlrqdov +k|vwhuhvlv,>

91 lqfoxghv d phfkdqlvp iru  xlg hqwudsphqw dv lw lv glvsodfhg iurp wkh sruh
vsdfh1

Iru frpsohwhqhvv dqg fodulw| lq suhvhqwdwlrq wkh frqfhswv zklfk fkdudfwhul}h
wkh &� 7 �� prgho wkdw zhuh lqwurgxfhg lq Fkdswhu 7 zloo eh uhlwhudwhg khuhlq1
Wkh suhvhqwdwlrq ri wkh wkuhh0skdvh k|vwhuhwlf & � 7 � � prgho lv rujdql}hg dv
iroorzv1 Iluvw/ d vhw ri sk|vlfdo dqg prgho frqvwudlqwv zklfk zloo doorz iru wkh df0
frpprgdwlrq ri dwwulexwhv 4 wkurxjk 7 deryh zloo eh suhvhqwhg1 Wklv zloo surylgh
d edvlv iru wkh gh�qlwlrq ri ixqfwlrqdo ghshqghqf|1 Vhfrqg/ zlwk wklv frqfhswxdo
prgho dv d irxqgdwlrq/ d forvhg0irup hpslulfdo & � 7 � � prgho zklfk lqfrusr0
udwhv dwwulexwhv 8 dqg 9 deryh zloo eh ghyhorshg dv d vhulhv ri wkuhh lqwhuuhodwhg
vxe0prghov= hqwudsphqw2uhohdvh/ vdwxudwlrq0suhvvxuh/ dqg uhodwlyh shuphdelolw|0
vdwxudwlrq1 Lq dgglwlrq/ iru fodulw|/ wkh & � 7 � � prgho zloo eh ghyhorshg �uvw
iru wkh wzr0skdvh fdvh1 Wkh wzr0skdvh prgho zloo wkhq eh dxjphqwhg wr dffrp0
prgdwh wkuhh0skdvh  rz1 Wklug/ d vhfwlrq lv lqfoxghg zklfk dgguhvvhv & � 7 � �
prgho lpsohphqwdwlrq lvvxhv1 Wkhvh lvvxhv lqfoxgh ghwdlov rq krz fhuwdlq prgho
sdudphwhuv d�hfw wkh vkdsh ri wkh & � 7 � � ixqfwlrqdov/ dqg ghwdlov rq wkh ghi0
lqlwlrq ri d vhw ri frpsxwdwlrqv zklfk zloo hqvxuh wkdw wkh ixqfwlrqdov jhqhudwhg
duh zhoo ehkdyhg dqg dphqdeoh wr lqfoxvlrq lqwr d qxphulfdo prgho1 Ilqdoo|/ wkh
xvh ri fdsloodu| suhvvxuh vfdolqj lq wkh vlpxodwru wr dffrxqw iru yduldeoh  xlg dqg
vrlo surshuwlhv lv glvfxvvhg1
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reference S−P
model

k−S
model

hyster−
esis

entrap−
ment

numerical
model

air phase
pressure

Pc
scaling

verification comment

Eckberg and
Sunada (1984)

SW(PcNW)

STw(PcGN)

N/A

SW(PcNW)

STw(PcGW)

krW(SW)

krN(SW,SG)

Abriola (1984)
Pinder and
Abriola (1986)

Faust (1985)
Faust et al.
 (1989)

Parker et al.
 (1987),
Kuppusamy
et al. (1989),
Lenhard and
Parker (1988),
Lenhard et al.
(1988), Kaluar−
achchi and
Parker (1989)

no

no

no

no

no

no

no

no

yes

yes

yes

yes

yes

nonono

Parker and
Lenhard (1987)
Lenhard and
Parker (1987),
Lenhard et al.
(1989), 
Lenhard(1992)

both
S−P
and
k−S

NAPL
by water,
gas by
water
and 
NAPL

constant

constant

constant

constant

constant

constant

none

none

none

surface
tension

surface
tension

surface
tension

laboratory
experiment

laboratory
experiment

laboratory
experiment

field
data

2−phase
data only

2−phase
S−P model
by lab−
oratory
experiment

Drainage only; SW(PcNW) was a
good predictor, STw(PcGN) was not.

Assume this model is applicable
when water is mobile.

Field−scale simulations

• analysis of monotonic drainage
• discrepancies in STw(PcGN) funct−

ional due to constant gas presure
assumption

• surface tension scaling is a valuable
tool if real data is not available

• 1−way transition from W−G to 
W−N−G system

• poor mass balance reported

• surface tension scaling provided
qualitatively good results

• need to better determine nonwetting
phase residual saturations

• a wetting phase cannot be trapped
by a nonwetting phase

• numerical experiments indicate that 
entrapment processes dominate 
the solution

Ferrand et al.
(1990)

N/A Drainage only; S−P model was
adequate except near residual

SW(PcNW)

STw(PcGN)

SW(PcNW)

STw(PcGN)

SW(PcNW)

STw(PcGN)

SW(PcNW)

STw(PcGN)

krW(SW)

krN(SW,SG)

krW(SW)

krN(SW,SG)

krW(SW)

krN(SW,SG)

krG(SG)

krG(SG)
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Iljxuh 815= Frqwlqxhg= Vxppdu| ri frqfhswxdo dqg qxphulfdo prghov ghvfulelqj
wkuhh0skdvh  rz lq judqxodu vrlov1
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8141 FRQFHSWXDO PRGHO RYHUYLHZ

Li  xlg zhwwdelolw| lv frqvwudlqhg wr iroorz/ iurp prvw wr ohdvw/ zdwhu0QDSO0jdv/
dqg wkh lqwhuphgldwh zhwwdelolw| ri wkh QDSO skdvh lv dvvxphg wr uhqghu wkh
zdwhu0jdv skdvh lqwhudfwlrqv qhjoljleoh/ wkhq wkuhh0skdvh  rz ehkdylru fdq eh
johdqhg iurp uhdglo| dydlodeoh wzr0skdvh gdwd dv iroorzv=

zdwhu QDSO jdv
7 � � 7` ' 7` E�S�` � 7� ' �� 7` � 7C 7C ' 7C E�SC��
& � 7 &o` ' &o` E7` � &o� ' &o� E7` c 7C� &oC ' &oC E7C�

+814,

Wklv uhsuhvhqwdwlrq doorzv xv wr frpelqh vdwxudwlrqv edvhg rq zhwwdelolw| frq0
vlghudwlrqv/ zkhuh wkh wrwdo zhwwlqj skdvh vdwxudwlrq uhodwlyh wr wkh jdv skdvh
lv 7A� ' 7` n 7� / lpso|lqj 7A�E�SC�� ' � � 7C/ dqg wkh wrwdo qrqzhw0
wlqj skdvh vdwxudwlrq uhodwlyh wr wkh zdwhu skdvh lv 7A? ' 7� n 7C/ lpso|lqj
7` E�S�` � ' �� 7A?1 Wkh prwlydwlrq iru xvlqj htxdwlrq 814 dv d uhsuhvhqwdwlrq
iru wkuhh0skdvh  rz lv wzr irog1 Iluvw/ wkuhh0skdvh &�7�� gdwd lv jhqhudoo| qrw
dydlodeoh1 Vhfrqg/ pdq| qdwxudo vxevxuidfh v|vwhpv frqirup wr wkh zhwwdelolw|
dqg vsuhdglqj dvvxpswlrq/ prvw qrwdeo| wkh fdvhv zkhuh wkh QDSO lv d k|gur0
fduerq ghulydwlyh dqg wkh vrlo frqwdlqv d kljk shufhqwdjh ri txduw} dqg d orz
shufhqwdjh ri rujdqlf pdwwhu1 Krzhyhu/ dv qrwhg lq vhyhudo uhfhqw sxeolfdwlrqv
^prvw qrwdeo|/ Eudgirug dqg Ohlm +4<<8 dqg 4<<9,`/ wkhuh duh pdq| qdwxudo v|vwhpv
zklfk gr qrw frqirup wr wklv dvvxpswlrq/ qdpho| wkrvh v|vwhpv zkhuh wkh QDSO
lv d pl{wxuh ri pdq| gl�huhqw fkhplfdov/ dqg zkhuh wkh vrlo lv plqhudorjlfdoo|
khwhurjhqhrxv dqg frqwdlqv vljql�fdqw dprxqwv ri rujdqlf pdwwhu1 Wkhuhiruh/ wkh
zhwwdelolw| dvvxpswlrq xwlol}hg khuhlq pxvw eh uhfrjql}hg dv d olplwlqj dwwulexwh iru
prgho dssolfdelolw|1

Lq rughu wr prgho wkh jhqhudo frqglwlrqv ri wzr0 dqg wkuhh0skdvh  rz/ d vhfrqg
vhw ri frqvwudlqwv lv lpsrvhg1 Iluvw/ iru wkh wzr0skdvh zdwhu0jdv fdvh/ �SC` lv
ghwhuplqhg iurp wkh dojheudlf frqvwudlqw=

�SC` ' �S�` n �SC� +815,

Vhfrqg wkdw wkh pdjqlwxgh ri wkh fdsloodu| suhvvxuh ehwzhhq dq| wzr lpplvfleoh
 xlg skdvhv lv sursruwlrqdo wr wkh lqwhuidfldo whqvlrq ehwzhhq wkrvh skdvhv +diwhu
Ohyhuhww/ 4<74,=

�S�`
j�`

'
�SC�
jC�

'
�SC`
jC`

+816,
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zkhuh jC` / j�` dqg jC� duh wkh lqwhuidfldo whqvlrqv dorqj wkh lqwhuidfhv ehwzhhq
wkh jdv dqg zdwhu skdvhv/ wkh QDSO dqg zdwhu skdvhv/ dqg wkh jdv dqg QDSO
skdvhv/ uhvshfwlyho|1 Ilqdoo|/ qrwh wkdw iru htxdwlrqv 815 dqg 816 wr eh frpsdwleoh
wkh ydoxh ri wkh sdudphwhuv jC` / j�` dqg jC� pxvw eh frqvwudlqhg wr eh uhodwhg
dv=

jC` ' j�` n jC� +817,

Htxdwlrq 817 gh�qhv d qhxwudo vsuhdglqj frh!flhqw1 Wkhuhiruh/ rqo| wzr ri wkh
lqwhuidfldo whqvlrqv duh lqghshqghqw zlwk wkh wklug gh�qhg e| htxdwlrq 8171 Wkh
wzr lqghshqghqw ydoxhv fdq eh frqvlghuhg �wwlqj sdudphwhuv1 Vhyhudo uhfhqw sd0
shuv kdyh txhvwlrqhg wkh xvh ri frqvwudlqwv 816 dqg 817 +Zlovrq hw do/ 4<<3 dqg
PfEulgh hw do1/ 4<<5/ dprqj rwkhuv,1 Wr gdwh/ wkh vhqvlwlylw| ri wkh vroxwlrq wr
wklv w|sh ri prgho frqvwudlqw kdv qrw ehhq irupdoo| dgguhvvhg1

Vhfwlrq 818 frqwlqxhv wkh glvfxvvlrq ri wkh xvh ri fdsloodu| suhvvxuh vfdolqj lq
wkh vlpxodwru1

8151 WZR0SKDVH PRGHO

K|vwhuhvlv lq wkh & � 7 � � uhodwlrqvkls lv dvvxphg wr eh fdxvhg e| wzr pdlq
surfhvvhv/  xlg hqwudsphqw h�hfwv dqg fdsloodu| dqg frqwdfw dqjoh h�hfwv1 Wkhvh
h�hfwv duh vxppdul}hg dv iroorzv=

41 Ioxlg hqwudsphqw h�hfwv 0 Zkhq d  xlg lv gudlqhg iurp wkh sruh vsdfh/
d yroxphwulf iudfwlrq lv uhqghuhg h�hfwlyho| lppreloh4 hlwkhu e| fdsloodu|
lvrodwlrq lq wkh fdvh ri d qrqzhwwlqj skdvh/ ru e| fdsloodu| dqg dgkhvlyh
irufhv lq wkh fdvh ri d zhwwlqj skdvh1 Wudsshg yroxphv fdq eh uh0prelol}hg
hlwkhu e| sk|vlr0fkhplfdo surfhvvhv +iru h{dpsoh/ e| fkdqjlqj wkh fdsloodu|
ru Erqg qxpehuv, ru e| lpelelwlrq ri wkh glvsodfhg skdvh1 Lq dgglwlrq/ li
wkh  xlgv duh voljkwo| plvfleoh/ pdvv0wudqvihu surfhvvhv fdq uhvxow lq d wrwdo
uhgxfwlrq ri hqwudsshg skdvh1

51 Fdsloodu| dqg frqwdfw dqjoh h�hfwv 0 Dvvxplqj wkdw wkh sruh wkurdwv frqwuro
wkh zhwwlqj0skdvh gudlqdjh surfhvv dqg wkh sruh erglhv frqwuro wkh zhwwlqj0
skdvh lpelelwlrq surfhvv/ dqg wkdw wkh fxuydwxuh ri wkh phqlvfl duh hqkdqfhg
gxulqj zhwwlqj0skdvh gudlqdjh/ wkh fkdudfwhulvwlf fdsloodu| suhvvxuh gh�qlqj
glvsodfhphqw zloo eh kljkhu iru gudlqdjh wkdq iru lpelelwlrq1

4Wkdw lv/ wkh yroxph ri  xlg zloo qr orqjhu uhvsrqg wr d judglhqw lq srwhqwldo1
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Iljxuh 816 suhvhqwv d txdolwdwlyh orrn dw wkh wzr0skdvh k|vwhuhwlf 7�� fxuyh0
w|sh vxppdu| iru wkh fdvh zkhq erwk fdsloodu| dqg hqwudsphqw h�hfwv duh lq0
foxghg1 Wkh qrphqfodwxuh iru fxuyh0w|sh qdph ghvfulehv zkhwkhu wkh  rz0sdwk
lv gudlqlqj +G, ru lpelelqj +L, zlwk uhvshfw wr wkh zhwwlqj skdvh/ dqg krz wkh
fxuyh zdv vsdzqhg/ sulpdu| +S,/ pdlq +P,/ ru vfdqqlqj +V,1 Wdeoh 814 surylghv
d ghvfulswlyh vxppdu| ri wkh fxuyh0w|shv frqvlghuhg lq wklv ghyhorsphqw/ zkhuh
wkh fxuyh0w|sh qxpehulqj vfkhph doljqv rgg qxpehuv zlwk gudlqdjh fxuyhv dqg
hyhq qxpehuv zlwk lpelelwlrq fxuyhv1 Qrwh wkdw zkloh wkh vxevfulswv Z dqg J
lqglfdwh zdwhu dqg jdv skdvhv/ uhvshfwlyho|/ wkh| fdq eh frqvlghuhg wr uhsuhvhqw
d jhqhulf zhwwlqj0qrqzhwwlqj skdvh sdlu1 Lq dgglwlrq/ wkh sdudphwhuv 7ko duh wkh
uhvlgxdo k0skdvh vdwxudwlrqv/ zkhuh wkh uhvlgxdo vdwxudwlrq lv gh�qhg khuhlq dv
wkh vdwxudwlrq dw zklfk wkh skdvh h�hfwlyho| qr orqjhu uhvsrqgv wr d judglhqw lq
srwhqwldo ryhu wkh wlph0vfdoh ri lqwhuhvw1

Ilqdoo| zlwk uhvshfw wr Iljxuh 816/ qrwh wkdw wkh gl�huhqw suhvvxuh vfdohv fkdu0
dfwhul}lqj gudlqdjh dqg lpelelwlrq fxuyhv duh d uhvxow ri fdsloodu| h�hfwv/ dqg wkh
hqg0srlqwv gh�qlqj fxuyhv 4 wkurxjk 7 duh ghwhuplqhg e|  xlg hqwudsphqw h�hfwv1

Iljxuhv 817 dqg 818 suhvhqw d txdolwdwlyh orrn dw wkh wzr0skdvh k|vwhuhwlf &�7
fxuyh0w|sh vxppdu| iru wkh gdwd suhvhqwhg lq Iljxuh 8161 K|vwhuhvlv lq &o` E7` �
dqg &oCE7C� lv dvvxphg wr eh fdxvhg e|  xlg hqwudsphqw h�hfwv rqo|1 Wr vhh wkh
frqqhfwlrq ehwzhhq k|vwhuhvlv lq wkh &�7 uhodwlrqvklsv dqg skdvh hqwudsphqw/ ohw
xv gh�qh wkh hqwudsshg skdvh yroxph dv wkdw yroxph zklfk zloo qr orqjhu uhvsrqg
wr d judglhqw lq srwhqwldo1 Vlqfh wkh wzr0skdvh h{whqvlrq ri Gduf|*v odz dssolhv
rqo| wr wkdw txdqwlw| zklfk lv k|gudxolfdoo| frqqhfwhg/ wkh wudsshg yroxph pxvw
eh uhjdughg dv sduw ri wkh srurxv pdwul{1 Wkhuhiruh/ &ok lv qrw rqo| d ixqfwlrq ri
7k exw vshfl�fdoo| d ixqfwlrq ri wkdw shufhqwdjh ri 7k zklfk lv k|gudxolfdoo| frq0
qhfwhg1 Iljxuhv 817 dqg 818 vkrz wkdw wkh pdjqlwxgh ri wkh uhodwlyh shuphdelolw|
dw d sduwlfxodu vdwxudwlrq lv d ixqfwlrq ri hqwudsphqw frqvlghudwlrqv1 Qrwh wkdw
dqrwkhu gh�qlwlrq ri uhvlgxdo vdwxudwlrq lv wkh vdwxudwlrq dw zklfk wkh uhodwlyh
shuphdelolw| lv }hur1

815141 Hqwudsphqw dqg Uhohdvh Vxe0Prgho

Frqvlghu wkh iroorzlqj h{dpsoh ri d zdwhu0jdv glvsodfhphqw surfhvv lqwhqghg wr
txdoli| wkh vdolhqw ihdwxuhv ri wkh frqfhswxdo prgho iru skdvh hqwudsphqw dqg
uhohdvh/ zkhuh zdwhu uhsuhvhqwv d jhqhudo zhwwlqj skdvh dqg jdv uhsuhvhqwv d jhq0
hudo qrqzhwwlqj skdvh1 D srurxv phglxp lv lqlwldoo| vdwxudwhg zlwk zdwhu zklfk
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Iljxuh 816= Gh�qlwlrq sorw ri wkh k|vwhuhwlf uhodwlrqvkls ehwzhhq vdwxudwlrq dqg
fdsloodu| suhvvxuh hpsor|lqj wkh hpslulfdo prgho xvhg lq wkh vlpxodwru1 Fxuyh sr0
vlwlrq dqg vkdsh lv jryhuqhg e| wkh prelolw| vwdwxv dqg wkh pdjqlwxgh ri wkh skdvh
vdwxudwlrqv zkhq wkh fxuyh lv vsdzqhg dqg zkhwkhu wkh glvsodfhphqw surfhvv lv
gudlqdjh +(, ru lpelelwlrq +U, zlwk uhvshfw wr wkh zhwwlqj skdvh1 Sulpdu| +� ,
dqg Pdlq +�, fxuyhv duh vsdzqhg zkhq rqo| rqh skdvh lv preloh ^fxuyh qxpehuv
4 dqg 5`1 Vfdqqlqj +7, fxuyhv duh vsdzqhg zkhq erwk skdvhv duh preloh ^fxuyh
qxpehuv 6 wr 9`1 Wkh fxuyh0w|sh qxpehulqj vfkhph lv vhw vxfk wkdw rgg qxpehuv
duh doljqhg zlwk gudlqdjh fxuyhv ^4 @ �(� ru �(�/ 6 dqg 8 @ 7(�` dqg hyhq
qxpehuv duh doljqhg zlwk lpelelwlrq fxuyhv ^5 @ SLF ru PLF/ 7 dqg 9 @ 7U�`1
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Iljxuh 817= Wkh uhvxowlqj k|vwhuhwlf & � 7 ixqfwlrqdov iru wkh zhwwlqj skdvh jhq0
hudwhg iurp wkh hpslulfdo prgho xvhg lq wkh vlpxodwru dqg wkh gdwd gh�qlqj wkh
7 � � uhodwlrqvkls1 Qrwh wkdw wkh �(� dqg �U�/ vkrzq dv gdvkhg olqhv/ duh
sudfwlfdoo| frlqflghqw/ dqg wkdw wkh vfdqqlqj fxuyhv/ vkrzq dv gdvkhg olqhv/ duh
jurxs0odeohg ehfdxvh e| prgho gh�qlwlrq wkh| duh frlqflghqw1
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Iljxuh 818= Wkh uhvxowlqj k|vwhuhwlf & � 7 ixqfwlrqdov iru wkh qrqzhwwlqj skdvh
xvlqj wkh gdwd gh�qlqj wkh 7 � � uhodwlrqvkls dqg wkh hpslulfdo prgho xvhg lq
wkh vlpxodwru1 Qrwh wkdw wkh fxuyh odehohg �U�W lv rewdlqhg xsrq uhyhuvdo iurp
d �(� zkhuh qr qrqzhwwlqj skdvh zdv suhylrxvo| wudsshg1 Vxevhtxhqw uhyhuvdov
iroorz wkh �(� dqg �U� zklfk duh sudfwlfdoo| frlqflghqw1 Dovr qrwh wkdw wkh
vfdqqlqj fxuyhv duh jurxs0odeohg ehfdxvh e| prgho gh�qlwlrq wkh| duh frlqflghqw1
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qxpehu qdph txdolwdwlyh qrwhv

4

SGF0Sulpdu| Gudlqdjh Fxuyh

PGF0 Pdlq Gudlqdjh Fxuyh

PGF-

0 ruljlq dw VZ@4

0 ruljlq dw VZ@40VJu dqg rqo| wkh

zhwwlqj skdvh lv preloh

0 ruljlq dw 4:VZ:40VJu dqg rqo|

wkh zhwwlqj skdvh lv preloh

5

SLF0Sulpdu| Lpelelwlrq Fxuyh

PLF0 Pdlq Lpelelwlrq Fxuyh

PLF-

0 ruljlq dw VZ@3

0 ruljlq dw VZ@VZu dqg rqo| wkh

qrqzhwwlqj skdvh lv preloh

0 ruljlq dw 3	VZ	VZu dqg rqo| wkh

qrqzhwwlqj skdvh lv preloh

6
VGF40 Iluvw0rughu Vfdqqlqj

Gudlqdjh Fxuyh

ruljlqdwhv dw d  rz uhyhuvdo srlqw iurp d

SLF ru PLF zkloh erwk skdvhv duh preloh

7
VLF40 Iluvw0rughu Vfdqqlqj

Lpelelwlrq Fxuyh

ruljlqdwhv dw d  rz uhyhuvdo srlqw iurp d

SGF ru PGF zkloh erwk skdvhv duh preloh

8
VGF50 Vhfrqg0rughu Vfdqqlqj

Gudlqdjh Fxuyh

ruljlqdwhv dw d  rz uhyhuvdo srlqw iurp dq

VLF4 zkloh erwk skdvhv duh preloh

9
VLF50 Vhfrqg0rughu Vfdqqlqj

Lpelelwlrq Fxuyh

ruljlqdwhv dw d  rz uhyhuvdo srlqw iurp dq

VGF4 zkloh erwk skdvhv duh preloh

Wdeoh 814= WZR0SKDVH n0V0S FXUYH0W\SH GHILQLWLRQ
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lv frqvlghuhg d frqwlqxxp/ dqg wkhuhiruh/ wkh lqlwldo wudsshg txdqwlw| lv gh�qhg
dv }hur1 Zdwhu lv wkhq glvsodfhg e| wkh jdv xqwlo wkh zdwhu h�hfwlyho| fhdvhv wr
 rz dv zdwhu �opv vxuurxqglqj wkh vrlo judlqv wklq wr wkh srlqw wkdw dgkhvlyh dqg
fdsloodu| irufhv grplqdwh suhvvxuh judglhqwv1 Ryhu wkh glvsodfhphqw surfhvv wkh
wudsshg txdqwlw| ri zdwhu ulvhv iurp }hur wr d pd{lpxp/ fdoohg wkh luuhgxfleoh ru
uhvlgxdo1 Wkh uhvlgxdo zhwwlqj skdvh vdwxudwlrq/ 7`o/ lv d ixqfwlrq ri wkh srurxv
phglxp surshuwlhv dqg wkh fkhplvwu| ri erwk wkh zhwwlqj dqg qrqzhwwlqj skdvhv1
Wkh frqfhsw ri d vdwxudwlrq0ghshqghqw hqwudsphqw phfkdqlvp lv edvhg rq wkh
lqwhusuhwdwlrq wkdw dv wkh gl�huhqw sruh fodvvhv duh gudlqhg +wkh odujhu rqhv �uvw,/
vrph zdwhu lv uhqghuhg h�hfwlyho| lppreloh dv lw dgkhuhv wr wkh hpsw| sruh zdoov1
Wklv glvsodfhphqw surfhvv lv fdoohg sulpdu| gudlqdjh +wkh SGF lq Iljxuh 816,1
Zlwk uhvshfw wr wkh jdv skdvh/ lw lv dvvxphg wkdw qr wudsshg vdwxudwlrq uhvxowv
dv lw glvsodfhv wkh zdwhu1

Li dw wklv srlqw +wkdw lv/ dw 7` ' 7`o, wkh zdwhu skdvh lv lpelehg/ wkhuhe|
glvsodflqj wkh jdv0skdvh/ wzr skhqrphqrq rffxu1 Iluvw/ vrph ri wkh wudsshg zdwhu
skdvh lv uhprelol}hg dv wkh lq0 rzlqj zdwhu wklfnhqv wkh zdwhu �op dvvrfldwhg
zlwk wkh vpdoohu sruhv wkxv uhgxflqj wkh wudsshg txdqwlw|1 Vhfrqg/ dv wkh jdv
skdvh lv glvsodfhg/ d yroxphwulf iudfwlrq ehfrphv glvfrqqhfwhg iurp wkh  rzlqj
yroxph dqg lvrodwhg lq d sruh ru vhulhv ri sruhv e| wkh phfkdqlvpv ri vqds0r�
dqg e|sdvvlqj ^vhh Zlovrq hw do1/ 4<<3/ sdjhv 443 wr 456`,1 Wkh uhvxowlqj wudsshg
jdv vdwxudwlrq ulvhv iurp }hur wr d pd{lpxp uhvlgxdo ydoxh zkhuh wkh jdv skdvh
fhdvhv wr  rz1 Wkh uhvlgxdo qrqzhwwlqj skdvh vdwxudwlrq/ 7Co/ lv d ixqfwlrq ri wkh
srurxv phglxp surshuwlhv dqg wkh fkhplvwu| ri erwk wkh zhwwlqj dqg qrq0zhwwlqj
skdvhv1 Wklv surfhvv lv fdoohg pdlq lpelelwlrq +wkh PLF lq Iljxuh 816,1 Dw wklv
srlqw +wkdw lv/ 7` ' �� 7Co, wkh zdwhu0skdvh lv wkh rqo| preloh skdvh/ krzhyhu/
vlqfh wkh zdwhu vdwxudwlrq glg qrw uhwxuq wr xqlw|/ vrph wudsshg zdwhu skdvh fdq
vwloo h{lvw +iru h{dpsoh/ lq vrph ri wkh odujhu sruhv suhgrplqdwho| �oohg zlwk jdv,1
Lq dgglwlrq/ dv wkh jdv glvvroyhv lq wkh zdwhu skdvh ryhu wlph/ wkh zdwhu vdwxudwlrq
dssurdfkhv xqlw| dqg/ dv lw grhv/ wkh wudsshg txdqwlw| dssurdfkhv }hur1

Wkh deryh glvsodfhphqw h{shulphqw lqyroyhv wkh vlwxdwlrq lqfxuuhg zkhq ixoo
gudlqdjh dqg lpelelwlrq f|fohv duh uhdol}hg +sulpdu| dqg pdlq fxuyh0w|shv,1 Wkdw
lv/ glvsodfh rqh  xlg xqwlo lw fhdvhv wr  rz1 Wkuhh frqfhswxdo dwwulexwhv duh kljk0
oljkwhg lq wklv ghvfulswlrq1 Wkh �uvw wzr lqyroyh  rz0sdwk ghshqghqw hqwudsphqw
dqg uhohdvh phfkdqlvpv/ zkhuh wudsshg txdqwlwlhv lqfuhdvh dv d skdvh gudlqv iurp
wkh sruh vsdfh dqg ghfuhdvh dv wkh skdvh �oov wkh sruh vsdfh1 Wkh wklug lv wkdw
li wkh  xlgv duh voljkwo| plvfleoh/ pdvv wudqvihu surfhvvhv fdq uhvxow lq d wrwdo
uhgxfwlrq ri hqwudsshg skdvh1
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Wkh �qdo frqfhswxdo dwwulexwh kdv wr gr zlwk wkh fdvh ri dq lqfrpsohwh glv0
sodfhphqw surfhvv dqg wkh vsdzqlqj ri d vfdqqlqj fxuyh1 Wkdw lv/ zkdw kdsshqv
zkhq d  rz uhyhuvdo rffxuv ehiruh rqh ri wkh skdvhv lv uhqghuhg lppreloh1 Iru h{0
dpsoh/ frqvlghu wkh VLF� +fxuyh 7, lq Iljxuh 8161 Iluvw/ dw wkh srlqw ri suhpdwxuh
uhyhuvdo dorqj wkh SGF/ dffruglqj wr wkh suhylrxv dujxphqw wkh wudsshg zdwhu
skdvh zloo kdyh d ydoxh vrphzkhuh ehwzhhq wkh h{wuhphv/ }hur dqg ixoo uhvlgxdo
+7`o,/ dqg wkh jdv skdvh zloo kdyh }hur wudsshg yroxph1 Lq jhqhudo/ dq lpelelqj
qrqzhwwlqj skdvh whqgv wr �oo wkh odujhu sruh fodvvhv �uvw/ vr iurp d sk|vlfdo srlqw
ri ylhz/ lw vhhpv uhdvrqdeoh wr dvvxph wkdw li lqfrpsohwh gudlqdjh rffxuuhg ehiruh
uhyhuvdo/ wkhq qrw doo wkh gl�huhqw sruh fodvvhv zrxog eh �oohg e| wkh jdv0skdvh/
dqg xsrq zdwhu lpelelwlrq/ wkh ixoo jdv0skdvh uhvlgxdo zrxog qrw eh uhdol}hg1 Lq0
vwhdg/ d ydoxh ehwzhhq wkh h{wuhphv zrxog eh dssursuldwh/ dv vkrzq e| fxuyh 7
lq Iljxuh 8161

Wklv frqfhsw zdv �uvw txdqwl�hg e| Odqg +4<9;,/ zkr ghyhorshg dq hpslulfdo
prgho/ edvhg rq h{shulphqwdo revhuydwlrq/ wr hvwlpdwh wkh uhvlgxdo qrqzhwwlqj
skdvh vdwxudwlrq pdjqlwxgh1 Wkh prgho xwlol}hv wkh dvvxpswlrq wkdw wkh gl�huhqfh
lq wkh uhflsurfdov ri wkh lqlwldo dqg uhvlgxdo qrqzhwwlqj skdvh vdwxudwlrqv lv d
frqvwdqw iru d jlyhq vdqg1 Wkdw lv/ iru wkh jdv0zdwhu v|vwhp ghvfulehg deryh/ li
rqh dvvxphv wkdw wkh pd{lpxp srvvleoh jdv0skdvh uhvlgxdo/ 7Co/ lv rewdlqhg iru
wkh fdvh ri jdv0skdvh gudlqdjh iurp 7C ' � +l1 h1/ iru wkh SLF/ doo wkh sruh fodvvhv
duh lqlwldoo| �oohg zlwk wkh jdv0skdvh,/ wkhq d uhgxfhg uhvlgxdo/ 7W

Co 	 7Co/ zloo
eh rewdlqhg iru wkh fdvh ri jdv0skdvh gudlqdjh iurp 7C ' 74@ 

C 	 � +l1 h1/ iru dq
PLF ru VLF�/ qrw doo wkh sruh fodvvhv duh lqlwldoo| �oohg zlwk jdv0skdvh, dffruglqj
wr wkh uxoh +diwhu Odqg ^4<9;`,=

�

7W

Co

�
�

74@ 
C

'
�

7Co
� � +818,

Jlyhq wklv txdolwdwlyh lqwhusuhwdwlrq ri wkh sk|vlfv ri skdvh hqwudsphqw dqg
uhohdvh/ ohw xv qrz ghulyh dq dqdorjrxv txdqwlwdwlyh hpslulfdo uhsuhvhqwdwlrq1 Wr
idflolwdwh rxu glvfxvvlrq rq  xlg hqwudsphqw/ ohw xv gl�huhqwldwh ehwzhhq wkh  xlg
yroxph zklfk lv *iuhh* wr uhvsrqg wr d judglhqw lq srwhqwldo +l1 h1 k|gudxolfdoo|
frqqhfwhg, dqg wkh yroxph zklfk lv *wudsshg* dqg fdqqrw uhvsrqg wr d judglhqw
lq srwhqwldo +l1 h1 k|gudxolfdoo| glvfrqqhfwhg,1 Lq whupv ri k0skdvh vdwxudwlrq
wklv gl�huhqwldwlrq lv zulwwhq dv=

7k ' 7ks n 7k| +819,

zkhuh wkh vxevfulswv s dqg | lqglfdwh iuhh dqg wudsshg/ uhvshfwlyho|1 Lw lv fohdu
wkdw iuhh dqg wudsshg vdwxudwlrqv fdq qrw eh phdvxuhg shu vh1 Wkhuhiruh/ htxdwlrq

85



819 pxvw eh frqvlghuhg dq hpslulfdo yhklfoh xsrq zklfk wr ghulyh d prgho zklfk
zloo dssur{lpdwh wkh txdolwdwlyh dvshfwv lqwurgxfhg deryh1

Wr wklv hqg/ ohw xv dvvxph wkdw wkh wudsshg txdqwlw|/ 7k|/ fdq eh ghvfulehg e|
d vdwxudwlrq0ghshqghqw eohqglqj uxoh ri wkh irup=

7k| ' 74�?
k| n

�
7W

ko � 74�?
k|

� � 74@ 
k � 7k

74@ 
k � 7W

ko

�e
/ e : f +81:,

zkhuh 7k| lv frqvwudlqhg wr olh zlwklq suhgh�qhg/  rz0sdwk/ klvwru|0ghshqghqw/
olplwv/ 74�?

k| � 7k| � 7W

ko1 Wkh sdudphwhuv lq htxdwlrq 81: zloo eh ghvfulehg lq
wxuq1 74�?

k| lv wkh orzhu olplw ri hqwudsshg k0skdvh1 Lw lv lqwhqghg wr txdqwli|
wkh frqglwlrq zklfk h{lvwv iru PGFv dqg PLFv zkhuh wkhuh lv vrph qrq0}hur
uhvlgxdo k0skdvh vdwxudwlrq dw wkh wlph zkhq wkh k0skdvh zdv uh0lpelehg1 Jlyhq
wkh pdjqlwxgh ri wkh uhvlgxdo dw wkh ruljlq ri d pdlq fxuyh/ 7koE��/ k @ J dqg m
@ 4 iru dq PGF/ dqg k @ Z dqg m @ 5 iru dq PLF/ 74�?

k| lv frpsxwhg dv=

74�?
k| ' 7koE��

�
�� 7k

�� 7koE��

�
/ f � 74�?

k| � 7koE�� +81;,

zkhuh lw lv dvvxphg wkdw d olqhdu uhodwlrqvkls h{lvwv ehwzhhq 74�?
k| dqg 7k1

Wkh sdudphwhu 74@ 
k lv wkh kljkhvw k0skdvh vdwxudwlrq wkdw kdv rffxuuhg vlqfh

lw zdv odvw dw lppreloh uhvlgxdo frqglwlrqv/ l1 h1/ wkh pd{lpxp lpelehg k0skdvh
vdwxudwlrq zklfk lv dydlodeoh iru glvsodfhphqw1 Vshfl�fdoo|/ 74@ 

C lv wkh ixuwkhvw
surjuhvvlrq dorqj d SGF ru PGF/ dqg 74@ 

` lv wkh ixuwkhvw surjuhvvlrq dorqj d
SLF ru PLF1

Wkh sdudphwhu 7W

ko lv wkh pdjqlwxgh ri wkh uhvlgxdo k0skdvh/ f � 7W

ko � 7ko/
dw wkh whuplqxv ri dq k0skdvh gudlqdjh surfhvv1 Lwv ydoxh lv frpsxwhg xvlqj
wkh prgho ri Odqg +4<9;,/ prgl�hg iurp htxdwlrq 818 wr lqfoxgh wkh iroorzlqj
dgglwlrqdo surfhvvhv=

� d zhwwlqj skdvh wudsshg e| d qrqzhwwlqj skdvh>

� wkh h{lvwhqfh ri suhylrxvo| hqwudsshg skdvh/ zklfk dfwv dv d orzhu olplw iru
ixuwkhu hqwudsphqw1

Wkh uhvxowlqj hpslulfdo uhodwlrqvkls gh�qlqj 7W

ko lv zulwwhq dv=

7W

ko ' 74�?
k| n

74@ 
k � 74�?

k|

� n-k E74@ 
k � 74�?

k| �
+81<,

-k '
�
7ko � 74�?

k|

�
3�

�
�
�� 74�?

k|

�
3�
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Ilqdoo| zlwk uhvshfw wr htxdwlrq 81:/ e uhsuhvhqwv d eohqglqj sdudphwhu zklfk
jryhuqv krz idvw wkh skdvh ehfrphv hqwudsshg gxulqj gudlqdjh  rz frqglwlrqv
ru uhohdvhg iurp hqwudsphqw gxulqj lpelelwlrq  rz frqglwlrqv +e : f/ dqg iru
h{dpsoh/ e ' � |lhogv d olqhdu uhodwlrqvkls ehwzhhq 7k| dqg 7k,1

Lq vxppdu|/ wkh wudsslqj prgho/ htxdwlrqv 81:/ 81; dqg 81</ lv ghvljqhg wr
uhsuhvhqw dq| zhwwlqj0qrqzhwwlqj/ wzr0skdvh v|vwhp/ dqg lw xwlol}hv wkuhh �wwlqj
sdudphwhuv = 7`o/ 7Co dqg e1 Wkh uhpdlqlqj sdudphwhuv/ 7W

ko/ 7
4@ 
k dqg 74�?

k| / duh
ixqfwlrqv ri  rz0sdwk klvwru| dv glvfxvvhg deryh1

815151 Vdwxudwlrq0Suhvvxuh Vxe0Prgho

Wkh wzr0skdvh k|vwhuhwlf vdwxudwlrq0fdsloodu| suhvvxuh vxe0prgho zklfk lv gh0
vfulehg ehorz lv edvhg rq wkdw ghulyhg lq Oxfnqhu hw do1 +4<;<,1 Dv d srlqw ri
ghsduwxuh iru wklv suhvhqwdwlrq/ frqvlghu wkh ydq Jhqxfkwhq +4<;3, vdwxudwlrq0
suhvvxuh ixqfwlrq iru prqrwrqlf/ qrq0k|vwhuhwlf/ glvsodfhphqw zulwwhq khuh dv=

�SE7e� '
�
E7e�

3�*6 � �
��*#

E@�3� +8143,

7e '
7` � 7o
7r � 7o

/ f � 7e � � +8144,

zkhuh/ �S lv wkh fdsloodu| suhvvxuh khdg=

�S ' �S*E4
`}� +8145,

dqg 7e lv wkh h�hfwlyh zdwhu vdwxudwlrq zklfk lv wkh 7` qrupdol}hg e| wkh h{wuhphv
lq vdwxudwlrq dwwdlqdeoh dorqj d jlyhq  rz sdwk/ zkhuh 7o lv wkh plqlpxp dqg
7r lv wkh pd{lpxp1 Iru h{dpsoh/ uhihuulqj wr Iljxuh 816/ qrwh wkdw iru wkh SGF/
7o ' 7`o dqg 7r ' �/ dqg iru wkh SLF/ 7o ' f dqg 7r ' ��7Co1 Lq dgglwlrq/ zlwk
uhvshfw wr htxdwlrq 8143/ wkh sdudphwhu @ d�*uo lv d vfdolqj sdudphwhu zklfk lv
uhodwhg wr wkh glvsodfhphqw suhvvxuh khdg1 Qrwh wkdw gxh wr fdsloodu| dqg frqwdfw
dqjoh h�hfwv wkh suhvvxuh vfdoh fkdudfwhul}lqj zhwwlqj skdvh gudlqdjh lv juhdwhu
wkdq wkdw iru lpelelwlrq +ghslfwhg judsklfdoo| lq Iljxuh 816,1 Wklv idfw uhtxluhv
wkh vshfl�fdwlrq ri wzr olplwlqj ydoxhv iru @/ rqh dssolhg wr zhwwlqj skdvh gudlqdjh
fxuyhv +@_, dqg rqh dssolhg wr zhwwlqj skdvh lpelelwlrq fxuyhv +@�,/ zkhuh lw lv
fohdu wkdw/ @� : @_1 Ilqdoo|/ wkh sdudphwhu # lv d fxuyh �wwlqj sdudphwhu zklfk
uh hfwv wkh sruh0vl}h glvwulexwlrq ri wkh srurxv phglxp/ dqg 6 ' �� �*#1

Wkh 7 � � prgho gh�qhg e| htxdwlrqv 8143 dqg 8144/ ydolg iru prqrwrqlf
+P, glvsodfhphqw rqo|/ fdq eh xvhg wr rewdlq d forvhg0irup hpslulfdo uhodwlrqvkls
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ehwzhhq vdwxudwlrq dqg fdsloodu| suhvvxuh iru dq| rqh ri wkh sulpdu| dqg pdlq
gudlqdjh dqg lpelelwlrq fxuyhv/ s @ 4 dqg 5 +Wdeoh 814 dqg Iljxuh 816,/ surylghg
wkh iroorzlqj sdudphwhu vhw lv nqrzq=

7 � � m� ', i7`oc 7Coc @_c @�c #j

zkhuh wkh qrwdwlrq 7 � � m� lqglfdwhv wkdw wkh 7�� prgho lv gh�qhg iru prqrwrqlf
glvsodfhphqw1 Wkhvh sdudphwhuv duh ghwhuplqhg hlwkhu e| �wwlqj wkhp wr h{shu0
lphqwdo gdwd/ dssur{lpdwlqj wkhp edvhg rq vrlo surshuwlhv/ ru d frpelqdwlrq ri
wkh wzr +vhh iru h{dpsoh Qlhovhq dqg Oxfnqhu/ 4<<5,1

Ohw xv qrz prgli| wkh qrq0k|vwhuhwlf 7 � � prgho gh�qhg e| htxdwlrqv 8143
dqg 8144 wr dffrxqw iru k|vwhuhvlv fdxvhg e| wkh wzr pdlq surfhvvhv lghqwl�hg
deryh=  xlg hqwudsphqw dqg fdsloodu| dqg frqwdfw dqjoh h�hfwv1 Ioxlg hqwuds0
phqw h�hfwv duh dffrxqwhg iru e| pdnlqj wkh sdudphwhuv 7o dqg 7r ixqfwlrqv ri
vdwxudwlrq/  rz0sdwk klvwru|/ dqg wkh wudsslqj sdudphwhuv frpsxwhg lq htxdwlrq
81:1 K|vwhuhvlv gxh wr fdsloodu| dqg frqwdfw dqjoh h�hfwv lv dffrxqwhg iru e| pdn0
lqj wkh vfdolqj sdudphwhu/ @/ d ixqfwlrq ri vdwxudwlrq dqg  rz0sdwk klvwru|1 Wkh
sdudphwhu # lv dvvxphg lqghshqghqw ri  rz0sdwk1

Wkh uhvxowlqj forvhg0irup hpslulfdo uhodwlrqvkls ehwzhhq vdwxudwlrq dqg fds0
loodu| suhvvxuh/ dvvxphg wr eh ydolg iru sulpdu|/ pdlq dqg vfdqqlqj fxuyh0w|shv/
lv zulwwhq dv=

�SEs� '
�
E7eEs��

3�*6 � �
��*#

E@Es��
3� +8146,

7eEs� '
7` � 7oEs�
7rEs� � 7oEs�

/ f � 7eEs� � � +8147,

zkhuh wkh vxevfulsw Es� lqglfdwhv wkdw wkh sdudphwhu lv ydolg iru d vshfl�f fxuyh0
w|sh/ l1 h1/ s @ 4/ 5/ 6/ 7/ 8/ ru 9/ dv uhihuhqfhg lq Wdeoh 81451 Wklv k|vwhuhwlf
+K, yhuvlrq ri htxdwlrqv 8143 dqg 8144 fdq eh frpsxwhg surylghg wkh iroorzlqj
sdudphwhu vhw lv nqrzq=

7 � � mM ',
�
7`oc 7Coc @_c @�c #c 7oEs�c 7rEs�c @Es�

�
zkhuh wkh qrwdwlrq 7 � � mM lqglfdwhv wkdw wkh 7 � � prgho lv gh�qhg vxfk wkdw
k|vwhuhvlv lv dffrpprgdwhg/ dqg lw lv dvvxphg wkdw wkh sdudphwhuv 7`o/ 7Co/
@_/ @� dqg # duh surylghg dv ghvfulehg deryh1 Wklv ohdyhv wkh  rz0sdwk/ klvwru|0
ghshqghqw sdudphwhuv @Es�/ 7oEs� dqg 7rEs� wr eh frpsxwhg1

5Wkh vlpxodwru lv olplwhg wr wkhvh vl{  rz sdwk w|shv1
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Wdeoh 815 surylghv wkh ghwdlov iru hydoxdwlqj wkh vfdolqj sdudphwhu @Es�/ zkhuh
7fE�� lv wkh uhyhuvdo srlqw vdwxudwlrq dw zklfk fxuyh E�� zdv vsdzqhg/ dqg q lv
d eohqglqj sdudphwhu1 Iluvw qrwh wkdw @_ � @Es� � @�/ dqg iru sulpdu| dqg
pdlq fxuyh0w|shv +s @ 4/ 5, wkh olplwlqj ydoxhv duh xwlol}hg1 Vhfrqg/ qrwh wkh
xvh ri d eohqglqj ixqfwlrq wr gh�qh @Es� iru vfdqqlqj fxuyh0w|shv +s @ 6/ 7/ 8/
9,1 Wkh sxusrvh ri wkh eohqglqj ixqfwlrq lv iru qxphulfdo prgho lpsohphqwdwlrq
sxusrvhv1 Zkhq d  rz uhyhuvdo uhvxowv lq wkh jhqhudwlrq ri d vfdqqlqj fxuyh/ wkhuh
lv d frpphqvxudwh mxps lq wkh vorsh ri wkh 7 � � ixqfwlrqdo1 Wkdw lv/ zkloh wkh
ixqfwlrqdo lwvhoi lv frqwlqxrxv/ lwv vorsh lv glvfrqwlqxrxv +iru h{dpsoh/ vhh Iljxuh
816 fxuyh 7,1 Vlqfh wkh vorsh ri wkh fxuyh d�hfwv wkh pdjqlwxgh ri wkh skdvh
pdvv  x{/ d vwurqj glvfrqwlqxlw| fdq ohdg wr frqyhujhqfh sureohpv lq d qxphulfdo
vfkhph dv wkh uhodwlrqvkls ehwzhhq wkh  rz sdudphwhuv dqg wkh glvfuhwh wlph0 dqg
vsdfh0vfdohv lv gudpdwlfdoo| dowhuhg1 Iru h{dpsoh/ d odujh lqfuhdvh lq pdvv  x{ pd|
uhtxluh d pxfk vpdoohu wlph vwhs +uhodwhg wr wkh Frxudqw qxpehu, qrw rqo| wr olplw
whpsrudo glvfuhwl}dwlrq huuruv/ exw dovr wr doorz iru frqyhujhqfh ri wkh olqhdul}hg
v|vwhp ri htxdwlrqv1 Wkhuhiruh/ lq rughu wr olplw qxphulfdo gl!fxowlhv dvvrfldwhg
zlwk ixqfwlrqdo glvfrqwlqxlwlhv/ wkh eohqglqj ixqfwlrq kdv ehhq lqfrusrudwhg wr
doorz iru d vprrwk wudqvlwlrq lq vorsh zkhq d  rz uhyhuvdo rffxuv1

D eohqglqj sdudphwhu/ q/ kdv ehhq lqfoxghg wr surylgh prgholqj  h{lelolw|/
zkhuh lq jhqhudo q � f1 Iru h{dpsoh/ dq lqvwdqwdqhrxv fkdqjh lq @Es� rffxuv
zkhq q ' f/ dqg dv q jhwv odujhu wkh wudqvlwlrq iurp wkh uhyhuvdo srlqw ydoxh lv
ghod|hg1 Dv dq lpsohphqwdwlrq looxvwudwlrq/ frqvlghu d uhyhuvdo iurp d SGF wr dq
VLF�1 Dv vkrzq lq Wdeoh 815/ iru wkh qhz fxuyh 7/ @Ee�E7` � ydulhv iurp @_ dw wkh
uhyhuvdo srlqw/ 7fEe�/ wr @� dw wkh whuplqdo vdwxudwlrq/ 7` ' �� 7C|/ dffruglqj wr
wkh srzhu odz gh�qhg e| wkh sdudphwhu q1

Jlyhq wkh gdwd txdqwli|lqj skdvh hqwudsphqw/ htxdwlrqv 81: dqg 81</ dqg
wkh ydoxh ri @Es�/ wkh sdudphwhuv 7oEs� dqg 7rEs� duh ghwhuplqhg e| iroorzlqj wkh
vfdolqj surfhgxuh ri Vfrww hw do1 +4<;6, +vhh dovr Nrro dqg Sdunhu/ 4<;:/ Sdunhu
dqg Ohqkdug/ 4<;:/ Ohqkdug dqg Sdunhu/ 4<;:/ Oxfnqhu hw do1/ 4<;</ dqg Ohqkdug
hw do1/ 4<<4,1 H�hfwlyho| wkh prgho uhtxluhv wkdw dq| 7 �� ixqfwlrqdo gh�qhg e|
htxdwlrq 8146 sdvv wkurxjk wzr suhghwhuplqhg frqvwudlqw srlqwv fkrvhq wr hqvxuh
wkh iroorzlqj=

frqvwudlqw +4, Wkdw wkh ixqfwlrqdo hlwkhu whuplqdwh dw wkh surshu uhvlgxdo vdw0
xudwlrq dv gh�qhg lq htxdwlrq 81: ru whuplqdwh vxfk wkdw d forvhg vfdqqlqj
orrs uhvxowv/ zklfkhyhu lv dssursuldwh1

frqvwudlqw +5, Wkdw wkh ixqfwlrqdo uhpdlq frqwlqxrxv dv gh�qlwlyh sdudphwhuv
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i qdph gh�qlwlrq ri @ frpsxwdwlrqdo ghwdlov

4

SGF

PGF

PGF-

�
@� ' @_

5

SLF

PLF

PLF-

�
@2 ' @�

6 VGF4 @� ' @� � E@� � @_�
k
7fE��37`
7fE��37`|

lq judgh fkdqjh ehwzhhq

@l dqg @g ryhu wkh

vsdq ri fxuyh 6

7 VLF4 @e ' @_ n E@� � @_�
k

7`37fEe�
�37C|37fEe�

lq judgh fkdqjh ehwzhhq

@g dqg @l ryhu wkh

vsdq ri fxuyh 7

8 VGF5 @D ' @e � E@e � @_�
k
7fED�37`
7fED�37fEe�

lq judgh fkdqjh ehwzhhq @+7,/
wkh ydoxh ri @ zkhq wkh

uhyhuvdo rffxuhg/ dqg @g
ryhu wkh vsdq ri fxuyh 8

9 VLF5 @S ' @D n E@e � @D�
k
7`37fES�
7fED�37fES�

lq judgh fkdqjh ehwzhhq @+8,/
wkh ydoxh ri @ zkhq wkh

uhyhuvdo rffxuhg/ dqg @+7,
ryhu wkh vsdq ri fxuyh 9

Wdeoh 815= GHILQLWLRQ RI WKH VFDOLQJ SDUDPHWHU *d* IRU WKH
WZR0SKDVH K\VWHUHWLF V0S PRGHO

8:



duh dowhuhg wr uh hfw fkdqjlqj hqwudsphqw dqg fdsloodu| h�hfwv1

Frqvwudlqw 4 lv uhtxluhg �uvw wr hqvxuh wkdw uhvlgxdo vdwxudwlrq gdwd lv krqruhg1
Iru h{dpsoh/ lq Iljxuh 816/ fxuyh +7, whuplqdwhv dw 7r ' E� � 7W

Co�/ wkh srlqw
zkhuh wkh jdv0skdvh fhdvhv wr  rz/ dqg fxuyh +6, whuplqdwhv dw 7o ' 7W

`o/ wkh
srlqw zkhuh wkh zdwhu0skdvh fhdvhv wr  rz/ zkhuh 7WCo dqg 7W

`o duh frpsxwhg iurp
htxdwlrq 81<1 Wkh vhfrqg sduw ri wklv frqvwudlqw/ wkdw wkhuh eh forvhg vfdqqlqj
orrsv/ lv uhtxluhg vr wkdw huurqhrxv sxpslqj h�hfwv gr qrw rffxu gxulqj f|folf
 rz uhyhuvdov +Mdqhv/ 4<;7,1 Iru h{dpsoh/ fxuyh +8,/ d vhfrqg rughu vfdqqlqj
gudlqdjh fxuyh/ wlhv edfn lq zlwk wkh SGF dw wkh srlqw zkhuh wkh vfdqqlqj orrs
ruljlqdwhg1

Frqvwudlqw 5 lv uhtxluhg ehfdxvh d frqwlqxrxv fdsloodu| suhvvxuh �hog lv uhtxluhg
iru pdvv frqvhuydwlrq1 Lw ehfrphv dq lpsruwdqw frqvlghudwlrq zkhq ylhzhg iurp
wkh vwdqgsrlqw wkdw wkh 7 � � prgho lv wr eh lpsohphqwhg lq d wlph0glvfuhwh
qxphulfdo prgho zkhuh vdwxudwlrq lv wkh ghshqghqw yduldeoh dqg zkhuh sdudphwhu
xsgdwh lv odjjhg lq wlph zlwk uhvshfw wr vdwxudwlrq1 Wkdw lv/ jlyhq wkh vdwxudwlrq
vroxwlrq dw wkh dgydqfhg wlph vwhs +vxshuvfulsw ? n �,/ 7?n�

` / wkh fruuhvsrqglqj
fdsloodu| khdg/ �?n�S lv ghwhuplqhg iurp htxdwlrq 8146 zlwk wkh sdudphwhu vhw=q
7?n�
` c 7?

oEs�c 7
?
rEs�c @

?
Es�c #

r
/ zkhuh wkh vxshuvfulsw ? lqglfdwhv wkdw wkh vdwxudwlrq0

ghshqghqw sdudphwhuv duh gdwhg dw wkh suhylrxv wlph vwhs1 Wr suhsduh iru wkh qh{w
wlph vwhs/ @Es� lv xsgdwhg dv glvfxvvhg deryh/ dqg 7oEs� dqg 7rEs� duh xsgdwhg vxfk
wkdw qrw rqo| lv frqvwudlqw 4 vdwlv�hg/ exw wkdw �S grhv qrw fkdqjh ydoxh1

Wdeohv 816 dqg 817 surylgh wkh txdqwlwdwlyh ghwdlov/ frqvlvwhqw zlwk wkh frq0
vwudlqwv olvwhg deryh/ iru hydoxdwlqj wkh fxuyh0w|sh0vshfl�f sdudphwhuv 7oEs� dqg
7rEs�1 Iurp d txdolwdwlyh shuvshfwlyh wkh iroorzlqj ghvfulswlyh vwdwhphqwv uhjdug0
lqj 7oEs� dqg 7rEs� dsso|=

� Iru fxuyhv SGF/ PGF/ PGF-/ VGF� +s @ 4 dqg 6,= 7o ' 7`| ^iurp
htxdwlrq 81:` vr wkdw frqvwudlqw 4 lv vdwlv�hg/ dqg 7r ehfrphv d vfdolqj
sdudphwhu vr wkdw frqvwudlqw 5 lv vdwlv�hg/ dqg dv vxfk/ lw kdv qr sk|vlfdo
phdqlqj1

� Iru fxuyhv SLF/ PLF/ PLF-/ VGF� +s @ 5 dqg 7,= 7r ' E� � 7C|� ^iurp
htxdwlrq 81:` vr wkdw frqvwudlqw 4 lv vdwlv�hg/ dqg 7o ehfrphv d vfdolqj
sdudphwhu vr wkdw frqvwudlqw 5 lv vdwlv�hg/ dqg dv vxfk/ lw kdv qr sk|vlfdo
phdqlqj1
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i qdph gh�qlwlrq ri 7o frpsxwdwlrqdo ghwdlov

4

SGF

PGF

PGF-

;?= 7oE�� '7`| 7`|
iurp htxdwlrq 81:

5

SLF

PLF

PLF-

;A?A= 7oE2� '
7`37e7rE2�

�37e

frpsxwhg diwhu 7rE2�

kdv ehhq xsgdwhg

6 VGF4 7oE�� '7`| 7`|
iurp htxdwlrq 81:

7 VLF4 7oEe� '
7`37e7rEe�

�37e

frpsxwhg diwhu 7rEe�

kdv ehhq xsgdwhg

8 VGF5 7oED� '
7eEe�7`37e7rEe�

7eEe�37e

irufh forvxuh dw wkh

srlqw zkhuh wkh vfdq0

qlqj orrs ruljlqdwhg

9 VLF5 7oES� '
7eE��7`37e7rE��

7eE��37e
m @

;AAAA?AAAA=
6 li lpelelwlrq dqg

vsdzqhg iurp dq VGF4

8 li lpelelwlrq dqg

vsdzqhg iurp dq VGF5

9 li gudlqdjh

Wdeoh 816= GHILQLWLRQ RI WKH VFDOLQJ SDUDPHWHU *Vu* IRU WKH
WZR0SKDVH K\VWHUHWLF V0S PRGHO

� Iru fxuyhv VGF2 dqg VLF2 +s @ 8 dqg 9,= erwk 7r dqg 7o ehfrph vfdo0
lqj sdudphwhuv vr wkdw wkh forvhg vfdqqlqj orrs sduw ri frqvwudlqw 4 dqg
frqvwudlqw 5 duh erwk vdwlv�hg1

� Iru dssolfdwlrq lq d wlph0glvfuhwh qxphulfdo prgho/ wkh 7 � � prgho hq0
irufhv uhvlgxdo vdwxudwlrqv/ frqvhuyhv pdvv/ dqg frqyhujhv dv wkh lqfuhphqw
lq vdwxudwlrq fkdqjh dssurdfkhv }hur1

Vxppdu| dqg Hydoxdwlrq Surfhgxuh

Wkh hpslulfdo k|vwhuhwlf 7 � � prgho lv gh�qhg e| htxdwlrqv 81:/ 8146 dqg 81471
Lw uhtxluhv wkh lqsxw ri wkh iroorzlqj sdudphwhu vhw=

ec 7`oc 7Coc @_c @�c #
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i qdph gh�qlwlrq ri 7r frpsxwdwlrqdo ghwdlov

4

SGF

PGF

PGF-

;?= 7rE�� '
7`37oE��

7e
n7oE��

frpsxwhg diwhu 7oE��

kdv ehhq xsgdwhg

5

SLF

PLF

PLF-

;?= 7rE2� '�37C| 7C| iurp htxdwlrq 81:

6 VGF4 7rE�� '
7`37oE��

7e
n7oE��

frpsxwhg diwhu 7oE��

kdv ehhq xsgdwhg

7 VLF4 7rEe� '�37C| 7C| iurp htxdwlrq 81:

8 VGF5 7rED� '
7`37oED�

7e
n7oED�

frpsxwhg diwhu 7oED�

kdv ehhq xsgdwhg

9 VLF5 7rES� '
7`37oES�

7e
n7oES�

frpsxwhg diwhu 7oES�

kdv ehhq xsgdwhg

Wdeoh 817= GHILQLWLRQ RI WKH VFDOLQJ SDUDPHWHU *Vv* IRU WKH
WZR0SKDVH K\VWHUHWLF V0S PRGHO

Jlyhq wkhvh ydoxhv d vhtxhqwldo/ vwhs0zlvh/ surfhgxuh lv xvhg wr frpsxwh wkh
7 � � ixqfwlrqdov1 Wkh frpsxwdwlrqdo vwhsv duh olvwhg dv iroorzv=

41 Jlyhq lqlwldo gdwd iru wkh sdudphwhu vhw=
q
7?
` c 7?

oEs�c 7
?
rEs�c @

?
Es�

r
/ frpsxwh

wkh vroxwlrq iru wkh qh{w wlph vwhs= 7?n�
` 1 Jlyhq

q
7?n�
` c 7?

oEs�c 7
?
rEs�c @

?
Es�

r
/

frpsxwh �?n�S iurp htxdwlrq 81461

51 Frpsxwh 7`| dqg 7C| iurp htxdwlrq 81: zlwk 7` ' 7?n�
` 1

61 Ghwhuplqh zklfk fxuyh0w|sh lv dssursuldwh jlyhq wkh fkdqjh lq vdwxudwlrq=

B7` ' 7?n�
` � 7?

`

dqg wkh fxuuhqw ydoxh ri s 1

s lv fxuuhqwo| 4 ru 6= Li B7` : "/ zkhuh " lv d vpdoo srvlwlyh qxpehu/
wkhq d uhyhuvdo lv lqglfdwhg dqg s lv lqfuhphqwhg e| rqh/ rwkhuzlvh d
uhyhuvdo lv qrw lqglfdwhg dqg s lv qrw dowhuhg1
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s lv fxuuhqwo| 8= D uhyhuvdo lv lqglfdwhg li B7` : " dqg s lv lqfuhphqwhg
e| rqh1 D forvhg vfdqqlqj orrs lv lqglfdwhg li 7` � 7fEe�/ zkhuh 7fEe�
lv wkh uhyhuvdo srlqw vdwxudwlrq dw zklfk fxuyh 7 zdv vsdzqhg/ dqg s
lv uhvhw wr htxdo rqh1 Li qhlwkhu ri wkhvh wklqjv kdsshq wkhq s lv qrw
dowhuhg1

s lv fxuuhqwo| 5 ru 7= Li B7` 	 �"/ wkhq d uhyhuvdo lv lqglfdwhg dqg s lv
lqfuhphqwhg e| rqh/ rwkhuzlvh d uhyhuvdo lv qrw lqglfdwhg dqg s lv qrw
dowhuhg1

s lv fxuuhqwo| 9= Vlqfh wklv lv wkh kljkhvw0rughu fxuyh frqvlghuhg lq wklv
vlpxodwru/ d  rz uhyhuvdo zloo qrw surgxfh d qhz gudlqdjh fxuyh1 D
forvhg vfdqqlqj orrs lv lqglfdwhg li hlwkhu 7?n�

` � 7fED�/ ru 7
?n�
` � 7fES�/

zkhuh 7fE�� lv wkh uhyhuvdo srlqw vdwxudwlrq dw zklfk fxuyh E�� zdv
vsdzqhg1 Iru wkh iruphu/ s lv uhvhw wr htxdo irxu/ dqg iru wkh odwwhu/ s
lv uhvhw wr �yh1 Li qhlwkhu ri wkhvh wklqjv kdsshq wkhq s lv qrw dowhuhg1

71 Jlyhq wkh xsgdwhg ydoxh ri s iurp sduw 6/ frpsxwh wkh ydoxh ri @Es� iurp
Wdeoh 815 zlwk 7` ' 7?n�

` 1

81 Jlyhq �?n�S iurp sduw 4 dqg @Es� iurp sduw 7/ frpsxwh 7e xvlqj htxdwlrq
81461 Wklv vwhs lv lqfoxghg iru wkh frqwlqxlw| uhtxluhphqw1

91 Jlyhq 7e iurp sduw 8/ frpsxwh 7rEs� dqg 7oEs� dv ghvfulehg lq Wdeohv 817
dqg 816 zlwk 7` ' 7?n�

` 1

815161 Uhodwlyh Shuphdelolw|0Vdwxudwlrq Vxe0Prgho

D forvhg0irup hpslulfdo prgho xvhg wr suhglfw uhodwlyh shuphdelolw| iru d wzr0
skdvh v|vwhp lv ghulyhg e| hpsor|lqj wkh Pxdohp +4<:9, vwdwlvwlfdo prgho1 Wkh
Pxdohp prgho uhodwhv wkh zdwhu uhodwlyh shuphdelolw| wr vdwxudwlrq e| d vhulhv ri
wkhruhwlfdo vwhsv1 Iluvw/ wkh fdsloodu| suhvvxuh0vdwxudwlrq ixqfwlrqdo lv dvvxphg wr
eh dqdorjrxv wr wkh sruh0vl}h glvwulexwlrq ixqfwlrq1 Vhfrqg/ xvlqj wkh fdsloodu|
odz/ wkh fdsloodu| suhvvxuh dw zklfk d sruh zloo gudlq ru �oo lv xqltxho| uhodwhg wr
wkh sruh udgll1 Wklug/ wkh zdwhu uhodwlyh shuphdelolw| lv rewdlqhg e| lqwhjudwlqj
ryhu wkh frqwulexwlrqv ri zdwhu0�oohg sruhv=

&o` E7` � ' E7e` �l
�
}Efc 7e` �

}Efc ��

�2
+8148,
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zkhuh

}E�c�� '

] �

�

�3�S _7e`

dqg 7e` lv dq h�hfwlyh zdwhu vdwxudwlrq1 Lw lv d qrupdol}hg vdwxudwlrq/ dqdorjrxv
wr wkdw gh�qhg e| htxdwlrq 8144/ zklfk lv d phdvxuh ri wkh vdwxudwlrq udqjh ryhu
zklfk zdwhu zloo  rz1 Zh lghqwli| khuhlq wzr xqltxh gh�qlwlrqv ri 7e` zklfk
dsso| wr wkh &o` E7` � ixqfwlrqdo=

Gh�qlwlrq 41 7e` ' ^uhgxfhg vdwxudwlrq`2^wrwdo ( sruh yroxph dydlodeoh iru
 rz`

7e` ' E7` � 7`|� * E�� 7`| � 7C|� +8149,

Gh�qlwlrq 51 7e` ' ^uhgxfhg vdwxudwlrq`2^wrwdo ( sruh yroxph dydlodeoh iru
zdwhu  rz`

7e` ' E7` � 7`|� * E�� 7`|� +814:,

Qrwh/ wkdw wkh whupv 7`| dqg 7C| duh wkrvh zklfk duh frpsxwhg iurp htxdwlrq
81:1

Wkh whup lq eudfnhwv lq htxdwlrq 8148 uhsuhvhqwv wkh udwlr ri wkh sruhv wkdw
duh frqwulexwlqj wr zdwhu  rz dw d sduwlfxodu h�hfwlyh vdwxudwlrq/ }Efc 7e` �/ wr doo
sruhv frqwulexwlqj wr zdwhu  rz/ }Efc ��1 Wkh whup suh0pxowlso|lqj wkh lqwhjudov
dffrxqwv iru wruwxrvlw| h�hfwv dqg lqfrpsohwh fruuhodwlrq ehwzhhq sruhv/ dqg l lv
d sruh frqqhfwlylw| sdudphwhu1

Vxevwlwxwlrq ri wkh ydq Jhqxfkwhq vdwxudwlrq0suhvvxuh uhodwlrqvkls +htxdwlrq
8143, lqwr htxdwlrq 8148 jlyhv +Sdunhu hw do1/ 4<;:,=

}E�c�� ' @
k�
�� ��*6

�6
�
�
�� ��*6

�6l
+814;,

dqg htxdwlrq 8148 ehfrphv=

&o` E7` � ' E@7e` �l
q
��

k
��

�
K7e`

��*6l6r2

+814<,

zkhuh wkh suhvfulswv rq wkh h�hfwlyh vdwxudwlrqv lqglfdwh wkdw/ iru prgho  h{lelolw|/
wkh xvhu fdq fkrrvh qrw rqo| zklfk gh�qlwlrq ri 7e` lv wr eh xvhg +l1h1/ htxdwlrqv
8149 ru 814:,/ exw fdq fkrrvh d gl�huhqw gh�qlwlrq ri 7e` iru hdfk ri wkh wzr whupv
lq htxdwlrq 814<1 Qrwh wkdw wklv uhodwlrqvkls lqglfdwhv wkdw &o` E7` ' �� ' �/
dqg &o` E7` ' 7`|� ' f +zkhuh 7`| lv wkh uhvlgxdo zdwhu vdwxudwlrq lq wkh olplw
dv 7` dssurdfkhv 7W`o/ dv shu htxdwlrq 81:,1

95



Dq dqdorjrxv ghulydwlrq iru wkh jdv skdvh wdnhv lqwr dffrxqw wkdw wkh sruhv
zloo �oo zlwk wkh qrqzhwwlqj skdvh iurp wkh odujhvw wr wkh vpdoohvw1 Dv lq Oxfnqhu
hw do1 +4<;<, dqg Sdunhu hw do1 +4<;:,/ wkh uhodwlrqvkls fdq eh zulwwhq dv=

&oCE7C� ' E7eC�
)

�
}E7e` c ��

}Efc ��

�2
+8153,

zkhuh ) lv d sruh frqqhfwlylw| sdudphwhu iru wkh jdv0skdvh/ dqg 7eC lv wkh qru0
pdol}hg ru h�hfwlyh jdv vdwxudwlrq zklfk/ zkhq dssolhg wr wkh &oCE7C� ixqfwlrqdo/
lv dvvxphg wr kdyh wzr dgplvvleoh gh�qlwlrqv=

Gh�qlwlrq 61 7eC ' ^uhgxfhg vdwxudwlrq`2^wrwdo ( sruh yroxph dydlodeoh iru  rz`

7eC ' E7C � 7C|� * E�� 7`| � 7C|� +8154,

Gh�qlwlrq 71 7eC ' ^uhgxfhg vdwxudwlrq`2^wrwdo ( sruh yroxph dydlodeoh iru jdv
 rz`

7eC ' E7C � 7C|� * E�� 7C|� +8155,

zkhuh wkh whupv 7`| dqg 7C| duh wkrvh zklfk duh frpsxwhg iurp htxdwlrq 81:1
Vxevwlwxwlqj wkh ydq Jhqxfkwhq vdwxudwlrq0suhvvxuh uhodwlrqvkls +htxdwlrq 8143,

lqwr htxdwlrq 8153 jlyhv=

&oCE7C� ' E@7eC�
)
k
��

�
��

�
K7eC

���*6l26
+8156,

zkhuh wkh vxevwlwxwlrq/ � � 7eC ' 7e` / kdv ehhq pdgh/ dqg wkh suhvfulswv rq
wkh h�hfwlyh vdwxudwlrqv lqglfdwh wkh xvhu fdq fkrrvh gl�huhqw gh�qlwlrqv ri 7eC
+l1h1/ htxdwlrqv 8154 ru 8155, iru hdfk ri wkh wzr whupv lq htxdwlrq 81561 Wklv
uhodwlrqvkls lqglfdwhv wkdw &oCE7C ' �� ' �/ dqg &oCE7C ' 7C|� ' f +zkhuh 7C|
lv wkh uhvlgxdo jdv vdwxudwlrq lq wkh olplw dv 7C jrhv wr 7W

Co/ dv shu htxdwlrq 81:,1
Lq vxppdu|/ wkh wzr0skdvh uhodwlyh shuphdelolw|0vdwxudwlrq vxe0prgho/ htxd0

wlrqv 814< dqg 8156/ zulwwhq iru d zdwhu0jdv v|vwhp/ lv dvvxphg ydolg iru dq|
zhwwlqj0qrqzhwwlqj skdvh v|vwhp1 Lw lqfoxghv k|vwhuhvlv dv wkh uhvxow ri  xlg hq0
wudsphqw h�hfwv wkurxjk wkh gh�qlwlrq ri wkh h�hfwlyh vdwxudwlrqv1 Lq dgglwlrq/ lw
xwlol}hv gdwd iurp wkh vdwxudwlrq0suhvvxuh vxe0prgho/ wkh sdudphwhu 6/ dqg gdwd
iurp wkh hqwudsphqw2uhohdvh vxe0prgho/ wkh sdudphwhuv 7`| dqg 7C|1 Wkh &� 7
vxe0prgho lqfoxghv wzr �wwlqj sdudphwhuv/ l dqg )/ dqg dq dgglwlrqdo prgho �w0
wlqj ihdwxuh lv lqfoxghg e| doorzlqj wkh xvhu wr fkrrvh wkh gh�qlwlrq iru h�hfwlyh
vdwxudwlrq +htxdwlrqv 8149 ru 814: dqg 8154 ru 8155,1
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8161 WKUHH0SKDVH PRGHO

Wkh wzr0skdvh & � 7 � � prgho ghulyhg lq Vhfwlrq 815 lv qrz dgdswhg iru wkh
wkuhh0skdvh fdvh1 Wr uhlwhudwh/ wkh ixqgdphqwdo dvvxpswlrqv zklfk duh xvhg wr
frqvwuxfw wkh wkuhh0skdvh prgho duh=

41 Zdwhu lv wkh prvw zhwwlqj skdvh/ dqg lw vsuhdgv dv d �op ryhu wkh vrlo judlqv1
QDSO kdv lqwhuphgldwh zhwwdelolw|/ dqg lw vsuhdgv dv d �op ryhu wkh zdwhu1
Jdv lv wkh ohdvw zhwwlqj skdvh/ dqg lw lv vxuurxqghg e| wkh wrwdo zhwwlqj
skdvh/ l1 h1/ wkh zdwhu dqg QDSO1 Wklv lghdol}dwlrq doorzv d wkuhh0skdvh
& � 7 � � prgho wr eh jhqhudwhg xvlqj wzr0skdvh gdwd dv vkrzq e| wkh
ixqfwlrqdo ghshqghqflhv lq htxdwlrq 8141

51 Wkh ixqfwlrqdov �S�` E7` � dqg �SC�E7A�� duh gh�qhg vxfk wkdw �SC` '
�S�` n �SC� uhjdugohvv ri zklfk skdvhv duh suhvhqw lq wkh grpdlq1 Iru
wklv wr eh wkh fdvh wkhq �S�` E7` � dqg �SC�E7A�� pxvw eh frqwlqxrxv
lq wlph dqg vsdfh iru dq| skdvh frq�jxudwlrq/ dqg wkh wkuhh  xlg sdlu
fdsloodu| suhvvxuhv pxvw eh uhodwhg wkurxjk wkh lqwhuidfldo whqvlrq vfdolqj
uhodwlrqvkls 816/ zlwk wkh lqwhuidfldo whqvlrq ydoxhv frqvwudlqhg wr |lhog d
qhxwudo vsuhdglqj frh!flhqw +htxdwlrq 817,1

61 Wkh wkuhh0skdvh & � 7 ixqfwlrqdov duh gh�qhg vxfk wkdw wkh| uhgxfh wr wkh
dssursuldwh wzr0skdvh ixqfwlrqdov zkhq dssursuldwh1

Dv zlwk wkh wzr0skdvh prgho/ wkh wkuhh0skdvh prgho fdq eh lghdol}hg dv wkuhh
lqwhu0uhodwhg vxe0prghov= hqwudsphqw0uhohdvh/ vdwxudwlrq0fdsloodu| suhvvxuh/ dqg
uhodwlyh shuphdelolw|0vdwxudwlrq1 Wkhvh vxe0prghov duh suhvhqwhg lq wxuq1

816141 Hqwudsphqw dqg Uhohdvh Vxe0Prgho

Wkh dgglwlrq ri d wklug skdvh frpsolfdwhv wkh hqwudsphqw ghvfulswlrq/ exw wkh
iroorzlqj txdolwdwlyh vwdwhphqwv duh dvvxphg wr krog=

� k0skdvh gudlqdjh uhvxowv lq dq lqfuhdvh lq wudsshg k0skdvh yroxph>

� k0skdvh lpelelwlrq uhvxowv lq d ghfuhdvh lq wudsshg k0skdvh yroxph>

� dq lqfrpsohwh glvsodfhphqw surfhvv zloo dgplw uhvlgxdo vdwxudwlrqv ohvv wkdq
wkh pd{lpxp phdvxuhg ydoxh1
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Lw lv wklv frqfhswxdo prgho zh zlvk wr dgdsw lqwr dq hpslulfdo prgho wr txdqwli|
skdvh hqwudsphqw dqg uhohdvh iru wkuhh0skdvh lpplvfleoh  rz1

Vlqfh wkh zdwhu skdvh lv prvw zhwwlqj/ zh lghdol}h wkh hqwudsphqw phfkdqlvp
dv uhgxflqj wr d zhwwlqj skdvh/ 7` / ehlqj glvsodfhg e| d qrqzhwwlqj skdvh/ 7A?/
zkhuh 7A? ' 7� n 7C1 Wkhuhiruh/ zh dvvxph wkdw wkh pdjqlwxgh ri 7`| zloo eh
wkh vdph uhjdugohvv ri zklfk skdvh+v, glvsodfhg lw1 Wkh vdph dujxphqw krogv iru
wkh jdv skdvh= vlqfh lw lv prvw qrqzhwwlqj/ zh lghdol}h wkh hqwudsphqw phfkdqlvp
dv uhgxflqj wr d qrqzhwwlqj skdvh/ 7C/ ehlqj glvsodfhg e| d zhwwlqj skdvh/ 7A�/
zkhuh 7A� ' 7` n 7� 1 Wkhuhiruh/ wkh wudsslqj prgho/ htxdwlrqv 81:/ 81; dqg
81</ lv dvvxphg wr ghvfuleh zdwhu dqg jdv skdvh hqwudsphqw +k @ Z dqg J,
iru erwk wkh wzr0skdvh zdwhu0jdv v|vwhp dqg wkh wkuhh0skdvh zdwhu0QDSO0jdv
v|vwhp zkhuh wkh QDSO kdv lqwhuphgldwh zhwwdelolw|11

Zlwk uhvshfw wr wkh QDSO skdvh/ vlqfh wkh wudsslqj phfkdqlvpv duh gl�huhqw
iru zhwwlqj dqg qrqzhwwlqj skdvhv/ wkh pdjqlwxgh ri wudsshg QDSO0skdvh vkrxog
eh d ixqfwlrq ri zklfk skdvh glvsodfhg lw1 Iurp wzr0skdvh glvsodfhphqw h{shul0
phqwv/ rqh fdq phdvxuh wkh pd{lpxp QDSO uhvlgxdo lq d zdwhu0QDSO v|vwhp/
7�?o/ dqg lq d QDSO0jdv v|vwhp/ 7��o/ zkhuh wkh vxevfulsw �?o lqglfdwhv QDSO
uhvlgxdo dv d qrqzhwwlqj skdvh/ dqg ��o lqglfdwhv QDSO uhvlgxdo dv d zhwwlqj
skdvh1 Lq jhqhudo/ 7�?o 9' 7��o1 Vlqfh zh duh xvlqj wkh vdph skdvh hqwudsphqw
prgho iru erwk wkh zdwhu dqg jdv skdvhv/ zlwk wkh ixqgdphqwdo gl�huhqfh ehlqj
wkdw wkh phdvxuhg uhvlgxdo ydoxhv duh gl�huhqw/ frqvlghu wkh iroorzlqj hqwudsphqw
prgho iru QDSO1 Olnh wkh zdwhu dqg jdv skdvhv/ wkh QDSO hqwudsphqw lv gh�qhg
xvlqj htxdwlrqv 81:/ 81; dqg 81</ iru k @ Q/ dqg 7�o lv gh�qhg dv d olqhdu ixqfwlrq
ri zdwhu dqg jdv vdwxudwlrqv +diwhu Id|huv dqg Pdwwkhzv/ 4<;7,/ l1 h1=

7�o ' 7��o

�
7C

7` n 7C

�
n 7�?o

�
7`

7` n 7C

�
+8157,

Lq vxppdu|/ wkh wudsslqj prgho/ htxdwlrqv 81:/ 81;/ 81< dqg 8157/ ydolg iru k
@ Z/ J dqg Q/ lv ghvljqhg wr uhsuhvhqw d wkuhh0skdvh v|vwhp zkhuh wkh QDSO
kdv lqwhuphgldwh zhwwdelolw| ehwzhhq zdwhu dqg jdv1 Lq dgglwlrq/ lw uhgxfhv wr wkh
dssursuldwh wzr0skdvh prgho zkhq dssursuldwh1 Lw xwlol}hv �yh �wwlqj sdudphwhuv=
7`o/ 7Co / 7��o/ 7�?o dqg e1 Wkh uhpdlqlqj qlqh sdudphwhuv/ 7Wko/ 7

4@ 
k dqg 74�?

k| /
k @ Z/ J/ Q/ duh ixqfwlrqv ri  rz0sdwk klvwru|1

816151 Vdwxudwlrq0Suhvvxuh Vxe0Prgho

Lq Vhfwlrq 814 zh lqwurgxfhg wkh ixqgdphqwdo dvvxpswlrq wkdw wkh wkuhh0skdvh
7 � � prgho fdq eh ghfrpsrvhg lqwr wzr/ wzr0skdvh 7 � � prghov e| yluwxh ri
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wkh idfw wkdw wkh QDSO skdvh lv frqvwudlqhg wr eh wkh lqwhuphgldwh zhwwlqj  xlg1
Edvhg rq wkh pdwhuldo suhvhqwhg lq Vhfwlrq 814/ wkh wzr uhohydqw 7�� uhodwlrqvklsv
duh= �S�` E7` � dqg �SC� E7A��1 Dv zloo eh vhhq vkruwo|/ wkhvh uhodwlrqvklsv duh
lqwhuuhodwhg wkurxjk  xlg hqwudsphqw frqvlghudwlrqv1

Iluvw ohw xv ylhz hdfk 7�� uhodwlrqvkls dv d xqltxh wzr0skdvh v|vwhp/ zkhuh
wkh wzr0skdvhv duh lghdol}hg dv iroorzv=

ixqfwlrqdo zhwwlqj skdvh vdwxudwlrq qrqzhwwlqj skdvh vdwxudwlrq
�S�` E7` � 7` 7A? ' 7� n 7C
�SC�E7A�� 7A� ' 7` n 7� 7C

Lw fdq eh vhhq iurp wklv wdeoh wkdw lq wkh olplw dv 7` $ f/ �SC�E7�� uhsuhvhqwv wkh
wzr0skdvh QDSO0jdv v|vwhp zkhuh QDSO lv wkh zhwwlqj skdvh/ dqg wkdw lq wkh
olplw dv 7C $ f/ �S�` E7` � uhsuhvhqwv wkh wzr0skdvh zdwhu0QDSO v|vwhp zkhuh
QDSO lv wkh qrqzhwwlqj skdvh1 Lq dgglwlrq/ lq wkh olplw dv 7� $ f/ 7A� ' 7`
dqg 7A? ' 7C/ dqg �SC` ' �S�` E7` � n �SC�E7` � uhsuhvhqwv wkh wzr0skdvh
zdwhu0jdv v|vwhp1

Vhfrqg/ iurp htxdwlrq 816 zh nqrz wkdw wkh pdjqlwxgh ri wkh fdsloodu| suhv0
vxuh ehwzhhq dq| wzr skdvhv lv uhodwhg wkurxjk lqwhuidfldo whqvlrq vfdolqj1 Wkhuh0
iruh/ dvvxplqj wkdw rqh ri wkh skdvh sdluv lv xvhg wr �w wkh hpslulfdo prgho
sdudphwhuv @_/ @�dqg #/ wkhq htxdwlrq 8146 fdq eh xvhg wr uhsuhvhqw �S�` E7` �
dqg �SC�E7A��/ lq whupv ri htxlydohqw zdwhu khdg/ e| vfdolqj �S lq wkh dssursuldwh
zd|1 Vshfl�fdoo|=

skdvh sdlu phdvxuhg �S�` �SC�

` �C �S
�
j�`
jC`

�
�S

�
jC�
jC`

�
` �� �S �S

�
jC�
j�`

�
� �C �S

�
j�`
jC�

�
�S

zkhuh �S�` ' �S�`*E4`}� dqg �SC� ' �SC�*E4
`}�/ dqg wkh ydoxhv ri wkh j*v

duh frqvwudlqhg wr eh uhodwhg e| htxdwlrq 8161
Wklug/ htxdwlrq 8146 lv xvhg wr hydoxdwh �S�` dqg �SC� e| iroorzlqj wkh sur0

fhgxuh ghwdlohg lq Vhfwlrq 81515 iru hdfk ixqfwlrqdo vhsdudwho|/ xvlqj Wdeoh 818 wr
pdnh wkh dssursuldwh yduldeoh vxevwlwxwlrq1 Vshfl�fdoo|/ frqvlghu wkdw wkh hydo0
xdwlrq surfhgxuh rxwolqhg lq Vhfwlrq 81515 lv iru d jhqhulf wzr0skdvh v|vwhp/ gh0
�qhg e| wkh sdudphwhu vhw= i�Sc 7` c 7`|c 7C|j/ zkhuh 7` dqg 7C duh jhqhulf
zhwwlqj dqg qrqzhwwlqj skdvhv/ uhvshfwlyho|1 Wkhq wkh �S�` E7` � ixqfwlrqdo
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wzr0skdvh prgho yduldeohv xvhg dqdorjrxv yduldeoh
ixqfwlrqdo lq htxdwlrqv 8146 dqg 8147 dqg lq wkh wkuhh0

lq Wdeohv 815/ 816 dqg 817 skdvh prgho

�S �S�`

�S�` E7` � 7` 7`
7`| 7`|

7C| 7�| n 7C|

�S �SC�
�SC� E7A�� 7` 7A�

7`| 7`| n 7�|

7C| 7C|

Wdeoh 818= WKH UHODWLRQ EHWZHHQ WZR0 DQG WKUHH0SKDVH V0S
PRGHO SDUDPHWHUV

lv frpsxwhg e| vxevwlwxwlqj wkh sdudphwhu vhw= i�S�` c 7` c 7`|c E7�| n 7C|�j/
dqg wkh �SC�E7A�� ixqfwlrqdo lv frpsxwhg e| vxevwlwxwlqj wkh sdudphwhu vhw=
i�SC� c 7A�c E7`| n 7�|� c 7C|j1

Lq vxppdu|/ wkh wkuhh0skdvh k|vwhuhwlf 7 � � prgho uhtxluhv wkh iroorzlqj
lqsxw gdwd vhw=

41 wkh fxuyh0�w sdudphwhuv= @_c @�c #/ dv gh�qhg e| rqh ri wkh wkuhh  xlg sdluv

51 wkh irxu uhvlgxdo vdwxudwlrqv= 7`oc 7��oc 7�?oc 7Co>

61 wkh eohqglqj sdudphwhu iru hqwudsphqw/ e>

71 wzr ri wkh wkuhh lqwhuidfldo whqvlrq sdudphwhuv= jC` c j�` c jC� / zlwk wkh
wklug gh�qhg vxfk wkdw jC` � j�` � jC� ' f1

816161 Uhodwlyh Shuphdelolw|0Vdwxudwlrq Vxe0Prgho

Wkh wkuhh0skdvh & � 7 prgho lv exlow xsrq wkh iroorzlqj ixqgdphqwdo dvvxps0
wlrq= wkh prvw zhwwlqj skdvh �oov wkh vpdoohvw sruhv/ wkh ohdvw zhwwlqj �oov wkh
odujhvw sruhv/ dqg wkh lqwhuphgldwh zhwwlqj skdvh �oov wkh lqwhuphgldwh vl}h sruhv1
Wkh pdlq rxwfrph ri wklv dvvxpswlrq lv wkdw wkh zhwwlqj dqg qrqzhwwlqj skdvhv
ehfrph vsdwldoo| vhjuhjdwhg wr wkh h{whqw wkdw wkhlu uhodwlyh shuphdelolw| ixqf0
wlrqv ehfrph ghshqghqw rqo| xsrq wkhlu uhvshfwlyh vdwxudwlrqv1 Lq dgglwlrq lw
lv dvvxphg wkdw wkh uhodwlyh shuphdelolw| ixqfwlrqv dsso| iru wzr0 ru wkuhh0skdvh
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v|vwhpv1 Wkhuhiruh/ iru wkh wkuhh0skdvh v|vwhp/ dv orqj dv wkh zhwwdelolw| dvvxps0
wlrq krogv/ wkh zdwhu0skdvh uhodwlyh shuphdelolw| lv jlyhq e| htxdwlrq 814< dqg wkh
jdv0skdvh uhodwlyh shuphdelolw| lv jlyhq e| htxdwlrq 8156 zlwk wkh gh�qlwlrqv iru
h�hfwlyh vdwxudwlrqv +l1h1/ htxdwlrqv 8149/ 814:/ 8154/ dqg 8155, dowhuhg wr dffrxqw
iru wkh suhvhqfh ri wudsshg QDSO/ l1 h1/

Gh�qlwlrq 81 7e '^uhgxfhg vdwxudwlrq`2^wrwdo ( sruh yroxph dydlodeoh iru  rz`

7e` ' E7` � 7`|� * E�� 7`| � 7�| � 7C|� +8158,

7eC ' E7C � 7C|� * E�� 7`| � 7�| � 7C|� +8159,

Gh�qlwlrq 91 7e ' ^uhgxfhg vdwxudwlrq`2^wrwdo ( sruh yroxph dydlodeoh iru skdvh
 rz`

7e` ' E7` � 7`|� * E�� 7`|� +815:,

7eC ' E7C � 7C|� * E�� 7C|� +815;,

zkhuh djdlq wkh wudsshg txdqwlwlhv duh frpsxwhg iurp htxdwlrq 81:1
Zlwk uhvshfw wr txdqwli|lqj wkh lqwhuphgldwh0zhwwlqj QDSO0skdvh/ wkh dssur0

suldwh Pxdohp prgho lv jlyhq e| Sdunhu hw do1 +4<;:,=

&o� E7` c 7C� ' E7e��
1

�
}E7e` c 7eA��

}Efc ��

�2
+815<,

zkhuh 1 lv d sruh frqqhfwlylw| sdudphwhu iru wkh QDSO0skdvh/ dqg 7e� lv wkh
qrupdol}hg ru h�hfwlyh QDSO vdwxudwlrq zklfk/ zkhq dssolhg wr wkh &o�E7` c 7C�
ixqfwlrqdo/ lv dvvxphg wr kdyh wzr dgplvvleoh gh�qlwlrqv=

Gh�qlwlrq :1 7e� ' ^uhgxfhg vdwxudwlrq`2^wrwdo ( sruh yroxph dydlodeoh iru  rz`

7e� ' E7� � 7�|� * E�� 7`| � 7�| � 7C|� +8163,

Gh�qlwlrq ;1 7e� ' ^uhgxfhg vdwxudwlrq`2^wrwdo ( sruh yroxph dydlodeoh iru
QDSO  rz`

7e� ' E7� � 7�|� * E�� 7�|� +8164,

Wkh whup lq eudfnhwv lq htxdwlrq 815< uhsuhvhqwv wkh udwlr ri wkh sruhv wkdw duh
frqwulexwlqj wr QDSO  rz dw d sduwlfxodu frpelqdwlrq ri h�hfwlyh vdwxudwlrqv/
}E7e` c 7eA��/ wr doo sruhv frqwulexwlqj wr zdwhu  rz/ }Efc ��1 Wkh sdudphwhu 7eA�
lv wkh qrupdol}hg ru h�hfwlyh wrwdo zhwwlqj skdvh vdwxudwlrq zklfk/ zkhq dssolhg
wr wkh &o�E7` c 7C� ixqfwlrqdo/ lv dvvxphg wr kdyh wkuhh dgplvvleoh gh�qlwlrqv=
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Gh�qlwlrq <1 7eA� ' ^uhgxfhg vdwxudwlrq`2^wrwdo ( sruh yroxph dydlodeoh iru
 rz`

7eA� '
7` n 7� � 7`| � 7�|

E�� 7`| � 7�| � 7C|�
+8165,

Gh�qlwlrq 431 7eA� ' ^uhgxfhg vdwxudwlrq`2^wrwdo ( sruh yroxph dydlodeoh iru
QDSO dqg zdwhu  rz`

7eA� '
7` n 7� � 7`| � 7�|

E�� 7`| � 7�|�
+8166,

Gh�qlwlrq 441 7eA� ' ^uhgxfhg vdwxudwlrq`2^wrwdo ( sruh yroxph dydlodeoh iru
QDSO  rz`

7eA� '
7` n 7� � 7�|

E�� 7�|�
+8167,

zkhuh wkh wudsshg txdqwlwlhv duh frpsxwhg iurp htxdwlrq 81:1
Ilqdoo|/ ohw xv vxevwlwxwh E��7eA?� iru 7e` lq htxdwlrq 815</ zkhuh 7eA? lv wkh

qrupdol}hg ru h�hfwlyh wrwdo qrqzhwwlqj skdvh vdwxudwlrq1 Wkh sdudphwhu 7eA? lv
dvvxphg wr kdyh wkuhh dgplvvleoh gh�qlwlrqv=

Gh�qlwlrq 451 7eA? ' ^uhgxfhg vdwxudwlrq`2^wrwdo ( sruh yroxph dydlodeoh iru
 rz`

7eA? '
7� n 7C � 7�| � 7C|
E�� 7`| � 7�| � 7C|�

+8168,

Gh�qlwlrq 461 7eA? ' ^uhgxfhg vdwxudwlrq`2^wrwdo ( sruh yroxph dydlodeoh iru
QDSO dqg jdv  rz`

7eA? '
7� n 7C � 7�| � 7C|

E�� 7C| � 7�|�
+8169,

Gh�qlwlrq 471 7eA? ' ^uhgxfhg vdwxudwlrq`2^wrwdo ( sruh yroxph dydlodeoh iru
QDSO  rz`

7eA? '
7� n 7C � 7�|

E�� 7�|�
+816:,

Vxevwlwxwlrq ri htxdwlrq 814; lqwr htxdwlrq 815< ohdgv wr=

&o�E7` c 7C� ' E7e��
1
qk

�� E�� 7eA?�
�*6

l6
�
k
�� E7eA��

�*6
l6r2

+816;,

zkhuh wkh h�hfwlyh vdwxudwlrqv duh dv gh�qhg deryh1
Lq vxppdu| wkh wkuhh0skdvh & � 7 prgho lv ghvfulehg e| wkh iroorzlqj skdvh

uhodwlyh shuphdelolw| ixqfwlrqdov=
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Zdwhu0skdvh 0 htxdwlrq 814</ zlwk @7e` dqg K7e` gh�qhg hlwkhu e| htxdwlrq 8158
ru 815:>

Jdv0skdvh 0 htxdwlrq 8156 zlwk @7eC dqg K7eC gh�qhg hlwkhu e| htxdwlrq 8159 ru
815;>

QDSO0skdvh 0 htxdwlrq 816; zlwk 7e� gh�qhg hlwkhu e| htxdwlrq 8163 ru 8164/
7eA� gh�qhg hlwkhu e| htxdwlrq 8165/ 8166 ru 8167/ dqg 7eA? gh�qhg hlwkhu
e| htxdwlrq 8168/ 8169 ru 816:1

Wkh prgho lqfoxghv k|vwhuhvlv dv wkh uhvxow ri  xlg hqwudsphqw h�hfwv wkurxjk
wkh gh�qlwlrq ri wkh h�hfwlyh vdwxudwlrqv1 Lq dgglwlrq/ lw xwlol}hv gdwd iurp wkh
vdwxudwlrq0suhvvxuh vxe0prgho/ wkh sdudphwhu 6/ dqg lqfoxghv wkuhh �wwlqj sdud0
phwhuv/ l/ 1 dqg )1 Wkh fkrlfh ri h�hfwlyh vdwxudwlrq gh�qlwlrq surylghv dgglwlrqdo
 h{lelolw|1 Ilqdoo|/ lw uhgxfhv wr wkh dssursuldwh wzr0skdvh prgho zkhq dssursul0
dwh1

8171 PRGHO LPSOHPHQWDWLRQ

Wkh k|vwhuhwlf &�7�� prgho ghvfulehg lq wklv Vhfwlrq lv h�hfwlyho| dq dowhudwlrq
ri wkh ydq Jhqxfkwhq +4<;3, dqg Oxfnqhu hw do1 +4<;<, hpslulfdo prghov +vxevh0
txhqwo| uhihuuhg wr dv wkh YJ prgho,1 Wkh dowhudwlrqv lqfoxgh d vhw ri suhgh�qhg
hpslulfdo uhodwlrqvklsv zklfk ghvfuleh k|vwhuhvlv gxh wr fdsloodu| dqg  xlg hq0
wudsphqw h�hfwv1 Wkh ydolglw| ri wkh uhvxowlqj prgho zlwk uhvshfw wr uhsuhvhqwlqj
wkh k|gudxolf surshuwlhv ri judqxodu vrlov pxvw eh d frqvlghudwlrq1 Lq dgglwlrq/ lq
rughu wr eh dphqdeoh iru lpsohphqwdwlrq lq d qxphulfdo vlpxodwru/ wkh uhvxowlqj
prgho pxvw jhqhudwh & � 7 � � ixqfwlrqdov zklfk duh zhoo ehkdyhg ryhu wkh ixoo
udqjh ri vdwxudwlrqv1 Iru h{dpsoh/ uhfdoo wkdw wkh irupxodwlrq uhtxluhv wkh 7 ��
ixqfwlrqdov wr eh frqwlqxrxv lq wlph dqg vsdfh/ exw wkdw li wkh prgho gh�qhg e|
htxdwlrq 8146 zhuh wr eh xvhg gluhfwo|/ dw 7e ' f/ �S ' 4 dqg _�S*_7e ' 4/ dqg
dw 7e ' �/ �S ' f dqg _�S*_7e ' 41 Wkhuhiruh/ dgglwlrqdo frpsxwdwlrqdo vwhsv
pxvw eh wdnhq wr hqvxuh wkdw wkh ixqfwlrqdov kdyh �qlwh vorsh/ dqg wkdw qxphul0
fdoo| sdwkrorjlf vfdqqlqj fxuyhv duh qrw jhqhudwhg1 Ilqdoo|/ d qhfhvvdu| dwwulexwh
ri wkh wlph0glvfuhwh 7 � � prgho lv wkdw lw jhqhudwh d xqltxh vhw ri fxuyhv dv wkh
wlph vwhs ehfrphv vpdoo/ dqg iru pdvv edodqfh frqvlghudwlrqv/ wkdw wkh ixqfwlrqdov
eh frqwlqxrxv1 Wkhvh lvvxhv duh dgguhvvhg lq wkh vxevhfwlrqv ehorz1
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817141 Skdvh Hqwudsphqw dqg Uhohdvh

Rqh lpsruwdqw gl�huhqfh ehwzhhq wkh YJ prgho dqg wkh fxuuhqw prgho kdv wr
gr zlwk wkh gh�qlwlrq ri h�hfwlyh vdwxudwlrq1 Frqvlghu wkh fdvh ri ghvfulelqj
wkh sulpdu| gudlqdjh fxuyh +SGF,1 Wkh SGF lv gh�qhg e| erwk prghov xvlqj
htxdwlrqv 8143 dqg 81441 Wkh gl�huhqfh ehwzhhq wkh YJ prgho dqg wkh fxuuhqw
prgho lv lq wkh gh�qlwlrq ri 7o/ zkhuh/ dffruglqj wr wkh YJ prgho/ 7o ' 7`o

lv d frqvwdqw/ dqg dffruglqj wr wkh fxuuhqw prgho/ 7o ' 7`|E7�� lv d yduldeoh
ixqfwlrq ri 7` dv gh�qhg e| htxdwlrq 81:1 Wkh ixqfwlrqdo irup ri 7`|E7�� lv
ghshqghqw rq wkh eohqglqj sdudphwhu/ e/ zklfk jryhuqv krz idvw d skdvh ehfrphv
hqwudsshg gxulqj gudlqdjh  rz frqglwlrqv ru uhohdvhg iurp hqwudsphqw gxulqj
lpelelwlrq  rz frqglwlrqv1 Qrwh wkdw zlwk uhvshfw wr wkh SGF/ iru e ' f/ wkh
fxuuhqw prgho uhgxfhv wr wkh YJprgho/ dqg iru e : f/ wkh fxuuhqw prgho ehfrphv
d prgl�hg irup ri wkh YJ prgho/ zkhuh dv e jhwv odujhu/ zdwhu hqwudsphqw lv
ghod|hg zlwk uhvshfw wr wkh fkdqjh lq 7` 1 Lq Iljxuh 819 zh frqvlghu wkh h�hfw
wkdw wklv prgl�fdwlrq kdv rq wkh &�7�� ixqfwlrqdov1 Ohw xv dvvxph wkdw vrph
vrlo prlvwxuh uhwhqwlrq gdwd zdv �w wr wkh YJ prgho/ zkhuh wkh ehvw0�w lv jlyhq
e| wkh iroorzlqj sdudphwhu vhw= @_ ' f�f2c @� ' f�fec # ' S�Dc 7`o ' f��.c dqg
7Co ' f�2f1 Wkh sorwv vkrz sulpdu| gudlqdjh +SGF, dqg pdlq lpelelwlrq +PLF,
iru 7 � � dqg & � 71 Wkh gdvkhg olqhv uhsuhvhqw wkh YJ prgho +qrwh/ dovr wkh
fxuuhqw prgho zlwk e ' f,1 Wkh vrolg olqhv uhsuhvhqw wkh fxuuhqw prgho zlwk e ' �
+d olqhdu hqwudsphqw prgho,1 Wkh jhqhudo h�hfw lq hpsor|lqj wkh hqwudsphqw
prgho lv wkdw/ uhodwlyh wr wkh YJ prgho/ wkh fdsloodu| suhvvxuh lv xqghu0suhglfwhg
gxulqj gudlqdjh hyhqwv dqg ryhu0suhglfwhg gxulqj lpelelwlrq hyhqwv1 Lq dgglwlrq/
skdvh uhodwlyh shuphdelolw| lv ryhu0suhglfwhg gxulqj skdvh gudlqdjh1 Rqh fdq
dyrlg wkhvh glvfuhsdqflhv e| �wwlqj wkh sdudphwhuv gh�qlqj wkh suhvhqw prgho wr
h{shulphqwdo gdwd gluhfwo|1

817151 V0S Fxuyh Suhvvxuh Vfdoh Wudqvlwlrq

Dv glvfxvvhg lq Vhfwlrq 81515/ d uhyhuvdo lq  rz gluhfwlrq fdq uhvxow lq d gudpdwlf
fkdqjh lq vorsh ri wkh 7 � � ixqfwlrqdo dv wkh suhvvxuh vfdoh fkdqjhv gxh wr
fdsloodu| dqg frqwdfw dqjoh h�hfwv1 Wkh fkdqjh lq suhvvxuh vfdoh lv dffrxqwhg iru
e| wkh fxuyh0w|sh0ghshqghqw sdudphwhu @Es�1 Ehfdxvh d glvfrqwlqxlw| lq vorsh fdq
ohdg wr frqyhujhqfh dqg vwdelolw| sureohpv lq wkh qxphulfdo prgho/ d eohqglqj
uxoh +gh�qhg lq Wdeoh 815, lv lqfoxghg lq wkh 7 �� prgho1 Wklv uxoh jryhuqv krz
idvw @Es� fkdqjhv dv d ixqfwlrq ri vdwxudwlrq diwhu d uhyhuvdo rffxuv1 Wkh vorzhu
@Es� fkdqjhv ryhu wkh vsdq ri wkh qhz fxuyh/ wkh vpdoohu wkh glvfrqwlqxlw| lq vorsh
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Iljxuh 819= Dq looxvwudwlrq ri wkh h�hfw wkdw wkh hqwudsphqw prgho eohqglqj
sdudphwhu h kdv rq wkh vkdsh ri wkh & � 7 � � ixqfwlrqdov1 Iru wkh vrolg fxuyhv/
e ' �/ dqg iru wkh gdvkhg fxuyhv e ' f1

zloo eh dw wkh  rz uhyhuvdo srlqw1
Iru h{dpsoh/ frqvlghu wkh glvsodfhphqw surfhvv ghslfwhg lq Iljxuh 81: zkhuh

d  rz uhyhuvdo dorqj d SGF rffxuv dw 7` ' f�ef dqg dq VLF lv vsdzqhg1 Wkh
7�� prgho lv gh�qhg e| wkh iroorzlqj sdudphwhu vhw= e ' �c @_ ' f�f2c @� ' f�fec
# ' S�Dc 7`o ' f��.c dqg 7Co ' f�2f1 Wkh VLF ghvfulehg e| wkh gdvkhg fxuyh zdv
jhqhudwhg zlwk q ' f/ zkhuh wkh wudqvlwlrq lv lqvwdqwdqhrxv dqg wkh glvfrqwlqxlw|
lv d pd{lpxp1 Wkh VLF ghvfulehg e| wkh vrolg fxuyh zdv jhqhudwhg zlwk q ' f�2/
zkhuh wkh wudqvlwlrq lv ghod|hg wkhuhe| uhgxflqj wkh glvfrqwlqxlw|1 Qxphulfdo
h{shulphqwv lqglfdwh wkdw q ' f�2 |lhogv d vx!flhqwo| vprrwk wudqvlwlrq ixqfwlrq1

817161 V0S Fxuyh Uhvwulfwlrq Sdudphwhuv

Irxu dx{loldu| frpsxwdwlrqdo surfhgxuhv duh lqfoxghg lq wkh 7�� prgho wr hqvxuh
wkdw wkh ixqfwlrqdov duh zhoo ehkdyhg ryhu wkh ixoo udqjh ri vdwxudwlrqv iru zklfk
wkh| duh gh�qhg1

41 Wkh 7 � � ixqfwlrqdov duh dssur{lpdwhg e| olqhdu h{wudsrodwlrq qhdu wkhlu
hqgsrlqwv wr hqvxuh �qlwh ydoxhv ri fdsloodu| suhvvxuh dqg vorsh1 Xvlqj
htxdwlrq 8143 dv wkh edvh0prgho/ wkh �SE7e� ixqfwlrqdo zklfk lqfoxghv wkh
h{wudsrodwlrq frpsxwdwlrq ehfrphv=

�SE7e� '
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Iljxuh 81:= Wkh h�hfw ri xvlqj wkh eohqglqj uxoh ghvfulehg lq Wdeoh 815 wr gh0
�qh @Es� dv lw fkdqjhv iurp @_ wr @� dw d  rz uhyhuvdo iurp d �(� wr dq 7U�1
Wkh gdvkhg 7U� xvhv wkh eohqglqj uxoh zlwk Ke|@ ' f +l1 h1/ dq lqvwdqwdqhrxv
wudqvlwlrq,/ dqg wkh vrolg 7U� xvhv wkh eohqglqj uxoh zlwk Ke|@ ' f�21

;AAAA?AAAA=
dE7e�

3�*6 � �o�*#E@�3� 7S
eo 	 7e 	 E�� 7S

er�
�SE7

S
eo�n

d7` � 7o � 7S
eoE7r � 7o�o

_�S
_7`

E7S
eo�

7e � 7S
eo

�SE�� 7S
er�n

d7` � 7r � 7S
erE7r � 7o�o

_�S
_7`

E�� 7S
er�

7e � E�� 7S
er�

+816<,

zkhuh 7S
eo dqg 7S

er duh fulwlfdo h�hfwlyh vdwxudwlrqv dw wkh uhvlgxdo hqg dqg dw
wkh vdwxudwhg hqg/ uhvshfwlyho|/ dw zklfk srlqw wkh olqhdul}dwlrq wdnhv sodfh1
Ydoxhv iru 7S

eo dqg 7S
er duh ri rughu 313341

51 D sdwkrorjlf 7�� ixqfwlrqdo zloo eh jhqhudwhg li wkh ghqrplqdwru gh�qlqj
h�hfwlyh vdwxudwlrq lq htxdwlrq 8147 lv wrr vpdoo1 Wkhuhiruh/ d frqvwudlqw lv
lqfoxghg zklfk olplwv krz vpdoo wkh ghqrplqdwru fdq eh/ l1 h1=

7rEs� � 7oEs� � rR@?

zkhuh rR@? lv wkh vshfl�hg wrohudqfh1 Qxphulfdo h{shulphqwv lqglfdwh
rR@? � f�f� lv dssursuldwh1 Iru wkrvh 7 � � ixqfwlrqdov zkhuh sdudphwhu
xsgdwh zrxog surgxfh d *vsdq* lq ylrodwlrq ri wklv frqvwudlqw/ wkh fxuuhqw
ixqfwlrqdo lv uhwdlqhg1
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61 D sdwkrorjlf vfdqqlqj fxuyh zloo eh jhqhudwhg li lw lv vsdzqhg wrr forvh wr
wkh sduhqw0fxuyh hqgsrlqwv1 Wkhuhiruh/ d frqvwudlqw lv lpsrvhg zklfk ghqlhv
vfdqqlqj0fxuyh jhqhudwlrq xqohvv wkh h�hfwlyh vdwxudwlrq ri wkh sduhqw0fxuyh
lv ehwzhhq wkh olplwv=

" 	 7eEs� 	 E�� "�

zkhuh " lv wkh vshfl�hg wrohudqfh1 Qxphulfdo h{shulphqwv lqglfdwh " : f�f�
dqg " : rR@? lv dssursuldwh1

71 Wr holplqdwh suhpdwxuh uhyhuvdov gxh wr qxphulfdo luuhjxodulwlhv/ d wrohudqfh
lq vdwxudwlrq fkdqjh lv gh�qhg=

7?n�
` � 74�?

` : o_

74@ 
` � 7?n�

` 	 o�

zkhuh 74�?
` lv wkh plqlpxpzhwwlqj skdvh vdwxudwlrq uhfrughg iru wkh fxuuhqw

gudlqdjh fxuyh/ 74@ 
` lv wkh pd{lpxp zhwwlqj skdvh vdwxudwlrq uhfrughg iru

wkh fxuuhqw lpelelwlrq fxuyh/ o_ lv wkh wrohudqfh wr lqglfdwh d uhyhuvdo iurp
gudlqdjh wr lpelelwlrq/ dqg o� lv wkh wrohudqfh wr lqglfdwh d uhyhuvdo iurp
lpelelwlrq wr gudlqdjh1 Qxphulfdo h{shulphqwv lqglfdwh o ydoxhv ri rughu
31334 lv dssursuldwh1

817171 Pdvv Edodqfh dqg Frqvlvwhqf|

E| fkrrvlqj wkh sulpdu|  rz yduldeohv wr eh vdwxudwlrq dqg suhvvxuh/ wkh pdwk0
hpdwlfdo irupxodwlrq uhtxluhv wkdw wkh uhodwlrqvkls ehwzhhq vdwxudwlrq dqg fdslo0
odu| suhvvxuh lv erwk frqwlqxrxv dqg dssurdfkhv d xqltxh sdwk dv wkh wlph vwhs
lv uhgxfhg1 Wr vkrz krz wkh prgho dgguhvvhv wkhvh lvvxhv frqvlghu wkh iroorzlqj
h{dpsoh  rz vfhqdulr suhvhqwhg lq Iljxuh 81;1 D zdwhu gudlqdjh surfhvv kdv wdnhq
wkh 7 � � uhodwlrqvkls dorqj wkh �(� wr srlqw 4/ dw zklfk wlph d uhyhuvdo wr
lpelelwlrq lv lqglfdwhg1 Dq 7U� fxuyh lv jhqhudwhg +wkh gdvkhg fxuyh, e| iruflqj
lw wr sdvv wkurxjk wkh fxuuhqw srlqw 4 dqg �� 7C| +wkh srlqw 4*, zkhuh 7C| lv wkh
hqwudsshg qrqzhwwlqj skdvh vdwxudwlrq/ fxuuhqwo| }hur1 Ryhu wkh wlph vwhs wkh
7 � � prgho sdudphwhuv duh khog �{hg dqg lpelelwlrq kdv surjuhvvhg wr srlqw 5
rq wkh gdvkhg fxuyh1 Wr suhsduh iru wkh qh{w wlph vwhs/ 7 � � prgho sdudphwhu
xsgdwh ehjlqv zlwk wkh gh�qlwlrq ri skdvh hqwudsphqw/ zklfk lv frpsxwhg iurp
htxdwlrq 81: wr eh dw srlqw 5*1 Li wkh uhpdlqlqj sdudphwhuv zhuh xsgdwhg e|
�wwlqj wkh fxuyh ehwzhhq srlqwv 4 dqg 5*/ wkh grwwhg olqh zrxog uhvxow/ wkhuhe|
fuhdwlqj d mxps lq fdsloodu| suhvvxuh +d gurs lq �S iurp srlqw 5 wr 5-1 Wr dyrlg
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Iljxuh 81;= Judsklfdo uhsuhvhqwdwlrq ri krz wkh 7�� ixqfwlrqdo uhwdlqv frqwlqxlw|
ryhu d wlph vwhs1 Lqlwldo gudlqdjh lv iurp srlqw 4* wr 41 Wkhq d uhyhuvdo lv lqglfdwhg/
dqg wkh VLF� lv jhqhudwhg +wkh gdvkhg fxuyh ehwzhhq srlqwv 4 dqg 4*,1 Ryhu wkh
wlph vwhs 7` lqfuhdvhv wr wkh srlqw 5 dorqj wkh gdvkhg fxuyh1 Prgho sdudphwhuv
duh xsgdwhg wr �w wkh VLF� ehwzhhq srlqwv 5 +wkh fxuuhqw srlqw, dqg 5* +wkh
xsgdwhg wudsshg skdvh frqglwlrq/ � � 7C|,/ wkhuhe| jhqhudwlqj wkh wklq vrolg
fxuyh1

wklv/ wkh sdudphwhuv duh frpsxwhg vxfk wkdw wkh qhz 7 � � fxuyh +wkh wklq vrolg
fxuyh, sdvvhv wkurxjk srlqwv 5 dqg 5*/ wkhuhiruh suhvhuylqj frqwlqxlw|1

Ilqdoo|/ rqh fdq vhh wkdw dv wkh fkdqjh lq vdwxudwlrq ryhu d wlph vwhs ehfrphv
vpdoo/ wkh glvfrqwlqxlw| ehfrphv vpdoo dqg wkh vfdqqlqj fxuyh dssurdfkhv d xqltxh
sdwk1

8181 FDSLOODU\ SUHVVXUH VFDOLQJ

Ohyhuhww +4<74, uhdvrqhg wkdw wkh fdsloodu| suhvvxuh ehwzhhq wzr lpplvfleoh  x0
lgv vkrxog ghshqg rq wkh srurvlw|/ wkh lqwhuidfldo whqvlrq ehwzhhq wkh lpplvfleoh
skdvhv/ dqg vrph vruw ri phdq sruh udglxv1 Dvvxplqj wkdw wkh udwlr ri wkh shuph0
delolw| wr srurvlw| lv sursruwlrqdo wr wkh vtxduh ri wkh phdq sruh udglxv/ Ohyhuhww
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gh�qhg wkh glphqvlrqohvv ixqfwlrq ri vdwxudwlrq fdoohg wkh a � s�?S|�J?1 Iru wkh
wkuhh0skdvh v|vwhp frqvlghuhg khuhlq/ d a � s�?S|�J? fdq eh zulwwhq iru hdfk
fdsloodu| suhvvxuh=

aE7� '
�SC` E7�

jC`

�
&

0

��*2

aE7� '
�S�` E7�

j�`

�
&

0

��*2

aE7� '
�SC� E7�

jC�

�
&

0

��*2

+8173,

zkhuh 7 lv wkh zhwwlqj skdvh vdwxudwlrq1 Qrwh wkdw wkh lqwhuidfldo whqvlrq vfdolqj
htxdwlrq 816 hpsor|v wkh frqfhsw ri wkh a � s�?S|�J?1

Ohyhuhww vfdolqj ri wkh fdsloodu| suhvvxuh kdv ehhq xvhg h{whqvlyho| lq wkh
zdwhu uhvrxufhv olwhudwxuh/ iru vxuidfh whqvlrq vfdolqj +vhh iru h{dpsoh Ghprqg
dqg Urehuwv/ 4<<4/ dqg iru wkh prghoolqj ri wkuhh0skdvh v|vwhpv/ vhh Iljxuhv
814 dqg 815,/ dqg iru vrlo surshuw| vfdolqj wr dffrpprgdwh khwhurjhqhlw| +vhh iru
h{dpsoh/ Nxhshu dqg Iulqg/4<<4,1

Lq frqfhsw/ xvlqj wkh a0ixqfwlrq wr vfdoh fdsloodu| suhvvxuh doorzv rqh wr wdnh
wkh 7�� uhvxowv iru d sduwlfxodu vrlo0w|sh zlwk sdudphwhuv &W dqg 0W dqg  xlg0sdlu
zlwk lqwhuidfldo whqvlrq jW/ dqg jhqhudol}h wkhp wr lqfoxgh rwkhu vlplodu vrlo0w|shv
zlwk sdudphwhuv & dqg 0 dqg  xlg0sdluv zlwk lqwhuidfldo whqvlrq jkq1

Wklv frqfhsw lv lqwlpdwho| lqfrusrudwhg lqwr wkh vlpxodwru1 Dv glvfxvvhg lq
Vhfwlrq 814/ lqwhuidfldo whqvlrq vfdolqj lv xvhg wr hqdeoh wkh vlpxodwru wr prgho
wkh jhqhudo fdvh ri rqh0/ wzr0 dqg wkuhh0skdvh  rz/ zkloh hpsor|lqj wkh sul0
pdu|  rz yduldeohv= �` c 7` c 7A�1 Wklv lv dffrpsolvkhg e| gh�qlqj wkh ixqf0
wlrqv �S�` E7` � dqg �SC�E7A��/ dqg e| hpsor|lqj htxdwlrqv 816/ 815/ dqg 8171
Dq lpsruwdqw rxwfrph ri dsso|lqj wkhvh frqvwudlqwv lv wkdw ri wkh wkuhh fdsloodu|
suhvvxuh uhodwlrqvklsv uhtxluhg wr prgho wzr0 dqg wkuhh0skdvh  rz/ rqo| rqh ri
wkh wkuhh uhodwlrqvklsv qhhgv wr eh phdvxuhg/ zlwk wkh rwkhu wzr johdqhg iurp wkh
xvh ri htxdwlrq 8161

Ohw �SE7� eh wkh wzr0skdvh v|vwhp phdvxuhg/ zlwk wkh sdudphwhuv jW/ &W dqg
0W gh�qlqj  xlg0sdlu dqg vrlo0w|sh xvhg1 �S dqg jW duh uhodwhg wr zklfk  xlg sdlu
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zdv phdvxuhg/ l1 h1=

50skdvh v|vwhp phdvxuhg �S ' jW '
C�` �SC` jC` ' j�` n jC�
� �` �S�` j�` ' jC` � jC�
C�� �SC� jC� ' jC` � j�`

Wkhuhiruh/ dw dq| srlqw lq wkh grpdlq/ jlyhq 7` dqg 7A� dqg wkh surshuwlhv ri
wkh vrlo/ & dqg 0/ wkh uhtxluhg fdsloodu| suhvvxuhv fdq eh frpsxwhg e| uhzulwlqj
htxdwlrqv 8173 dv=

�S�` E7` � ' �SE7` �
j�`

jW

�
&W

&

��*2 � 0

0W

��*2
�SC�E7A�� ' �SE7A��

jC�
jW

�
&W

&

��*2 � 0

0W

��*2
+8174,

::



91 QXPHULFDO PRGHO GHYHORSPHQW

Wkh �yh pdvv edodqfh htxdwlrqv +714 ^Ec k� @ E?c` � dqg E?cC�`/ 71;/ 71< dqg
7143, frxsohg zlwk wkh frqvwlwxwlyh dqg wkhuprg|qdplf frqglwlrqv suhvhqwhg lq
Fkdswhuv 7 dqg 8 surylgh d frpsohwh ghvfulswlrq ri wkh pdwkhpdwlfdo v|vwhp zkhq
surshu lqlwldo dqg erxqgdu| frqglwlrqv duh lpsrvhg1 Wkh v|vwhp ri htxdwlrqv lv
uhsuhvhqwhg e| wkh iroorzlqj vhw ri sulpdu| yduldeohv=�

�` E c |�c 7` E c |�c 7A�E c |�c 4
`
? E c |�c 4C? E c |�

�
zkhuh E c |� 5 l � Efc A �/ uhsuhvhqwv wkh wkuhh0glphqvlrqdo Fduwhvldq vsdwldo fr0
ruglqdwhv ri wkh grpdlq dqg whpsrudo vfdoh/ uhvshfwlyho|1

Wklv vhfwlrq ghvfulehv wkh vdolhqw ihdwxuhv ri wkh qxphulfdo prgho/ dqg lw lv
rujdql}hg dv iroorzv1 Iluvw/ wkh jryhuqlqj htxdwlrqv duh uhzulwwhq lq wkh irup
zklfk lv xvhg lq wkh qxphulfdo prgho1 Wkhq wkh qxphulfdo glvfuhwl}dwlrq dqg
vroxwlrq vwudwhj| xvhg iru wkh vhw ri qrqolqhdu frxsohg htxdwlrqv lv glvfxvvhg1 Wkh
qxphulfdo prgho ihdwxuhv d vhtxhqwldo vroxwlrq ri wkh jryhuqlqj htxdwlrqv dqg dq
lpsolflw0lq0wlph froorfdwlrq �qlwh0hohphqw glvfuhwl}dwlrq1 Qh{w/ lq rughu wr forvh
wkh v|vwhppdwkhpdwlfdoo|/ wkh vfrsh ri dssolfdeoh lqlwldo dqg erxqgdu| frqglwlrqv
lv suhvhqwhg1 Lq dgglwlrq/ lq rughu wr lpsuryh wkh urexvwqhvv ri wkh dojrulwkp/
d vhw ri qxphulfdo wrrov/ zklfk duh ghvljqhg wr hqvxuh wkdw wkh sk|vlfdo sureohp
dqg wkh glvfuhwh sureohp duh frpsdwleoh/ lv glvfxvvhg1 Ilqdoo|/ wkh frpsxwdwlrqdo
vwhsv dvvrfldwhg zlwk wkh qxphulfdo prgho duh vxppdul}hg1

9141 ILQDO IRUP RI WKH EDODQFH HTXDWLRQV

E| vxevwlwxwlqj wkh uhohydqw ixqfwlrqdo gh�qlwlrqv dqg vlpsoli|lqj dvvxpswlrqv
dqg xvlqj wkh fkdlq uxoh ri gl�huhqwldwlrq/ wkh edodqfh htxdwlrqv duh uhzulwwhq lq
wkh irup zklfk zloo eh glvfuhwl}hg dqg vroyhg qxphulfdoo|1
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914141 Zdwhu0Skdvh Iorz dqg Frqwdplqdqw Wudqvsruw

Wkh zdwhu0skdvh  rz dqg wudqvsruw htxdwlrqv +71; dqg 714 ^Ec k� @ E?c` �`,
duh frxsohg wkurxjk skdvh suhvvxuh dqg vdwxudwlrq yduldeohv/ wkh frpsrvlwlrq0
ghshqghqfh ri skdvh ghqvlw| dqg ylvfrvlw|/ dqg wkh pdvv h{fkdqjh whupv1 Hp0
sor|lqj wkh fkdlq uxoh ri gl�huhqwldwlrq dqg uhduudqjlqj/ htxdwlrq 71; lv uhzulwwhq
dv=

0
Y7`
Y|

nQ � ^`

'
�

4`

�h4`'` n.`
? � .C

?*` � .7
?*` �

�
07`

Y4`

Y|
n ^` �Q4`

��
+914,

zkhuh ^` ' 07`�
` lv wkh zdwhu  x{ yhfwru/ dqg h4` lv wkh zdwhu ghqvlw| dv0

vrfldwhg zlwk '` 1 Vxevwlwxwlqj htxdwlrq 714: lqwr 914 iru 4` dqg uhduudqjlqj
|lhogv=

0
Y7`
Y|

nQ � ^` ' '` n
.`
? �.C

?*` � .7
?*`

4`o

�
o`

4`o

�
07`

Y4`?
Y|

n ^` �Q4`? n 4`?

�
0
Y7`
Y|

nQ � ^`
�
� h4`? '`

�
+915,

zkhuh o` '
�
�� 4`o*4�o

�
dqg h4`? lv wkh pdvv frqfhqwudwlrq dvvrfldwhg zlwk

'` 1
Wkh glvvroyhg QDSO wudqvsruw htxdwlrq +714 ^Ec k� @ E?c` �`, lv uhzulwwhq

lq dq dqdorjrxv zd|1 Xvlqj wkh dssur{lpdwlrq ri wkh glvshuvlrq whup gh�qhg
lq htxdwlrq 7157/ dqg pdnlqj wkh vlpsoli|lqj dvvxpswlrq wkdw wkdw E4`o*4` � lv
dssur{lpdwho| d frqvwdqw/ wkh glvvroyhg QDSO wudqvsruw htxdwlrq ehfrphv=

07`
Y4`?
Y|

n ^` �Q4`? n 4`?

�
0
Y7`
Y|

nQ � ^`
�
� h4`? '`

' �07`V`? 4`? n
�
4`o

4`

�
Q �

�
07`#

` �Q4`?
�

n
�
.`
? � .C

?*` �.7
?*`

�
+916,

Jlyhq htxdwlrq 916/ wkh zdwhu  rz htxdwlrq 915 fdq eh vlpsol�hg dojheudlfdoo|
e| vxevwlwxwlqj wkh uljkw kdqg vlgh ri htxdwlrq 916 iru wkh odvw whup lq eudfnhwv
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rq wkh uljkw kdqg vlgh ri htxdwlrq 915 wr |lhog xsrq uhduudqjlqj=

0
Y7`
Y|

nQ � ^` ' '` n
.`
? �.C

?*` � .7
?*`

4�o

no`

+
07`V`? 4`?

4`o
�

Q �
�
07`#

` �Q4`?
�

4`

,
+917,

Wklv irup ri wkh zdwhu0skdvh  rz htxdwlrq kljkoljkwv wkh idfw wkdw yroxphwulf
fkdqjhv lq wkh zdwhu0skdvh zloo rffxu dv wkh uhvxow ri pdvv h{fkdqjh surfhvvhv/
dqg/ zkhq 4` lv d ixqfwlrq ri 4`? +l1 h1/ o` 9' f,/ dv wkh uhvxow ri QDSO ghfd|
surfhvvhv dqg glvshuvlyh  x{hv1

Dojheudlf pdqlsxodwlrq fdq dovr eh xvhg wr vlpsoli| wkh glvvroyhg QDSO wudqv0
sruw htxdwlrq +916, e| vxevwlwxwlqj wkh uljkw kdqg vlgh ri htxdwlrq 914 iru wkh whup
lq sduhqwkhvlv rq wkh ohiw kdqg vlgh ri htxdwlrq 9161 Wklv rshudwlrq |lhogv xsrq
uhduudqjlqj=

07`
Y4`?
Y|

n ^` �Q4`?

n
�

4`

4`o

�
07`V`? 4`? �Q �

�
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�
'` n

�
4` � 4`?
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�
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?*`

�
+918,

zkhuh h4`? lv d nqrzq frqfhqwudwlrq zkhq '` uhsuhvhqwv d vrxufh +'` srvlwlyh,/
dqg h4`? ' 4`? zkhq '` uhsuhvhqwv d vlqn +'` qhjdwlyh,1 Wklv htxdwlrq lv ixuwkhu
pdqlsxodwhg e| vxevwlwxwlqj htxdwlrqv 715;/ 7166 dqg 716: iru wkh pdvv h{fkdqjh
whupv/ dqg uhduudqjlqj l1 h1/�

07` n
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4`?
4�o

�
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Wklv irup ri wkh frqwdplqdqw wudqvsruw htxdwlrq kljkoljkwv wkh idfw wkdw wkh
uhodwlrqvkls ehwzhhq wkh glyhujhqfh ri wkh zdwhu  x{ dqg wkh pdvv h{fkdqjh
surfhvvhv lv qrqolqhdu/ dqg wkdw QDSO vshflhv wudqvsruw lq wkh zdwhu dqg jdv
skdvhv lv frxsohg wkurxjk wkh h{fkdqjh whup .C

?*` 1

914151 QDSO0Skdvh Iorz

Hpsor|lqj wkh fkdlq uxoh ri gl�huhqwldwlrq dqg uhduudqjlqj/ wkh QDSO0skdvh  rz
htxdwlrq +71;, ehfrphv=
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+91:,

zkhuh 4� ' 4�o lv d frqvwdqw1

914161 Jdv0Skdvh Iorz dqg Frqwdplqdqw Wudqvsruw

Dv zlwk wkh zdwhu0skdvh/ wkh jdv0skdvh  rz dqg wudqvsruw htxdwlrqv +7143 dqg 714
^Ec k� @ E?cC�`, duh frxsohg wkurxjk skdvh suhvvxuh dqg vdwxudwlrq yduldeohv/ wkh
frpsrvlwlrq0ghshqghqfh ri skdvh ghqvlw| dqg ylvfrvlw|/ dqg wkh pdvv h{fkdqjh
whupv1 Iroorzlqj dq dqdorjrxv vhulhv ri vwhsv dv zdv xvhg iru wkh zdwhu0edvhg
htxdwlrqv/ wkh htxlydohqw irup ri wkh jdv0skdvh  rz htxdwlrq +7143, dqg wkh QDSO
ydsru wudqvsruw htxdwlrq +714 ^Ec k� @ E?cC�`, duh zulwwhq dv iroorzv/ uhvshfwlyho|=
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zkhuh oC '
�
�� 4Co*4�o

�
/ h4C? lv d nqrzq frqfhqwudwlrq zkhq 'C uhsuhvhqwv d

vrxufh +'C srvlwlyh,/ dqg h4C? ' 4C? zkhq 'C uhsuhvhqwv d vlqn +'C qhjdwlyh,/
dqg E4Co*4C� lv dvvxphg wr eh dssur{lpdwho| d frqvwdqw1 Wklv irup ri wkh jdv0
edvhg edodqfh htxdwlrqv kljkoljkwv wkh qrqolqhdu uhodwlrqvkls ehwzhhq wkh  rz
dqg wudqvsruw sdudphwhuv1

9151 VHTXHQWLDO/ LWHUDWLYH VROXWLRQ

Wklv vhfwlrq ghwdlov wkh ghyhorsphqw ri wkh wlph0glvfuhwh irup ri wkh edodqfh
htxdwlrqv/ dqg wkh lwhudwlrq phwkrg xvhg wr olqhdul}h wkh uhvxowlqj htxdwlrqv1

Wkh skdvh pdvv edodqfh htxdwlrqv +917/ 91: dqg 91;, gh�qh wkh glvwulexwlrq ri
wkh skdvhv jlyhq skdvh frpsrvlwlrq1 Wkh frqvwlwxhqw edodqfh htxdwlrqv +918 dqg
91<, gh�qh wkh glvwulexwlrq ri wkh QDSO vshflhv lq wkh zdwhu0 dqg jdv0skdvhv/
jlyhq wkh skdvh glvwulexwlrq dqg yhorflw| �hog1 Lq dq dwwhpsw wr plqlpl}h wkh
ryhudoo frpsxwdwlrqdo h�ruw/ dq lwhudwlyh vfkhph lv dgrswhg zkhuhe| wkh edodqfh
htxdwlrqv duh vroyhg e| vhtxhqwldoo| odjjlqj fhuwdlq ghshqghqw yduldeohv/ vxfk wkdw
wkh edodqfh htxdwlrqv ehfrph xqfrxsohg1 Wklv vwudwhj| plqlpl}hv wkh vl}h ri wkh
pdwul{ htxdwlrq zklfk lv uhtxluhg wr eh vroyhg dw dq| rqh vroxwlrq vwhs1

Wkh wlph vfdoh/ |/ lv glvfuhwl}hg lqwr d vhulhv ri �qlwh lqwhuydov/ zlwk hdfk lqwhuydo
gh�qlqj d wlph vwhs/ } | ' E|&n� � |&�/ zkhuh |& lv wkh fxuuhqw wlph dw zklfk wkh
vroxwlrq lv nqrzq dqg |&n� lv wkh dgydqfhg wlph dw zklfk wkh vroxwlrq lv vrxjkw1 Doo
wlph0ghshqghqw sdudphwhuv duh lqgh{hg zlwk uhvshfw wr zkhuh wkh| duh hydoxdwhg
lq wlph/ zkhuh wkrvh whupv gdwhg dw wkh fxuuhqw/ nqrzq/ wlph ohyho duh lqgh{hg
e| wkh vxshuvfulsw +&, dqg wkrvh whupv dw wkh dgydqfhg/ xqnqrzq wlph ohyho duh
lqgh{hg e| wkh vxshuvfulsw +& n �,1 Lq dgglwlrq/ ohw xv lqglfdwh wkrvh yduldeohv
zklfk duh whpsrudulo| �{hg lq wlph e| wkh vxshuvfulsw/ E& n ��W/ lqglfdwlqj wkdw
wkh yduldeoh lv gdwhg dw wkh odvw dydlodeoh vroxwlrq vwhs1 Wkh wlph0glvfuhwh v|vwhp
lv vxppdul}hg lq wkh iroorzlqj vxevhfwlrqv1

915141 Wlph0Glvfuhwh2Olqhdul}hg Irup ri wkh Iorz Htxdwlrqv

Wkh  rz htxdwlrqv 917/ 91: dqg 91; duh vroyhg xvlqj dq dojrulwkp edvhg rq wkh
wrwdo yhorflw| irupxodwlrq ri Vsloohwwh hw do1 +4<:6,/ zklfk uhtxluhv dojheudlf pd0
qlsxodwlrq wr jhqhudwh dq hoolswlf0olnh suhvvxuh htxdwlrq dqg wzr sduderolf0olnh
vdwxudwlrq htxdwlrqv1 Wkh nh| frpsxwdwlrqdo ihdwxuh lq dsso|lqj wklv phwkrg lv
wkdw wkh wrwdo yhorflw| lv fdofxodwhg diwhu wkh vroxwlrq ri wkh suhvvxuh htxdwlrq/
dqg wklv yhorflw| lv wkhq xvhg lq wkh vdwxudwlrq htxdwlrqv1 Wklv vhtxhqwldo vroxwlrq
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vwudwhj| kdv wzr pdmru dwwulexwhv +Shdfhpdq/ 4<::,=

� Wkh wrwdo yhorflw| rewdlqhg diwhu wkh vroxwlrq ri wkh suhvvxuh htxdwlrq zloo
eh wkh vdph uhjdugohvv ri zkhwkhu wkh fdsloodu| suhvvxuhv duh hydoxdwhg h{0
solflwo| ru lpsolflwo|1

� Wkh vdwxudwlrq htxdwlrqv/ zulwwhq lq iudfwlrqdo  rz irup/ duh qrw vxvfhswleoh
wr huurqhrxv fkdqjhv lq d skdvh*v vdwxudwlrq zkhq wkdw skdvh*v prelolw| lv
}hur1

Wkh suhvvxuh htxdwlrq lv ghulyhg e| dgglqj wkh skdvh pdvv edodqfh htxdwlrqv
917/ 91: dqg 91; wr holplqdwh wkh vdwxudwlrq wlph ghulydwlyh/ |lhoglqj=
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pdvv wudqvihu +wkh wlph0glvfuhwh irup ri htxdwlrq 716:,=
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dqg
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gh�qh uhvshfwlyh fkdqjhv lq 4 ` dqg 4 C gxh wr wkh

suhvhqfh ri QDSO vshflhv=
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Fkrrvlqj �` dv wkh ghshqghqw yduldeoh/ wkh skdvh  x{hv xvhg lq htxdwlrq 9143
duh gh�qhg iurp htxdwlrqv 7156 dv=
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zkhuh bk ' &&ok*>
k +k @ Z/ Q/ J,/ lv wkh k�skdvh prelolw| vfdodu1

Jlyhq lwv wlph0glvfuhwh irup/ wkh suhvvxuh htxdwlrq 9143 lv d olqhdu hoolswlf
htxdwlrq lq whupv ri �` / dqg wkxv lw fdq eh vroyhg gluhfwo|1 Ohw xv ghqrwh lwv
vroxwlrq e| �` E&n��W1 Wkh wrwdo  x{ lv qrz frpsxwhg iurp htxdwlrqv 9147 zlwk
�` E&n�� dssur{lpdwhg e| �` E&n��W1 Ohw xv ghqrwh wklv gdwhg yduldeoh e| ^A E&n��W1

Wkh vdwxudwlrq htxdwlrqv duh fkrvhq wr eh wkh zdwhu skdvh edodqfh htxdwlrq
+917, dqg wkh jdv skdvh edodqfh htxdwlrq +91;,1 Wkurxjk dojheudlf pdqlsxodwlrq
ri htxdwlrqv 9147/ ^` dqg ^Cfdq eh uhzulwwhq lq whupv ri ^A dv iroorzv=

^` ' s`^A

ns` ib� dQ�S�`n } �`�Q5o n bC dQ E�S�` n �SC��n } �`CQ5oj

+9148,

^C ' sC^A

�sC ib� dQ�SC�n } ��CQ5o n b` dQ E�S�` n �SC��n } �`CQ5oj

+9149,

zkhuh
sk'bk* Eb` n b� n bC� c k ' `cC +914:,

lv wkh k�skdvh iudfwlrqdo  rz ixqfwlrq/ dqg } �kq ' �k � �q1
Zlwk wkhvh gh�qlwlrqv/ frqvlghu wkh iroorzlqj wlph0glvfuhwh irupv ri wkh zdwhu0

dqg jdv0skdvh edodqfh htxdwlrqv1

Zdwhu skdvh wudqvsruw=
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Jdv skdvh wudqvsruw=
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uhvshfwlyho|1

Htxdwlrqv 914; dqg 9153 duh qrqolqhdu dqg frxsohg wkurxjk skdvh vdwxudwlrq1
Wr vroyh wkhvh htxdwlrqv wkh iroorzlqj lwhudwlyh vhtxhqwldo vroxwlrq dojrulwkp lv
lqwurgxfhg=

� Htxdwlrq 914; lv vroyhg iru 7
E&n��
` dqg htxdwlrq 9153 lv vroyhg iru 7

E&n��
A� 1
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� Hdfk htxdwlrq lv olqhdul}hg e| d Slfdug0w|sh lwhudwlrq/ zkhuhlq doo ixqfwlrqv
ri 7` dqg 7A� lq htxdwlrqv 914; dqg 9153 duh odjjhg dq lwhudwlrq1

� Wkh xqfrxsohg olqhdul}hg htxdwlrqv duh vroyhg frqfxuuhqwo| dqg lq sdudooho li
srvvleoh1 Wkdw lv/ erwk htxdwlrqv duh vroyhg ehiruh wkh vdwxudwlrq0ghshqghqw
whupv duh xsgdwhg1

� Lwhudwlrq frqwlqxhv xqwlo frqyhujhqfh lv rewdlqhg1

Wklv vhtxhqwldo vroxwlrq vwudwhj| lv fkrvhq iru wkh iroorzlqj uhdvrqv1 Iluvw/ lw
plqlpl}hv wkh frpsxwdwlrqdo h�ruw uhtxluhg shu vroxwlrq vwhs1 Vhfrqg/ vhtxhqwldo
vroxwlrq uhtxluhv wkdw fhuwdlq sulpdu| yduldeohv eh whpsrudulo| odjjhg lq rughu
wr gh0frxsoh wkh v|vwhp dv hdfk edodqfh htxdwlrq lv vroyhg1 Lq sduwlfxodu wr rxu
v|vwhp/ 7A� lv odjjhg zkhq wkh zdwhu edodqfh lv vroyhg iru 7` / dqg 7` lv odjjhg
zkhq wkh jdv edodqfh lv vroyhg iru 7A�1 Wklv lv htxlydohqw wr vd|lqj wkdw zkhq
vroylqj hlwkhu edodqfh htxdwlrq/ d fkdqjh lq wkh ghshqghqw yduldeoh lv gxh wr d
fkdqjh lq 7� 1 Vlqfh wkh QDSO kdv lqwhuphgldwh zhwwdelolw| ehwzhhq wkh zdwhu
dqg jdv/ d v|pphwu| lv fuhdwhg lq wkh irup ri wkh zdwhu dqg jdv edodqfh htxdwlrqv1
Wklv v|pphwu| lv vkrzq lq wkh skdvh yhorflw| htxdwlrqv 9148 dqg 9149/ zkhuh wkh
odvw whup lq hdfk htxdwlrq lv htxlydohqw/ dqg lw uhsuhvhqwv zdwhu0jdv lqwhudfwlrq
+uhfdoo wkdw �SC` ' �S�` n �SC�,1 Lw lv dssursuldwh wkhq/ wkdw wklv v|pphwu|
eh suhvhuyhg lq wkh hydoxdwlrq ri wkh zdwhu dqg jdv edodqfh htxdwlrqv vr wkdw
huurqhrxv QDSO vdwxudwlrqv duh qrw fuhdwhg dv wkh uhvxow ri lpshuihfw lwhudwlyh
frqyhujhqfh1

Wr ghqrwh lwhudwlrq ohyho wkh lqgh{ *6* lv xvhg/ dqg whupv gdwhg dw wlph ohyho
E& n �� duh grxeoh lqgh{hg vxfk wkdw E& n �c6� lqglfdwhv hydoxdwlrq dw wkh odvw
nqrzq lwhudwlrq vroxwlrq/ dqg E& n �c6n �� lqglfdwhv wkh xqnqrzq txdqwlw| iru
zklfk d vroxwlrq lv ghvluhg1

Xvlqj wklv qrwdwlrq/ wkh olqhdul}hg irup ri wkh zdwhu0skdvh wudqvsruw htxdwlrq
+914;, lv=
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Qrwh wkdw vlqfh 7` lv fkrvhq dv wkh ghshqghqw yduldeoh/ 8�
E&n�c6n��
S�` pxvw eh h{0

suhvvhg lq whupv ri 7
E&n�c6n��
` 1 Frqvlghu wkh iroorzlqj vwudwhj|1 Iluvw/ dssur{lpdwh

8�
E&n�c6n��
S�` xvlqj d �uvw rughu Wd|oru vhulhv h{sdqvlrq=
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zkhuh B7
E&n�c6n��
` '

�
7
E&n�c6n��
` � 7

E&n�c6�
`

�
lv wkh lwhudwlyh lqfuhphqw1 Vhfrqg/

wr plqlpl}h fkdlqlqj uhtxluhphqwv/ vlpsoli| wkh vhfrqg whup rq wkh uljkw kdqg
vlgh ri htxdwlrq 9155 dv=
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` +9156,

Qrwh wkdw dv wkh vroxwlrq frqyhujhv/ wkh lwhudwlyh lqfuhphqw jrhv wr }hur/ dqg
htxdwlrq 9156 ehfrphv h{dfw1 Iroorzlqj d vlplodu fkdlqlqj surfhgxuh/ wkh jdv0
zdwhu suhvvxuh ghulydwlyh lv zulwwhq lq whupv ri 7` e| xvlqj wkh fdsloodu| suhvvxuh
vfdolqj uxoh +7147,/ l1 h1=
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+9157,

Wklv pl{hg sdudphwhu lwhudwlyh vfkhph lv xvhg lq olhx ri pruh wudglwlrqdo sur0
fhgxuhv lq rughu wr fruuhfwo| dffrpprgdwh fdsloodu| suhvvxuh vfdolqj zlwk uhvshfw
wr khwhurjhqhrxv  xlg dqg vrlo glvwulexwlrqv1 Ilqdoo|/ vxevwlwxwlqj htxdwlrqv 9156
dqg 9157 lqwr 9154/ dqg xvlqj B7

E&n�c6n��
` dv wkh xqnqrzq txdqwlw|/ rqh rewdlqv

wkh iroorzlqj olqhdul}hg yhuvlrq ri wkh zdwhu skdvh wudqvsruw htxdwlrq=
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Iroorzlqj dq dqdorjrxv surfhgxuh/ wkh olqhdul}hg irup ri wkh jdv0skdvh wudqv0
sruw htxdwlrq +9153, lv zulwwhq lq whupv ri wkh lwhudwlyh lqfuhphqw B7
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Diwhu htxdwlrqv 9158 dqg 9159 duh vroyhg/ wkh uhtxluhg yduldeohv duh xsgdwhg=
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` � B7

E&n�c6�
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Lwhudwlrqv frqwlqxh xqwlo B7
E&n�c6n��
` dqg B7

E&n�c6n��
A� duh vx!flhqwo| vpdoo1

915151 Wlph0Glvfuhwh2Olqhdul}hg Irup ri wkh Wudqvsruw Htxdwlrqv

Lq jhqhudo/ wkh  xlg skdvh surshuwlhv duh rqo| voljkwo| d�hfwhg e| wkh frqwdpl0
qdqw vshflhv/ wkxv wkh  rz dqg frqwdplqdqw wudqvsruw htxdwlrqv duh rqo| zhdno|
frxsohg1 Wkhuhiruh/ wkh vroxwlrq wr wkh  rz sureohp lv xvhg wr gh�qh wkh  rz
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yduldeohv xvhg lq wkh wudqvsruw htxdwlrqv +919 dqg 91<,1 Lqgh{lqj wkh prvw uhfhqw
 rz vroxwlrq e| wkh vxshuvfulsw E&n���/ wkh iroorzlqj  rz yduldeohv duh gh�qhg=

7
E&n��W
` / 7

E&n��W
A� / ^` E&n��W/ ^CE&n��W/ #` E&n��W dqg #CE&n��W1

Iurp htxdwlrqv 919 dqg 91< lw lv fohdu wkdw wkh wudqvsruw htxdwlrqv duh frxsohg
dqg qrqolqhdu dv wkh uhvxow ri pdvv h{fkdqjh surfhvvhv1 Lq rughu wr vroyh wkh
htxdwlrqv/ frqvlghu wkh iroorzlqj lwhudwlyh vhtxhqwldo vroxwlrq dojrulwkp=

� Htxdwlrq 919 lv vroyhg iru 4
` E&n��
? dqg htxdwlrq 91< lv vroyhg iru 4

CE&n��
? 1

� Hdfk htxdwlrq lv olqhdul}hg e| d Slfdug0w|sh lwhudwlrq/ zkhuh doo ixqfwlrqv
ri 4

` E&n��
? dqg 4

CE&n��
? duh odjjhg dq lwhudwlrq1

� Wkh xqfrxsohg olqhdul}hg htxdwlrqv duh vroyhg frqfxuuhqwo| dqg lq sdudooho
li srvvleoh1 Wkdw lv/ erwk htxdwlrqv duh vroyhg ehiruh wkh frqfhqwudwlrq0
ghshqghqw whupv duh xsgdwhg1

� Lwhudwlrq frqwlqxhv xqwlo frqyhujhqfh lv rewdlqhg1

Uhzulwlqj htxdwlrqv 919 dqg 91< lq d olqhdul}hg/ wlph0glvfuhwh irup frqvlvwhqw
zlwk lwhudwlyh vhtxhqwldo vroxwlrq/ rqh rewdlqv=%
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zkhuh 4
` E&n�c6�W
? dqg 4

CE&n�c6�W
? uhsuhvhqw d zhljkwhg dyhudjh ri wkh odjjhg ydul0

deohv/ l1 h1/

4kE&n�c6�W
? ' w4kE&n�c6�

? n E�� w� 4kE&n�c63��? c k ' `cC +915<,

dqg w lv d zhljkwlqj sdudphwhu/ f � w � 2�

9161 VSDWLDO DSSUR[LPDWLRQ

Wkh wkuhh0glphqvlrqdo grpdlq lv glvfuhwl}hg lqwr d �qlwh qxpehu ri eulfn0olnh
hohphqwv +l1 h1/ d uhjxodu uhfwdqjxodu phvk, zlwk qrghv orfdwhg dw hohphqw erxqg0
du| lqwhuvhfwlrqv1 Doo vsdwldoo| ydu|lqj sdudphwhuv duh uhsuhvhqwhg e| d olqhdu
frpelqdwlrq ri edvlv ixqfwlrqv zkhuh qrgdo ydoxhv fdq eh lqwhusrodwhg lqwr dgmd0
fhqw hohphqwv lq d frqwlqxrxv pdqqhu1 Wkhvh sdudphwhuv lqfoxgh wkh ghshqghqw
yduldeohv dqg ixqfwlrqv ri wkh ghshqghqw yduldeohv/ dqg vrlo surshuwlhv dqg rwkhu
sk|vlfdo frqvwdqwv zklfk duh doorzhg wr ydu| vsdwldoo|1

Frqvlghu �uvw wkh ghshqghqw yduldeohv gh�qlqj htxdwlrqv 9143/ 9158/ 9159/ 915:
dqg 915;= �` c 7` c 7A�c 4

`
? dqg 4C? / uhvshfwlyho|1 Vlqfh wkhvh yduldeohv uhtxluh frq0

wlqxrxv vhfrqg0rughu ghulydwlyhv/ wkh �� frqwlqxrxv Khuplwh fxelf lqwhusrodwlrq
sro|qrpldov duh fkrvhq1 Wkh| duh gh�qhg lq Dsshqgl{ E1

Iru wkuhh0glphqvlrqdo glvfuhwl}dwlrqv/ d jhqhudo ixqfwlrq/ �E c |� lv dssur{l0
pdwhg ryhu hdfk julg eorfn dv=

�E c |� � e�E c |� ' H[
�'�

iLE|�jA� ixE �j� +9163,

zkhuh e�E c |� lv wkh vsdwldoo|0glvfuhwh dssur{lpdwlrq wr �E c |�1 Dw hdfk ri wkh hljkw
� qrghv lq d julg eorfn lv gh�qhg d yhfwru ri hljkw wlph0ghshqghqw xqghwhuplqhg
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frh!flhqwv=

iLE|�jA� ' iLE|�c Lc%E|�c Lc+E|�c Lc5E|�c Lc%+E|�c Lc%5E|�c Lc+5E|�c Lc%+5E|�j�

zkhuh wkh vxevfulsw ^ c E��` uhsuhvhqwv wkh sduwldo ghulydwlyh zlwk uhvshfw wr +�,/
dqg d yhfwru ri hljkw vsdfh0ghshqghqw Khuplwh lqwhusrodwlrq ixqfwlrqv/ ixE �j�/
wkh irup ri zklfk lv ghwdlohg lq Dsshqgl{ E1

Hdfk ghshqghqw yduldeoh lv dssur{lpdwhg vsdwldoo| e| dq htxdwlrq ri wkh irup

9163/ |lhoglqj iru h{dpsoh/ g�` E c |�/ f7` E c |�/ g7A�E c |�/ f4`? E c |� dqg f4C? E c |�1
Wkhvh dssur{lpdwlrqv duh wkhq vxevwlwxwhg lqwr wkhlu uhvshfwlyh edodqfh htxd0
wlrqv |lhoglqj �yh htxdwlrqv lq DdHEU�o qrgdo xqnqrzqv +8 ghshqghqw yduldeohv/ ;
xqghwhuplqhg frh!flhqwv shu qrgh/ dqg L qrghv,1

Wkh uhpdlqlqj sdudphwhuv uhtxlulqj vsdwldo uhsuhvhqwdwlrq duh hlwkhu ixqfwlrqv
ri d ghshqghqw yduldeoh +h1j1 fdsloodu| suhvvxuh dqg  xlg prelolw|, ru vsdwldoo|
ydu|lqj sk|vlfdo frqvwdqwv +h1 j1/ vrlo surshuwlhv 0 dqg !,1 Zlwk uhvshfw wr fdslo0
odu| suhvvxuhv/ ehfdxvh d pl{hg sdudphwhu lwhudwlyh vfkhph +gh�qhg lq htxdwlrqv
9158 dqg 9159, lv hpsor|hg zkhuh/ dv wkh lwhudwlyh lqfuhphqw lq vdwxudwlrq ds0
surdfkhv }hur/ wkh vsdfh rshudwru lv gh�qhg e| fdsloodu| suhvvxuh judglhqwv/ lw lv
qhfhvvdu| wr xvh d Khuplwh uhsuhvhqwdwlrq iru �S�` E7` � dqg �SC� E7A��1 Wkh
hljkw qrgdo frh!flhqwv duh frpsxwhg dv ixqfwlrqv ri vdwxudwlrq/ dqg/ zkhuh ds0
solfdeoh/ wkh fkdlq uxoh iru gl�huhqwldwlrq lv dssolhg +vhh Dsshqgl{ E iru ghwdlov,1
Wkh uhpdlqlqj frh!flhqwv duh gh�qhg qrgdoo| xvlqj uhohydqw gdwd/ dqg gh�qhg rq
hdfk phvk eorfn lq whupv ri wkh whqvru surgxfw rughulqj ri wkh rqh0glphqvlrqdo
olqhdu Odjudqjh sro|qrpldov1

Wkh frpelqdwlrq ri xvlqj slhfhzlvh frqwlqxrxv vrlo surshuwlhv dqg Khuplwh lq0
whusrodwhg suhvvxuh yduldeohv kdv wkh dgydqwdjh ri |lhoglqj d slhfhzlvh frqwlqxrxv
yhorflw| �hog iru xvh lq wkh wudqvsruw htxdwlrqv1

Wkh qrgdo xqnqrzqv jhqhudwhg iurp wkh Khuplwh glvfuhwl}dwlrq duh ghwhuplqhg
e| hpsor|lqj wkh froorfdwlrq phwkrg/ d phwkrg ri zhljkwhg uhvlgxdov zkhuh wkh
zhljkwlqj ixqfwlrq lv wkh glvsodfhg Gludf ghowd ixqfwlrq +vhh Iulqg dqg Slqghu
^4<:<` iru d ghwdlohg glvfxvvlrq,1 Dv d uhvxow/ wkh uhvlgxdo huuruv lqfxuuhg e| xvlqj
dssur{lpdwhg ghshqghqw yduldeohv lq wkh jryhuqlqj htxdwlrqv duh gulyhq wr }hur
dw vshfl�hg srlqwv lq wkh grpdlq/ fdoohg froorfdwlrq srlqwv1 Li wkh Jdxvv txdgud0
wxuh srlqwv duh fkrvhq dv wkh froorfdwlrq srlqwv/ wkh phwkrg lv fdoohg ruwkrjrqdo
froorfdwlrq1

Xvlqj wkh jhqhudo ixqfwlrq e�E c |� dv d vxuurjdwh iru hdfk dssur{lpdwhg ghshq0
ghqw yduldeoh/ d v|vwhp ri olqhdu dojheudlf htxdwlrqv lv jhqhudwhg iru hdfk edodqfh
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htxdwlrq e| lpsrvlqj wkh lqwhusrodwlrq frqvwudlqwv=

e�E �c |� ' �E �c |�c � ' �c 2c ���c HE�.u�

zkhuh + �, duh wkh orfdwlrqv ri wkh froorfdwlrq srlqwv/ dqg QHO lv wkh qxpehu ri
hohphqwv1 Wklv uhvxowv lq d pdwul{ htxdwlrq ri rughu dHE�.u�o iru hdfk glvfuhwl}hg
edodqfh htxdwlrq1 Qrwh wkdw htxdwlrq jhqhudwlrq uhtxluhv qr irupdo lqwhjudwlrqv/
dqg wkhuhiruh/ froorfdwlrq lv frpsxwdwlrqdoo| dqdorjrxv wr wkh �qlwh gl�huhqfh
phwkrg lq wkdw htxdwlrqv duh zulwwhq dw srlqwv lq wkh grpdlq1

9171 LPSRVHG FRQGLWLRQV

Wkh sureohp srvhg lq wkh suhylrxv vhfwlrqv lv dq lqlwldo/ erxqgdu| ydoxh sureohp/
dqg dv vxfk/ uhtxluhv lqlwldo dqg erxqgdu| frqglwlrqv wr pdwkhpdwlfdoo| forvh
wkh v|vwhp1 Lq dgglwlrq wkh phwkrg xvhg wr lpsrvh h{whuqdo  x{ frqglwlrqv lv
ghwdlohg1

917141 Lqlwldo Frqglwlrqv

Lqlwldo frqglwlrqv duh vshfl�hg vxfk wkdw vdwxudwlrq dqg frpsrvlwlrq duh gh�qhg
dw | ' f1 Wkh iroorzlqj yduldeohv uhtxluh lqlwldo gdwd=

Iorz yduldeohv

7` E c f� ' 7`fE �

7A�E c f� ' 7A�fE �

zkhuh wkh vshfl�hg ydoxhv 7`fE � dqg 7A�fE � gh�qh wkh lqlwldo & � 7 � �
ixqfwlrqdov dffruglqj wkh ghflvlrq wuhh surylghg lq Dsshqgl{ F1

Frqwdplqdqw wudqvsruw yduldeohv Lq jhqhudo wkh frqglwlrqv duh

4`? E c f� ' 4`?fE �

4C? E c f� ' 4C?fE �

Lq dgglwlrq/ e| ghidxow/ dw dq| qrgh zkhuh wkh lqlwldo frqglwlrqv iru vdwx0
udwlrq lqglfdwh wkdw QDSO lv suhvhqw/ l1 h1/ E7A�f � 7`f� : f/ wkh frqfhq0
wudwlrq yduldeohv duh vhw wr wkhlu uhvshfwlyh vroxelolw| olplwv/ l1 h1/ 4`?f ' 4`?
dqg 4C?f ' 4C? 1
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917151 Erxqgdu| Frqglwlrqv

D vx!flhqw qxpehu ri erxqgdu| frqglwlrqv pxvw eh vshfl�hg wr dxjphqw wkh
froorfdwlrq htxdwlrqv vxfk wkdw wkh qxpehu ri htxdwlrqv htxdov wkh qxpehu ri
xqnqrzqv1 Wklv lv dffrpsolvkhg e| vshfli|lqj dv nqrzq d jurxs ri Khuplwh frhi0
�flhqwv dw hdfk erxqgdu| qrgh1 Wkh jurxslqj lv edvhg rq wkh sduwlfxodu erxqgdu|
frqglwlrq0w|sh lpsrvhg dqg wkh erxqgdu| qrgh0w|sh dw zklfk wkh frqglwlrq lv ds0
solhg=

41 erxqgdu| frqglwlrq0w|sh= wkuhh w|shv ri erxqgdu| frqglwlrqv fdq eh lpsrvhg
dw d jlyhq erxqgdu| qrgh= Glulfkohw +�uvw0w|sh,/ Qhxpdqq +vhfrqg0w|sh, ru
pl{hg +wklug0w|sh,41 Iru Glulfkohw gdwd wkh ixqfwlrq ydoxh lv vshfl�hg dw wkh
qrgh1 Iru Qhxpdq gdwd wkh ghulydwlyh qrupdo wr d vshfl�f erxqgdu| sodqh
dvvrfldwhg zlwk wkh qrgh lv vshfl�hg1 Iru pl{hg gdwd/ d olqhdu frpelqdwlrq
ri Glulfkohw dqg Qhxpdqq gdwd lv vshfl�hg dw wkh qrgh1

51 erxqgdu| qrgh0w|sh= w|slqj lv edvhg rq wkh rulhqwdwlrq dqg qxpehu ri
sodqh+v, lq zklfk wkh qrgh olhv +{0|0sodqh/ |0} sodqh/ dqg {0}0sodqh,1 Dorqj
zlwk wkh xvhu0gh�qhg frh!flhqwv lghqwl�hg lq +4,/ wkh vlpxodwru vshfl�hv/
e| ghidxow/ wkrvh Khuplwh frh!flhqwv zklfk duh ghulydwlyhv ri wkh erxqgdu|
gdwd lq wkh gluhfwlrq+v, wdqjhqwldo wr wkh erxqgdu| sodqh+v, dvvrfldwhg zlwk
wkh qrgh/ zkhuh wkh qrgh0w|sh lv xvhg wr lghqwli| zklfk frh!flhqwv dsso|1

Iru h{dpsoh/ li Glulfkohw gdwd lv wr eh dssolhg wr d qrgh zklfk lv lq dq {0|
erxqgdu|0sodqh/ wkhq wkh xvhu vshfl�hv wkh Khuplwh frh!flhqw L +wkh Glulfkohw
gdwd, dqg wkh vlpxodwru dssolhv dssursuldwh ghidxow frqglwlrqv rq wkh frh!flhqwv
Lc%/ Lc+ dqg Lc%+ +wkh wdqjhqwldo ghulydwlyhv ri L lq wkh {0| erxqgdu|0sodqh,1 Wkh
ghwdlov ri zklfk ghjuhhv ri iuhhgrp duh dvvrfldwhg zlwk zklfk erxqgdu| frqglwlrq0
dqg qrgh0w|shv duh surylghg lq Dsshqgl{ E1 Qrwh wkdw wklv glvfxvvlrq lv vshfl�f
wr wkh wkuhh0glphqvlrqdo fdvh1 Dq dqdorjrxv surfhgxuh lv dssolhg iru wkh wzr0
glphqvlrqdo fdvh zkhuh wkh wzr0glphqvlrqdo sureohp lv htxlydohqw wr rqh sodqh ri
qrghv lq wkh wkuhh0glphqvlrqdo sureohp1

Wklv vxevhfwlrq surylghv d ghvfulswlrq ri wkh vshfl�f erxqgdu| frqglwlrqv xvhg
lq wkh vlpxodwru1 Lpsrvlwlrq ri srlqw vrxufh dqg vlqn whupv lv glvfxvvhg lq wkh
iroorzlqj vxevhfwlrq1

4Wkh fxuuhqw yhuvlrq ri wkh vlpxodwru rqo| frqvlghuv pl{hg erxqgdu| gdwd iru wkh QDSO

vshflhv lq wkh jdv0skdvh wudqvsruw htxdwlrq1
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Iorz Yduldeohv

Wzr w|shv ri  rz erxqgdu| frqglwlrqv duh frqvlghuhg lq wklv vlpxodwru= Glulfkohw
dqg Qhxpdqq1 D erxqgdu| zklfk lv frqvlghuhg forvhg wr pdvv  x{ lv prghohg
xvlqj d Qhxpdqq frqglwlrq1 D erxqgdu| zklfk lv frqvlghuhg rshq wr pdvv  x{ lv
prghohg xvlqj hlwkhu d Glulfkohw frqglwlrq/ ru xvlqj wkh frpelqdwlrq ri d forvhg
erxqgdu| Qhxpdqq frqglwlrq dqg d srlqw vrxufh ru vlqn whup uhsuhvhqwlqj wkh
vshfl�hg  x{1

Frqvlghu d vshfl�fdwlrq v|vwhp zklfk lghqwl�hv d vhulhv ri erxqgdu|0w|sh fdvhv
gh�qhg rq wkh edvlv ri wkh wkuhh0skdvh  rz frqglwlrq1 Hdfk fdvh lv gh�qhg e| wkh
iroorzlqj fulwhuld=

� iru hdfk ri wkh skdvhv/ vshfli| zkhwkhu wkh erxqgdu| lv rshq ru forvhg wr
 rz>

� d erxqgdu| zklfk lv frqvlghuhg rshq wr  rz ri d jlyhq skdvh lv gh�qhg e|
vshfli|lqj hlwkhu skdvh suhvvxuh/ vdwxudwlrq ru  x{1

Wdeoh 914 surylghv d vxppdu| ri wkh vshfl�fdwlrq v|vwhp xvhg lq wkh vlpxodwru
iru zklfk �yh fdvhv kdyh ehhq lghqwl�hg1 Wklv Wdeoh lqfoxghv lqirupdwlrq rq wkh
 rz vwdwxv ri wkh erxqgdu|/ wkh Glulfkohw yduldeoh+v, vshfl�hg zkhuh dssolfdeoh/
dqg zkdw nlqg ri erxqgdu| frqglwlrq uhvxowv iru hdfk ghshqghqw yduldeoh1 Lq dggl0
wlrq/ Wdeoh 914 surylghv lqirupdwlrq rq zkhwkhu wkh uhvxowlqj erxqgdu| frqglwlrqv
duh olqhdu ru qrqolqhdu zlwk uhvshfw wr wkh  rz yduldeohv1 Qrwh wkdw dq| frqglwlrq
zklfk lqyroyhv jdv0 ru QDSO0skdvh suhvvxuh uhodwhg lqirupdwlrq lv d qrqolqhdu
ixqfwlrq ri wkh vroxwlrq1 Wklv lv d gluhfw uhvxow ri wkh fkrlfh lq sulpdu| yduldeohv/
�` / 7` dqg 7A� +uhfdoo htxdwlrqv 7149,1

Zlwk uhvshfw wr wklv vlpxodwru/ doo wkh erxqgdu| qrghv duh dvvxphg wr eh qr
 rz +Fdvh 4, xqohvv rwkhuzlvh vshfl�hg +l1 h1/ qr  rz lv wkh ghidxow frqglwlrq,1 Lq
dgglwlrq/ wkh qrqolqhdu whupv lq hdfk erxqgdu| frqglwlrq htxdwlrq duh gdwhg dw
wkh rog wlph ohyho +lqgh{hg e| wkh vxshuvfulsw &,1 Dv d uhvxow/ erxqgdu| frqglwlrqv
duh lq jhqhudo frqvwdqw ryhu d wlph vwhs dqg wlph ydu|lqj +xsgdwhg diwhu hdfk wlph
vwhs,

Wkh vshfl�f erxqgdu| htxdwlrqv fruuhvsrqglqj wr hdfk ri wkh fdvhv olvwhg lq
Wdeoh 914 duh suhvhqwhg ehorz1 Qrwh wkdw wkh vxshuvfulsw E&n�� uhsuhvhqwv lqiru0
pdwlrq gdwhg dw wkh dgydqfhg wlph ohyho / dqg wkdw wkh qrwdwlrq E��c? lqglfdwhv
wkh vsdwldo ghulydwlyh ri wkh txdqwlw| E�� qrupdo wr wkh erxqgdu|1
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fdvh

erxqgdu|

rshq +r,

forvhg+{,

wr  rz

ri skdvh

yduldeohv

vshfl�hg

frqglwlrqv iru wkh

sulpdu| yduldeohv/

4 @ Glulfkohw/

5 @ Qhxpdq

+O @ olqhdu/

QO @ qrqolqhdu,

frpphqw

Z Q J S
Z

VZ VWz

4 { { { 5+O, 5+QO, 5+QO, wkh ghidxow frqglwlrq

5 { { r S
J

5+O, 5+QO, 5+QO, uhsodfh zlwk vrxufh whup

6 { r { S
Q

5+O, 5+QO, 5+QO, uhsodfh zlwk vrxufh whup

7 r { { S
Z

4+O, 5+QO, 5+QO,

8 r r r S
Z

VZ VWz 4+O, 4+O, 4+O,

Wdeoh 914= VXPPDU\ RI WKH V\VWHP XVHG WR GHILQH ERXQGDU\
FRQGLWLRQV IRU WKH IORZ YDULDEOHV

Fdvh 4 Wkh erxqgdu| lv forvhg wr zdwhu/ QDSO dqg jdv  rz1 Wklv lv wkh ghidxow
frqglwlrq xvhg lq wkh vlpxodwru/ l1 h1/ li qr rwkhu  rz frqglwlrq lv lpsrvhg dw
d jlyhq erxqgdu| qrgh/ wkhq wkh vlpxodwru dvvxphv lw lv d Fdvh 4 erxqgdu|
qrgh1 Wkh erxqgdu| htxdwlrqv duh ghulyhg e| vhwwlqj htxdwlrqv 9147 htxdo
wr }hur dqg vroylqj iru wkh uhvshfwlyh yduldeohv/ l1 h1/�

�`
�E&n��

c?
' 4`} ULt w

E7` �E&n��
c? '

�
_7`
_�S�`

�
4� � 4`

��E&�
} ULt w

E7A��
E&n��
c? '

�
_7A�
_�SC�

�
4C � 4�

��E&�
} ULt w +9164,

Fdvh 5 Wkh erxqgdu| lv pdgh rshq wr jdv  rz e| vshfli|lqj �C ' �Cf1 Frq0
vlghu dq dojrulwkp zklfk dssur{lpdwhv wkh jdv0skdvh suhvvxuh Glulfkohw
erxqgdu| frqglwlrq e| jhqhudwlqj dq dssursuldwh vrxufh ru vlqn whup/ wkh
udwh ri zklfk uhvxowv lq �C � �Cf dw wkh erxqgdu| qrgh1 Wkh dojrulwkp
wdnhv dgydqwdjh ri wkh idfw wkdw d vhtxhqwldo wrwdo  rz irupxodwlrq lv xwl0
ol}hg1 Iluvw htxdwlrq 9143 lv vroyhg zlwk wkh iroorzlqj erxqgdu| gdwd zklfk
vdwlv�hv wkh vwdwhg frqglwlrq=

�` ' �Cf � �S�` E7
E&n��W
` �� �SC�E7

E&n��W
A� �
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Vhfrqg/ ^A E&n��W lv frpsxwhg iurp wkh vroxwlrq1 Ehiruh vroylqj wkh vdwx0
udwlrq wudqvsruw htxdwlrqv/ wkh uhvxowv iurp wkh wrwdo  rz vroxwlrq dw Fdvh
5 erxqgdu| qrghv duh lqwhusuhwhg dv d frpelqdwlrq ri d qr  rz erxqgdu|
zlwk frqglwlrqv gh�qhg lq 9164 dqg dq dfwlyh srlqw vrxufh ru vlqn zlwk wkh
udwh gh�qhg dv=

iru lq rz frqglwlrqv=
'C ' ^

A E&n��W
? E@oe@�

'` ' '� ' f

iru rxw rz frqglwlrqv= 'k ' skE&n��W^
A E&n��W
? E@oe@�/ k ' `c�cC

zkhuh ^
A E&n��W
? lv wkh qrupdo frpsrqhqw ri wkh wrwdo  x{ yhfwru dw wkh

erxqgdu| qrgh/ E@oe@� ' �*e+hohphqw duhd derxw wkh qrgh lq wkh 50G sodqh
wkurxjk zklfk ^A? lv gh�qhg, lv wkh duhd dvvrfldwhg zlwk wkh erxqgdu| qrgh/
dqg iru rxw rz frqglwlrqv wkh udwh lv doorfdwhg edvhg rq k0skdvh iudfwlrqdo
 rz frqglwlrqv/ skE&n��W +gh�qhg lq htxdwlrq 914:,1 Qrwh wkdw li lq rz frq0
glwlrqv suhydlo dw wkh qrgh/ wkhq wkh erxqgdu| lv rshq rqo| wr wkh jdv0skdvh/
exw li rxw rz frqglwlrqv duh lqglfdwhg/ wkhq wkh udwh lv doorfdwhg dv lqgl0
fdwhg1

Fdvh 6 Wkh erxqgdu| lv pdgh rshq wr QDSO  rz e| vshfli|lqj �� ' ��f1
Iroorzlqj wkh vdph orjlf dv iru Fdvh 5/ vroyh wkh wrwdo  rz htxdwlrq zlwk
wkh iroorzlqj erxqgdu| gdwd zklfk vdwlv�hv wkh vwdwhg frqglwlrq=

�` ' ��f � �S�` E7
E&n��W
` �

Ehiruh vroylqj wkh vdwxudwlrq wudqvsruw htxdwlrqv wkh uhvxowv iurp wkh wrwdo
 rz vroxwlrq dw Fdvh 6 erxqgdu| qrghv duh lqwhusuhwhg dv d frpelqdwlrq
ri d qr  rz erxqgdu| zlwk frqglwlrqv gh�qhg lq 9164 dqg dq dfwlyh srlqw
vrxufh ru vlqn zlwk udwh gh�qhg dv=

iru lq rz frqglwlrqv=
'� ' ^

A E&n��W
? E@oe@�

'` ' 'C ' f

iru rxw rz frqglwlrqv= 'k ' skE&n��W^
A E&n��W
? E@oe@�/ k ' `c�cC

Fdvh 7 Wkh erxqgdu| lv pdgh rshq wr rqo| wkh zdwhu0skdvh e| vshfli|lqj �` '
�`f +d olqhdu Glulfkohw frqglwlrq, lq frpelqdwlrq zlwk wkh qr  rz frqglwlrqv
iru wkh QDSO0 dqg jdv0skdvhv dv gh�qhg lq Fdvh 41
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Fdvh 8 Wkh erxqgdu| lv pdgh rshq wr doo wkuhh skdvhv e| vshfli|lqj wkh iroorzlqj
olqhdu Glulfkohw gdwd=

�` ' �`f

7` ' 7`f

7A� ' 7A�f

Wudqvsruw Yduldeohv

QDSO Vshflhv lq wkh Zdwhu0Skdvh Wkh dvvxpswlrq lv pdgh khuhlq wkdw/
zlwk uhvshfw wr zdwhu0skdvh frqwdplqdqw wudqvsruw/ glvshuvlrq lv vpdoo frpsduhg
wr dgyhfwlrq/ dqg wkhuhiruh/ wkh dssolfdeoh frqglwlrqv uhgxfh wr Glulfkohw dqg
krprjhqhrxv Qhxpdqq1

Wkh ghidxow frqglwlrqv xvhg lq wkh vlpxodwru duh dv iroorzv=

li dw d jlyhq erxqgdu| qrgh/ wkh erxqgdu| frqglwlrq iru  rz lv Fdvh 8/ dqg
7� : f/ wkhq Glulfkohw gdwd duh vshfl�hg vr wkdw 4`? ' 4`? / rwkhuzlvh d

krprjhqhrxv Qhxpdqq frqglwlrq lv dssolhg/ l1 h1/ Y4`?
Y?

' f�

Jlyhq wkh ghidxow frqglwlrqv iru 4`? dw hdfk erxqgdu| qrgh/ wkh xvhu qhhgv wr
vshfli| rqo| Glulfkohw frqglwlrqv/ l1 h1/ 4`? E c |� ' 4`?f1

QDSO Vshflhv lq wkh Jdv0Skdvh Vlqfh gl�xvlrq lq wkh jdv0skdvh lv d vljqli0
lfdqw wudqvsruw phfkdqlvp d pl{hg0w|sh erxqgdu| frqglwlrq lv lqfoxghg wr prgho
jdv0skdvh pdvv wudqvsruw dfurvv d erxqgdu| zklfk uhsuhvhqwv wkh jurxqg vxuidfh1
Li wkh dwprvskhuh lv frqvlghuhg dq lq�qlwh vlqn +l1 h1/ 4C?

��
@|6

' f, dqg wkh pdvv
 x{ lv gh�qhg e| gl�xvlrq dfurvv d vwdjqdqw erxqgdu| od|hu ri wklfnqhvv B wkhq
wkh pl{hg frqglwlrq lv zulwwhq dv=�

4C?^
C � 07C#

C � u4C?
�
� ? '

(C
6

B
4C? +9165,

zkhuh ? lv wkh lqzdugo| gluhfwhg xqlw yhfwru qrupdo wr wkh erxqgdu|1 Qrwh wkdw
dv B jrhv wr }hur wkh frqglwlrq ehfrphv krprjhqhrxv Glulfkohw/ dqg wkdw dv B jhwv
odujh wkh frqglwlrq ehfrphv krprjhqhrxv Qhxpdqq1

Wkh ghidxow frqglwlrqv xvhg lq wkh vlpxodwru duh dv iroorzv=

li dw d jlyhq erxqgdu| qrgh/ wkh erxqgdu| frqglwlrq iru  rz lv Fdvh 8/ dqg
7� : f/ wkhq Glulfkohw gdwd duh vshfl�hg vr wkdw 4C? ' 4C? / rwkhuzlvh d

krprjhqhrxv Qhxpdqq frqglwlrq lv dssolhg/ l1 h1/ Y4C?
Y?

' f�
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Jlyhq wkh ghidxow frqglwlrqv iru 4C? dw hdfk erxqgdu| qrgh/ wkh xvhu kdv wkh fkrlfh
ri vshfli|lqj hlwkhu d Glulfkohw frqglwlrq e| gh�qlqj 4C? E c |� ' 4C?f/ ru d pl{hg
frqglwlrq e| gh�qlqj wkh ydoxh ri B1

917161 H{whuqdo Iox{ Frqglwlrqv

H{whuqdo  x{ frqglwlrqv duh srlqw vrxufh ru vlqn whupv uhsuhvhqwhg lq htxdwlrqv
917/ 91:/ 91;/ 916 dqg 915; dv 'k d�*A o1 Wkh xvhu vshfl�hv 'k dw d qrgh lq xqlwv ri
du�*A o dqg wkh vlpxodwru qrupdol}hv wkdw  rz udwh e| wkh yroxph dvvrfldwhg zlwk
wkh qrgh +42; ri wkh yroxph ri wkh hohphqwv vxuurxqglqj wkh qrgh,1 E| frqyhqwlrq
srvlwlyh 'k uhsuhvhqwv d vrxufh dqg qhjdwlyh 'k uhsuhvhqwv d vlqn1 Qxphulfdoo|/
'k lv gh�qhg dw d qrgh dqg lqwhusrodwhg xvlqj olqhdu Odjudqjh edvlv ixqfwlrqv1

Vrxufh iruflqj whupv duh dssolhg zlwk nqrzq frpsrvlwlrq/ dqg duh wkxv lqfru0
srudwhg gluhfwo| lqwr wkh pdvv edodqfh htxdwlrqv1 Iru vlqn iruflqj whupv/ krzhyhu/
 xlg frpsrvlwlrq lv qrw nqrzq/ dqg wkh glvwulexwlrq ri wkh skdvhv pxvw eh ghwhu0
plqhg lq rughu wr gh�qh wkh skdvh  rz udwhv1 Wkh surfhgxuh xvhg lq wkh vlpxodwru
wr doorfdwh  rz udwhv wr hdfk ri wkh skdvhv dv wkh vroxwlrq hyroyhv wkurxjk wlph lv
edvhg rq iudfwlrqdo  rz gh�qhg e| skdvh prelolwlhv1 Gxulqj dq| jlyhq wlph vwhs/
E&� wr E& n ��/ wkh rxw rz skdvh  x{hv zloo eh doorfdwhg xvlqj lqirupdwlrq iurp
wkh odvw wlph vwhs +h{solflw irupxodwlrq,1 Jlyhq wkdw wrwdo  x{ lv nqrzq dw wkh

fxuuhqw wlph ohyho/ 'A ' '` n'� n'C '
�
'A

�E&�
/ wkh skdvh  x{hv duh gh�qhg

dv=
E'k�E&� ' ukE&�

�
'A

�E&�
c k ' `c�cC +9166,

9181 GLDJQRVWLF WRROV

Vroylqj iru wkh whpsrudo dqg vsdwldo glvwulexwlrq ri QDSO frqwdplqdqwv uhvxowv
lq d sureohp zlwk prylqj iurqwv1 Lq dgglwlrq/ ehfdxvh wkh prgho frqvlghuv wkh
hpsodfhphqw ri uhvlgxdo QDSO lq wkh ydgrvh0 dqg vdwxudwhg0}rqhv/ lw qhhgv wr
frqvlghu sureohpv zklfk hyroyh wr txdvl0vwdwlf  rz frqglwlrqv/ zlwk wkh glvwule0
xwlrq ri skdvh vdwxudwlrqv jryhuqhg e| v|vwhp iruflqj/ vrlo dqg  xlg surshuwlhv/
dqg wkh qrqolqhdu  rz sdudphwhuv1 Lq d khwhurjhqhrxv glvwulexwlrq ri sk|vlfdo
surshuwlhv dqg iruflqj whupv/ wkh vwdwlf vroxwlrqv lqyroyh gl�huhqw ohqjwk0vfdoh
erxqgdu| od|huv zkhuh skdvhv dsshdu dqg glvdsshdu1 Wkhuhiruh/ dq| qxphulfdo
prgho ghulyhg wr vroyh wklv w|sh ri sk|vlfdo sureohp pxvw eh deoh wr uhvroyh d
frpsoh{ glvwulexwlrq ri  xlg vdwxudwlrqv1 Dv vxfk/ lw lv lpshudwlyh wkdw wkh vsdwldo
dqg whpsrudo glvfuhwl}dwlrqv xwlol}hg eh frpsdwleoh zlwk wkh  rz sdudphwhuv vr
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wkdw glvfuhwl}dwlrq huuruv gr qrw dgyhuvho| d�hfw wkh txdolw| ri wkh vroxwlrq/ dqg
wkdw wkh fdvh ri skdvh dsshdudqfh dqg glvdsshdudqfh fdq eh dffrpprgdwhg1

Lq oljkw ri wklv glvfxvvlrq d vhulhv ri gldjqrvwlf qxphulfdo wrrov kdyh ehhq ghyho0
rshg zklfk duh ghvljqhg wr hqvxuh wklv frpsdwlelolw|1 Wkhvh wrrov fdq eh vhsdudwhg
lqwr wzr fdwhjrulhv= wkrvh zklfk dvvhvv wkh vsdwldo glvfuhwl}dwlrq dqg wkrvh zklfk
dvvhvv wkh whpsrudo glvfuhwl}dwlrq1 Wkh vsdwldo glvfuhwl}dwlrq lv dvvhvvhg wkurxjk
wkh xvh ri d Shfohw frqvwudlqw1 Wkh whpsrudo glvfuhwl}dwlrq lv dvvhvvhg wkurxjk wkh
xvh ri d Frxudqw frqvwudlqw dqg d g|qdplf wlph0vwhsslqj vfkhph edvhg rq wkh
qxpehu ri lwhudwlrqv uhtxluhg iru frqyhujhqfh rq wkh qrqolqhdulw|1

H�hfwlyho|/ wklv vhfwlrq ghvfulehv wkh gldjqrvwlf qxphulfdo wrrov ghvljqhg wr
pdnh wkh vlpxodwru pruh urexvw1

918141 Shfohw Frqvwudlqw

Lw lv zhoo nqrzq wkdw dssolfdwlrq �qlwh hohphqw qxphulfdo phwkrgv wr lpplvfleoh
 rz sureohpv zlwk vkdus iurqwv zloo jhqhudwh vroxwlrqv zklfk h{klelw rvfloodwlrqv
zkhq wkh vsdwldo wuxqfdwlrq huuruv duh xqdeoh wr fruuhfwo| sursdjdwh wkh vkruw
zdyh0ohqjwk sduwv ri wkh vroxwlrq +Doohq/ 4<;6 dqg Phufhu dqg Idxvw/ 4<:9,1 Rv0
floodwlrqv fdq ohdg wr ylrodwlrq ri wkh pd{lpxp sulqflsoh/ zklfk uhvxowv lq qrq0
sk|vlfdo ydoxhv ri wkh sulpdu| yduldeohv dqg srwhqwldo lqvwdelolwlhv lq hydoxdwlqj
wkh qrqolqhdu frh!flhqwv1 Lq dgglwlrq wkh frpelqdwlrq ri wkh lqdelolw| ri wkh ds0
sur{lpdwlrq wr sursdjdwh vkruw zdyh0ohqjwk rvfloodwlrqv zlwk wkh vhqvlwlylw| ri wkh
iurqwdo yhorflw| zlwk uhvshfw wr wkrvh vkruw zdyh0ohqjwk frpsrqhqwv/ fdq uhvxow lq
frqyhujhqfh wr wkh zurqj vroxwlrq +vhh Doohq/ 4<;6 iru ghwdlov,1

Dvvxplqj wkdw vrph sk|vlfdo fdsloodulw| h{lvwv iru wkh sureohpv xqghu frq0
vlghudwlrq khuhlq/ wkh uhodwlrqvkls ehwzhhq wkh  rz sdudphwhuv zklfk gh�qh wkh
vkdsh ri wkh iurqw dqg wkh julg vsdflqj zklfk gh�qhv wkh uhvroxwlrq vfdoh/ lv txdq0
wl�hg e| wkh glphqvlrqohvv jurxs ri sdudphwhuv fdoohg wkh Shfohw qxpehu/ �e/
gh�qhg dv=

�e ' E@_�eS|�J?�ES�@o@S|eo�r|�S ,e?}|� rS@,e�
E_�ss�r�J?�

+9167,

zkhuh lq wklv fdvh wkh dgyhfwlrq sdudphwhuv duh grplqdwhg e| judylw| irufhv/ wkh gli0
ixvlrq sdudphwhuv duh grplqdwhg e| fdsloodu| irufhv/ dqg wkh fkdudfwhulvwlf ohqjwk
vfdoh lv uhodwhg wr wkh orfdo julg vsdflqj1 Odujh ydoxhv ri �e lqglfdwh d vkdus iurqw
uhodwlyh wr wkh julg vsdflqj/ dqg vpdoo ydoxhv lqglfdwh d gl�xvhg iurqw uhodwlyh
wr wkh julg vsdflqj1 Frqvlghu wkh gh�qlwlrq ri d fulwlfdo zrunlqj �e/ fdoohg khuh
�eSo�|/ iru d sduwlfxodu �qlwh hohphqw phwkrg1 �eSo�|/ ghwhuplqhg iurp qxphu0
lfdo h{shulphqw e| vxffhvvlyho| uh�qlqj wkh phvk iru d jlyhq sureohp/ lv wkdw
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�e zkhuh wkh qxphulfdo vroxwlrq h{klelwv rvfloodwlrqv dw ru ehorz vrph wrohudqfh1
Wkhuhiruh/ jlyhq wkh  rz sdudphwhu ydoxhv/ qrqsk|vlfdo qxphulfdo rvfloodwlrqv lq
wkh �qlwh hohphqw vroxwlrq fdq eh plqlpl}hg e| xvlqj d vsdwldo glvfuhwl}dwlrq iru
zklfk �e � �eSo�|1

Krzhyhu/ ehfdxvh phvk uh�qhphqw lv frpsxwdwlrqdoo| h{shqvlyh/ lw lv lq jhq0
hudo dq lpsudfwlfdo rswlrq1 Dv d uhvxow/ d vhfrqg rswlrq lv wr dowhu wkh  rz sdud0
phwhuv jlyhq wkh julg vsdflqj vr wkdw �e � �eSo�|1 Vshfl�fdoo| rqh dggv duwl�fldo
gl�xvlrq vx!flhqw wr vprrwk wkh vroxwlrq/ dqg wkxv/ holplqdwh wkh xqghvludeoh
wuxqfdwlrq huuruv1

Dgglqj duwl�fldo gl�xvlrq dowhuv wkh sk|vlfdo sureohp/ uhvxowlqj lq d vprrwk
exw ryhuo| vphduhg iurqw1 Wkhuhiruh/ wkh whup vkrxog pdlqwdlq wkh iroorzlqj
dwwulexwhv=

41 eh dssolhg rqo| zkhuh qhhghg/ dqg lq plqlpxp pdjqlwxgh>

51 eh d ixqfwlrq ri wkh orfdo julg vsdflqj/  rz sdudphwhuv/ dqg vroxwlrq hyrox0
wlrq>

61 qrw eh d ixqfwlrq ri frruglqdwh urwdwlrq> dqg

71 surylgh d frqyhujhqw vroxwlrq dv wkh julg lv uh�qhg1

Xsvwuhdp zhljkwlqj lv d frpprq fodvv ri phwkrgv xvhg wr dgg gl�xvlrq e|
lqwurgxflqj d orz0rughu vsdwldo wuxqfdwlrq huuru/ wkh vl}h ri zklfk lv phdqlqjixo
rqo| qhdu vkdus iurqwv1 Ehfdxvh wkh vl}h ri wkh qrq0sk|vlfdo huuru whup lqwurgxfhg
lv lq jhqhudo ghshqghqw rq wkh rulhqwdwlrq ri wkh iurqw zlwk uhvshfw wr wkh julg/
xsvwuhdp zhljkwlqj phwkrgv gr qrw phhw uhtxluhphqw +61, iru sureohpv lqyroylqj
odujh prelolw|0udwlr glvsodfhphqwv +wkh ylvfrvlw| ri wkh lqydglqj  xlg lv pxfk ohvv
wkdq wkdw ri wkh glvsodfhg  xlg/ iru h{dpsoh jdv glvsodflqj QDSO,1

Wkh jrdo ri wklv dqdo|vlv lv wr gh�qh d sk|vlfdoo|0edvhg gl�xvlrq whup wr eh
dgghg wr wkh jryhuqlqj htxdwlrqv zklfk phhwv wkh wkuhh dwwulexwhv lghqwl�hg
deryh/ dqg zklfk lv dssolfdeoh iru wkh jhqhudo pxowlskdvh  rz sureohp zkhuh
d qrq0}hur sk|vlfdo fdsloodulw| lv lqkhuhqw lq wkh v|vwhp11

Wkh gl�huhqwldo htxdwlrqv zklfk ghvfuleh skdvh wudqvsruw fdq eh fodvvl�hg dv
qrqolqhdu sduderolf dgyhfwlrq0gl�xvlrq htxdwlrqv/ zlwk wkh dgyhfwlrq whup grp0
lqdwhg e| judylw| irufhv dqg wkh gl�xvlrq whup gh�qhg e| fdsloodu| irufhv1 Wkh
zdwhu0 dqg jdv0skdvh vdwxudwlrq htxdwlrqv fdq eh zulwwhq lq dgyhfwlrq0gl�xvlrq
irup e| xvlqj wkh iudfwlrqdo  rz irupxodwlrq ghvfulehg lq Vhfwlrq 915141 Iru fodulw|
lq suhvhqwdwlrq dqg zlwkrxw orvv lq jhqhudolw|/ frqvlghu wkh sk|vlfdoo| vlpsol�hg
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fdvh ri frqvwdqw  xlg ghqvlw|/ lvrwurslf srurxv phglxp/ dqg qr vrxufhv ru vlqnv
ri pdvv1 Iru wklv fdvh wkh zdwhu dqg jdv htxdwlrqv duh zulwwhq dv=

0
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Y|
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Rq wkh ohiw0kdqg0vlgh ri htxdwlrqv 9168 dqg 9169 wkh vhfrqg whup uhsuhvhqwv wkh
dgyhfwlyh frpsrqhqw ri pdvv wudqvsruw zklfk frqvlvwv ri wzr vxe0frpsrqhqwv=
dgyhfwlrq gxh wr wrwdo  xlg yhorflw|/ dqg dgyhfwlrq gxh wr judylwdwlrqdo irufhv/
dqg wkh wklug whup uhsuhvhqwv wkh gl�xvlyh frpsrqhqw ri pdvv wudqvsruw zklfk
dulvhv iurp fdsloodu| irufhv zkhuh �SC` ' �S�` n �SC� / dqg wkh whupv \�` /
\�C dqg \C` duh qhz sdudphwhuv zklfk jryhuq krz pxfk duwl�fldo sk|vlfdo
gl�xvlrq lv dgghg wr wkh v|vwhp1 Vshfl�fdoo|/ \kq � � +kq @ ZQ/ QJ/ ZJ,/
dqg wkh fdvh zkhq \kq ' � uhsuhvhqwv qr dgglwlrqdo gl�xvlrq1 Wkh irfxv ri wklv
ghyhorsphqw lv wr ghulyh dq dojrulwkp wr fdofxodwh wkh whupv \�` / \�C dqg \C`

edvhg rq dq dssursuldwh gh�qlwlrq ri julg Shfohw qxpehu iru wzr0 dqg wkuhh0skdvh
 rz1

Vhfwlrq 91514 surylghv wkh ghwdlov ri wkh vhtxhqwldo vroxwlrq surfhgxuh/ lq0
foxglqj wkh wlph0glvfuhwh qrqolqhdu lwhudwlrq dojrulwkp1 Iru wkh sxusrvhv ri wklv
glvfxvvlrq/ qrwh wkdw wkh wrwdo  x{ yhfwru +^A , lv frpsxwhg iurp wkh wrwdo  rz
htxdwlrq dqg lv wkhq frqvlghuhg d nqrzq yduldeoh iru wkh vroxwlrq ri wkh vdwxudwlrq
htxdwlrqv1 Lq dgglwlrq/ uhfdoo iurp Vhfwlrq 916 wkdw doo vsdwldoo|0ghshqghqw sdud0
phwhuv duh gh�qhg qrgdoo| dqg lqwhusrodwhg lqwr wkh hohphqwv xvlqj dssursuldwh
lqwhusrodwlrq ixqfwlrqv1 Wkhuhiruh/ d Shfohw qxpehu fdq eh gh�qhg dw hdfk qrgh
� lq wkh grpdlq/ l1 h1/

�e� '
4@ i�@_�eS|�J?�r�r / r'%c+c5j

�

E_�ss�r�J?��
+916:,
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zkhuh �e� lv wkh Shfohw qxpehu gh�qhg dw qrgh �1 Wkh qxphudwru lv d phdvxuh ri
wkh dgyhfwlyh frpsrqhqw ri wudqvsruw dw qrgh �/ dqg lw lv gh�qhg e| wkh odujhvw
frpsrqhqw ri wkh surgxfw ri wkh dgyhfwlrq yhfwru dqg wkh julg vsdflqj lq hdfk ri
wkh r0gluhfwlrqv +r ' %c +c 5,1 Wkh ghqrplqdwru lv d phdvxuh ri wkh vfdodu gl�xvlrq
frh!flhqw dw qrgh �1

Wr ghulyh wkh h{suhvvlrqv iru julg Shfohw qxpehu lq wkh irup ri htxdwlrq 916:/
htxdwlrqv 9168 dqg 9169 pxvw eh uhzulwwhq lq whupv ri wkh ghshqghqw yduldeohv
7` dqg 7A� e| xvlqj wkh fkdlq uxoh iru gl�huhqwldwlrq1 Diwhu shuiruplqj wkh
qhfhvvdu| fkdlqlqj rshudwlrqv +vhh Dsshqgl{ G iru ghwdlov, wkh Shfohw htxdwlrqv
iru wkh zdwhu0 dqg jdv0skdvhv duh gh�qhg dw hdfk qrgh � lq wkh grpdlq dv=
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zkhuh wkh qrwdwlrq E��c` dqg E��cA� uhsuhvhqwv wkh sduwldo ghulydwlyh ri wkh ixqf0
wlrq E�� zlwk uhvshfw wr 7` dqg 7A�/ uhvshfwlyho|/ dqg wr lqglfdwhv wkh dqjoh
wkdw wkh r�gluhfwlrq wdnhv wr wkh gluhfwlrq ri judylw|1 Lq dgglwlrq/ zkhq fkdlqlqj
wkh whupv lqyroylqj jdv0zdwhu lqwhudfwlrqv/ wkh iroorzlqj dssur{lpdwlrqv edvhg rq
fdsloodu| suhvvxuh vfdolqj +htxdwlrq 7147, duh xvhg=

E�SC` �c` �'

�
jC`
j�`

�
E�S�` �c`

E�SC` �cA� �'

�
jC`
jC�

�
E�SC��cA�

Qrwh wkdw lq htxdwlrq 916; wkh Shfohw qxpehu lv gh�qhg e| wkh odujhvw vsdwldo
frpsrqhqw1 Ilqdoo|/ wkh ghulydwlyhv zlwk uhvshfw wr vdwxudwlrq duh lq jhqhudo
frpsxwhg qxphulfdoo| +vhh Dsshqgl{ G iru ghwdlov,1

Ehfdxvh wkh whupv gh�qlqj wkh glvfuhwh irup ri wkh edodqfh htxdwlrqv xvhg lq
wkh vlpxodwru duh qrw wkh vdph dv wkrvh zklfk gh�qh htxdwlrq 916;/ wkh Shfohw
qxpehuv frpsxwhg iurp htxdwlrq 916; surylgh rqo| dq hvwlpdwh ri wkh dfwxdo
glvfuhwh ydoxhv1 Uhdol}lqj wkh dssur{lpdwh qdwxuh ri wkh dqdo|vlv/ d vhfrqg Shfohw0
olnh sdudphwhu lv gh�qhg xvlqj d gl�huhqw vhw ri glvfuhwh sdudphwhuv lq dq h�ruw
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wr surylgh dq dowhuqdwlyh phdvxuh +diwhu Ho0Ndgl dqg Olqj/ 4<<6,=
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k

� ' 4@ 
q
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sk
c r ' %c +c 5

r
�
c k ' `c�cC +916<,

zkhuh wkh vxevfulsw +c r, uhsuhvhqwv wkh sduwldo ghulydwlyh lq wkh r�glphqvlrq/ dqg
d �e� lv gh�qhg iru hdfk skdvh1 Wklv h{suhvvlrq uhsuhvhqwv d phdvxuh ri wkh vkdsh
ri wkh k�skdvh vdwxudwlrq iurqw uhodwlyh wr wkh phvk edvhg rq wkh iudfwlrqdo  rz
ixqfwlrq1 Htxdwlrq 916< lv pdgh dphqdeoh wr frpsxwdwlrq lq wkh glvfuhwh prgho
e| fkdlqlqj wkh qxphudwru lq whupv ri wkh vdwxudwlrq yduldeohv/ l1 h1=
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zkhuh wkh wkuhh �e
k
ydoxhv duh gh�qhg e| wkh odujhvw vsdwldo frpsrqhqw1 Qrwh

wkdw wkh ghulydwlyhv E7` �cr dqg E7A��cr duh dydlodeoh iurp wkh qrgdo Khuplwh frh!0
flhqw yhfwru/ dqg wkdw wkh iudfwlrqdo  rz ghulydwlyhv duh dydlodeoh iurp frpsxwlqj
htxdwlrq 916;/ wkhuhiruh qr dgglwlrqdo frpsxwdwlrqv duh uhtxluhg wr jhqhudwh wklv
lqirupdwlrq1

Wkh sdudphwhuv \�` / \�C dqg \C` duh frpsxwhg dw hdfk qrgh � lq wkh gr0
pdlq e| uhtxlulqj wkdw �eSo�| lv qrw ylrodwhg1 Wkh surfhgxuh lv qrw vr vwudljkw
iruzdug ehfdxvh wkh sdudphwhu \C` rffxuv lq erwk edodqfh htxdwlrqv/ wkxv frx0
solqj wkh v|vwhp1 Wkhuhiruh/ frqvlghu wkh iroorzlqj dojrulwkp zklfk lv edvhg rq
qxphulfdo h{shulphqw dqg lv ghvljqhg wr vlpsoli| wkh dqdo|vlv=
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zkhuh wkh sduwlfxodu frpelqdwlrq lv fkrvhq edvhg rq wkh uhodwlyh pdjqlwxghv ri
wkh jdv0 dqg zdwhu0skdvh iudfwlrqdo  rz ixqfwlrqv1 Qrwh wkdw wkh htxdwlrqv lq
9173 uhgxfh wr wkh surshu wzr0skdvh htxdwlrqv zkhq dssolfdeoh1
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Lq vxppdu|/ ehiruh hdfk vroxwlrq vwhs iru wkh vdwxudwlrq htxdwlrqv/ htxdwlrq
9173 lv frpsxwhg dw hdfk qrgh lq wkh grpdlq xvlqj wkh fxuuhqw qrgdo vdwxudwlrq
gdwd1 Wklv htxdwlrq lv edvhg rq wzr Shfohw0olnh frqvwudlqwv dqg d xvhu0gh�qhg
fulwlfdo ydoxh/ �eSo�|1 Wkh uhvxow lv wkdw fdsloodu| gl�xvlrq lv dxjphqwhg zkhuh
qhfhvvdu|/ wkhuhe| hqvxulqj wkdw wkh  rz yduldeohv duh frpsdwleoh zlwk wkh vsdwldo
glvfuhwl}dwlrq1 Ilqdoo|/ wkuhh lpsruwdqw srlqwv vkrxog eh kljkoljkwhg=

41 edvhg rq qxphulfdo h{shulphqwv frqgxfwhg iru d eurdg udqjh ri sureohp0
w|shv/ �eSo�| ' 2 dsshduv wr eh wkh rswlpdo ydoxh iru wkh �qlwh0hohphqw
irupxodwlrq fkrvhq1

51 li �eSo�| lv pdgh odujh hqrxjk/ wkhq qr dgglwlrqdo gl�xvlrq zloo eh dgghg wr
wkh v|vwhp>

61 ehfdxvh gl�xvlrq lv dgghg lq d srlqw0zlvh pdqqhu dqg lq d nqrzq pdjqlwxgh/
rqh fdq xvh wklv lqirupdwlrq lq d gldjqrvwlf vhqvh wr hlwkhu ehwwhu txdoli|
wkh vroxwlrq ru wr ghvljq wkh phvk lq d pruh dssursuldwh pdqqhu1

918151 Wlph Vwhs Frqwuro

Vwdelolw|/ dffxudf| dqg frpsxwdwlrqdo h!flhqf| frqvlghudwlrqv uhtxluh wkdw d g|0
qdplf wlph vwhsslqj frqwuro eh lqfoxghg lq wkh vlpxodwru1 Lq jhqhudo/ wkh ydoxh ri
d jlyhq wlph vwhs lv edvhg rq rqh ri wkuhh fulwhuld=

41 d Frxudqw frqvwudlqw>

51 wkh qxpehu ri lwhudwlrqv uhtxluhg wr vroyh dq| rqh htxdwlrq ryhu d wlph vwhs>

61 krz pxfk wkh vrxowlrq kdv fkdqjhg ryhu wkh odvw wlph vwhs1

Edvhg rq d Frxudqw frqvwudlqw

Rqh zd| wr hqvxuh wkdw wlph wuxqfdwlrq huuruv duh qrw dgyhuvho| d�hfwlqj wkh  rz
vroxwlrq dv lw hyroyhv lq wlph lv wr gh�qh d pd{lpxp wlph vwhs vl}h edvhg rq
d Frxudqw frqvwudlqw1 Dgyhfwlrq0gl�xvlrq sduwldo gl�huhqwldo htxdwlrqv/ vxfk dv
wkrvh zklfk ghvfuleh skdvh pdvv wudqvsruw/ fdq eh fkdudfwhul}hg e| wkh glphq0
vlrqohvv jurxs ri sdudphwhuv fdoohg wkh Frxudqw qxpehu/ �J/

�J ' E@_�eS|�J?�ES�@o@S|eo�r|�S |�6e rS@,e�
ES�@o@S|eo�r|�S rR@Se rS@,e�

+9174,
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Dv zlwk wkh Shfohw qxpehu/ d glvfuhwh srlqw0zlvh phdvxuh ri wkh Frxudqw qxpehu
fdq eh gh�qhg dw d qrgh � dv=

�J� ' 4@ im@_�eS|�J?mr *7 r / r ' %c +c 5j
�
7 | +9175,

zkhuh 7| lv wkh wlph vwhs dqg wkh dgyhfwlyh frpsrqhqw ri wudqvsruw dw qrgh � lv
gh�qhg e| wkh odujhvw frpsrqhqw ri wkh surgxfw ri wkh dgyhfwlrq yhfwru dqg wkh
julg vsdflqj lq hdfk ri wkh r0gluhfwlrqv +r ' %c +c 5,1

Jlyhq d frqvwdqw vsdwldo glvfuhwl}dwlrq dqg d xvhu0gh�qhg xsshu olplw iru �J/
fdoohg �JSo�|/ h{suhvvlrq 9175 fdq eh xvhg wr surylgh d phdvxuh ri wkh pd{lpxp
wlph vwhs dv d ixqfwlrq ri  rz yduldeohv dqg vsdfh vwhs1 Vshfl�fdoo|/ xvlqj dq
dqdorjrxv ghulydwlrq dv zdv xvhg iru wkh Shfohw frqvwudlqw/ jlyhq wkh fxuuhqw vrox0
wlrq wr wkh sureohp/ wkh pd{lpxp wlph vwhs doorzhg iru wkh qh{w vroxwlrq lqwhuydo
lv dssur{lpdwhg dv=
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+9176,

zkhuh wkh ghqrplqdwru uhsuhvhqwv wkh pd{lpxp ydoxh ri wkh txdqwlw| dw doo wkh
U qrghv lq wkh phvk1

Edvhg rq qxphulfdo h{shulphqwv frqgxfwhg iru d eurdg udqjh ri sureohp0w|shv/
�JSo�| � 2 dsshduv wr surylgh dq h�hfwlyh frqvwudlqw rq wlph vwhs iru wkh �qlwh0
hohphqw irupxodwlrq fkrvhq1 Lq jhqhudo/ �JSo�| vkrxog eh vpdoohu iru wkuhh0skdvh
 rz sureohpv +�JSo�| 	 �,1

Edvhg rq lwhudwlyh frqyhujhqfh

Zkloh htxdwlrq 9176 surylghv d phdvxuh ri wkh pd{lpxp wlph0vwhs doorzdeoh ryhu
d wlph vwhs/ dq dgdswlyh wlph0vwhsslqj vfkhph lv hpsor|hg wr ghwhuplqh dq dssur0
suldwh wlph0vwhs vl}h edvhg rq wkh qxpehu ri lwhudwlrqv uhtxluhg iru frqyhujhqfh
ri wkh qrqolqhdu sureohp1 Wklv surylghv dq h�hfwlyh wrro zklfk plqlpl}hv wkh
fxpxodwlyh qxpehu ri lwhudwlrqv uhtxluhg ryhu wkh frxuvh ri wkh vlpxodwlrq1

7|&n� ' "U 7 |& iru 6 � 64@ / "U : �

7|&n� ' "- 7 |& iru 6 : 64@ / f 	 "- 	 �
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Edvhg rq fkdqjh lq vroxwlrq

Dv glvfxvvhg lq vxevhfwlrq 81716/ zkhq frqvlghulqj k|vwhuhvlv/ wkh ghqrplqdwru ri
htxdwlrq 8147 fdq ehfrph yhu| vpdoo zkhq vfdqqlqj fxuyhv duh jhqhudwhg1 Wkhuh0
iruh/ vpdoo fkdqjhv lq vdwxudwlrq fdq |lhog odujh fkdqjhv lq h�hfwlyh vdwxudwlrq
dqg fdsloodu| suhvvxuh zklfk lq wxuq fdq fdxvh lqvwdelolwlhv1 Dv d uhvxow/ d frq0
vwudlqw lv sxw rq wkh pd{lpxp fkdqjh lq hlwkhu 7e` ru 7eA� ryhu d wlph vwhs/ l1
h1/ li gxulqj lwhudwlyh frqyhujhqfh/��7&n�c6n�

e � 7&
e

�� : B74@ 
e

zkhuh B74@ 
e lv wkh pd{lpxp doorzdeoh fkdqjh/ wkhq wkh wlph vwhs lv uhvwduwhg

zlwk d qhz 7| htxdo wr wkh rog 7| wlphv d idfwru " 	 �1 Edvhg rq qxphulfdo
h{shulphqwv/ wkh iroorzlqj ydoxhv surylgh xvhixo olplwv= li frqvlghulqj k|vwhuhvlv
wkhq B74@ 

e � ��f/ li qrw frqvlghulqj k|vwhuhvlv wkhq B74@ 
e � f��1

918161 Skdvh Glvfrqwlqxlwlhv

Zlwk uhvshfw wr wkh vroxwlrq ri wkh skdvh  rz htxdwlrqv/ wkh dsshdudqfh dqg
glvdsshdudqfh ri skdvhv lv dffrpprgdwhg e| xvlqj wkh wrwdo  rz irupxodwlrq
lq frqmxqfwlrq zlwk wkh uhtxluhphqw wkdw wkh suhvvxuh yduldeohv duh frqwlqxrxv lq
wlph dqg vsdfh1 Wkh uhvxow lv wkdw htxdwlrqv 9143/ 9158 dqg 9159 duh uhsuhvhqwdwlyh
ri wkh v|vwhp uhjdugohvv ri skdvh frq�jxudwlrq1

Zlwk uhvshfw wr wkh vroxwlrq ri wkh frqwdplqdqw wudqvsruw htxdwlrqv/ qrwh wkdw
htxdwlrqv 915: dqg 915; duh xqgh�qhg zkhq 7` ' f dqg 7A� ' f/ uhvshfwlyho|1
Wkhuhiruh/ d vshfldo dojrulwkp lv uhtxluhg wr dffrpprgdwh wkhvh frqglwlrqv dv wkh
vroxwlrq hyroyhv wkurxjk wlph1 Iluvw dvvxph wkdw wkh yduldeohv 4k? / k ' `cC/
duh frqwlqxrxv lq wlph dqg vsdfh1 Vhfrqg/ jlyhq wkh skdvh vdwxudwlrq glvwulexwlrq
iurp wkh vroxwlrq wr wkh  rz sureohp lghqwli| wkrvh qrghv zkhuh 7

E&n��W
` � " dqg

7
E&n��W
C � "/ zkhuh " lv d vpdoo srvlwlyh qxpehu ri rughu 313341 Wklug/ d prylqj

erxqgdu| frqglwlrq sureohp lv vhw xs e| vshfli|lqj Glulfkohw gdwd iru 4
` E&n��
?

dw dq| qrgh zkhuh 7
E&n��W
` � "/ dqg iru 4

CE&n��
? dw dq| qrgh zkhuh 7

E&n��W
C � "1

Wkhuhiruh/ wkh pdwul{ htxdwlrq iru hdfk ri wkh QDSO vshflhv frqwdlqv rqo| wkrvh
dojheudlf htxdwlrqv zulwwhq dw wkh froorfdwlrq srlqwv dvvrfldwhg zlwk qrq0Glulfkohw
frqglwlrq qrghv1
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9191 VROYLQJ WKH V\VWHP RI OLQHDU HTXDWLRQV

Wkh v|vwhp pdwul{ jhqhudwhg e| wkh Khuplwh froorfdwlrq �qlwh0hohphqw phwkrg
kdv wkh dwwulexwhv ri qrw ehlqj v|pphwulf/ srvlwlyh gh�qlwh/ ru gldjrqdoo| grpl0
qdqw +G|nvhq dqg Ulfh/ 4<;9,1 Lq dgglwlrq/ wkh idfw wkdw wkh ghjuhhv ri iuhhgrp
dqg wkh froorfdwlrq htxdwlrqv duh gh�qhg dw gl�huhqw orfdwlrqv lq wkh grpdlq
+dw wkh qrghv dqg dw wkh Jdxvv txdgudwxuh srlqwv/ uhvshfwlyho|,/ wkh froorfdwlrq
v|vwhp pdwul{ kdv d vwuxfwxuh zklfk ghshqgv vwurqjo| rq wkh qxpehulqj vfkhph
fkrvhq1 Iru uhjxodu phvkhv +dv duh xvhg lq wklv vlpxodwru, wzr ghvludeoh qxp0
ehulqj vfkhphv kdyh ehhq lghqwl�hg1 Iluvw lv whuphg �qlwh0hohphqw rughulqj e|
Odl hw do1 +4<<7,1 Lq �qlwh hohphqw rughulqj wkh froorfdwlrq srlqwv duh qxpehuhg
frqvhfxwlyho| zlwklq hdfk hohphqw dqg hdfk hohphqw lv qxpehuhg lq wkh vkruwhvw
gluhfwlrqv �uvw/ zkloh wkh ghjuhhv ri iuhhgrp duh qxpehuhg frqvhfxwlyho| e| qrgh
dqg hdfk qrgh lv qxpehuhg lq wkh vkruwhvw gluhfwlrqv �uvw +vhh Iulqg dqg Slqghu
^4<:<` iru dq h{dpsoh lq 50G,1 Wklv qxpehulqj vfkhph kdv wkh dwwulexwh ri fuhdw0
lqj wkh prvw frpsdfw eorfn0edqghg pdwul{ srvvleoh/ zkhuh wkh pdwul{ edqgzlgwk
lv jlyhq e|=

2Ee?e,r6E?e,6e_ n �� n ��� n �

zkhuh ?e,r6 lv wkh qxpehu ri hohphqwv lq wkh vpdoohvw glphqvlrq dqg ?e,6e_ lv
wkh qxpehu ri hohphqwv lq wkh phglxp ru qh{w vpdoohvw glphqvlrq1 Lw dovr kdv wkh
dwwulexwh ri fuhdwlqj d pdwul{ zlwk prvwo| }hurv rq wkh gldjrqdo1 Dv d uhvxow/ wkh
�qlwh0hohphqw rughulqj vfkhph lv qrw jhqhudoo| dphqdeoh wr lwhudwlyh vroxwlrq1 Lw
lv krzhyhu dphqdeoh wr gluhfw vroxwlrq/ dqg wklv yhuvlrq ri wkh vlpxodwru surylghv
dq rswlrq wr xvh d edqghg OX ghfrpsrvlwlrq zlwk sduwldo slyrwlqj +ODSDFN
gulyhu urxwlqh GJEVY/ 4<<6,1

Wkh vhfrqg qxpehulqj vfkhph whuphg whqvru0surgxfw rughulqj e| Odl hw do1
+4<<7,/ qxpehuv ghjuhhv ri iuhhgrp dqg htxdwlrqv lq wkh iroorzlqj zd| +vhh Odl
hw do1 ^4<<7` iru dq h{dpsoh lq 50G,=

41 dvvrfldwh hdfk xqnqrzq zlwk d qhduhvw0qhljkeru froorfdwlrq srlqw1

51 vzhhs dorqj olqhv lq wkh phvk pdufklqj lq wkh vkruwhvw gluhfwlrqv �uvw1

61 vzhhs dorqj hdfk olqh irxu wlphv/ hdfk wlph qxpehulqj wzr xqnqrzqv dqg
dvvrfldwhg froorfdwlrq srlqwv/ zkhuh wkh sdlulqj ri xqnqrzqv lv edvhg rq
wkhlu dvvrfldwlrq zlwk Glulfkohw dqg Qhxpdqq gdwd +vhh Dsshqgl{ F,1
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Wklv qxpehulqj vfkhph fuhdwhv d pdwul{ zlwk d eorfn wul0gldjrqdo vwuxfwxuh/
dqg qrq0}hurv rq wkh gldjrqdo/ zklfk pdnhv vroxwlrq e| dq lwhudwlyh phwkrg srvvl0
eoh1 Wklv yhuvlrq ri wkh vlpxodwru surylghv dq rswlrq wr xvh d suhfrqglwlrqhg JP0
UHV +jhqhudol}hg plqlpxp uhvlgxdo, phwkrg +VODWHF gulyhu urxwlqh GVOXJP/
4<;< ^lqfrpsohwh OX JPUHV`,1

91:1 VXPPDU\ RI VHTXHQWLDO LWHUDWLRQ

Wkh vhtxhqwldo vroxwlrq lwhudwlrq surfhgxuh fdq eh vxppdul}hg e| wkh iroorzlqj
vhulhv ri frpsxwdwlrqdo vwhsv=

41 Jlyhq 7` / 7A�/ 4
`
? dqg 4C? dqg erxqgdu| gdwd dw wlph0ohyho &=

frpsxwh �` xvlqj wkh wrwdo  rz htxdwlrq +9143,>

frpsxwh ^A / ^` / ^C iurp htxdwlrqv 9147>

iru erxqgdu| qrghv zlwk Glulfkohw frqglwlrqv 5/ 6 ru 7/ frqyhuw wkh frp0
srqhqw ri ^A qrupdo wr wkh erxqgdu| wr wkh dssursuldwh vrxufh2vlqn
whupv/ '` c '� c 'C/ dv ghvfulehg lq Vhfwlrq 917151

51 Jlyhq 7` dqg 7A�/ ^
` / ^C/ '` dqg 'C iurp vwhs 4=

frpsxwh #` / #C>

frpsxwh 4`? dqg 4C? yld wkh frqfxuuhqw lwhudwlrq dojrulwkp ghvfulehg lq
Vhfwlrq 915151

61 Jlyhq wkh fxuuhqw ydoxhv ri ^A / '` c '� dqg'C iurp vwhs 4/ dqg wkh fxuuhqw
ydoxhv ri 4`? dqg 4C? iurp vwhs 5=

frpsxwh 7` dqg 7A� yld wkh frqfxuuhqw lwhudwlrq dojrulwkp ghvfulehg lq
Vhfwlrq 915141

71 Uhshdw vwhsv 5 dqg 6 dv uhtxluhg iru frqyhujhqfh1
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:1 VLPXODWRU GRFXPHQWDWLRQ

Wkh vlpxodwru kdv ehhq zulwwhq lq vwdqgdug IRUWUDQ :: dqg grhv qrw uhtxluh
olqndjh wr dq| h{whuqdo oleudulhv1 Lqsxw dqg rxwsxw +L2R, �ohv frqvlvw ri d vhulhv ri
vwdqgdug DVFLL �ohv1 Lq jhqhudo wklv vhfwlrq ghwdlov L2R �oh frqwhqw dqg irupdw1
Wkh lqsxw �ohv zklfk surylgh wkh qhfhvvdu| gdwd wr uxq wkh vlpxodwru fdq eh
gh�qhg hlwkhu pdqxdoo| ru e| xvlqj vxlwdeoh suh0surfhvvlqj vriwzduh ghvljqhg wr
zulwh wr wkh qhfhvvdu| �ohv lq wkh uhtxluhg irupdw1 Wkh rxwsxw �ohv fdq eh uhdg
e| dssursuldwh srvw0surfhvvlqj vriwzduh1 Wklv vhfwlrq lv zulwwhq vr wkdw wkh xvhu
fdq dgdsw dssursuldwh suh0 dqg srvw0surfhvvruv lq dq h!flhqw pdqqhu1

Wkh grfxphqwdwlrq lq wklv vhfwlrq frqvlvwv ri wkh iroorzlqj=

� Gdwd Lqsxw = Ghwdlohg ghvfulswlrq ri gdwd lqsxw �ohv/ gdwd uhtxluhphqwv/ dqg
gdwd irupdw/ lqfoxglqj uhihuhqfhv wr vhfwlrqv ghwdlolqj lpsruwdqw dojrulwkplf
dvshfwv1

� Lqsxw dqg rxwsxw �oh ghvfulswlrq= D olvwlqj ri lqsxw dqg rxwsxw �ohv dvvrfl0
dwhg zlwk wkh vlpxodwru dqg d eulhi h{sodqdwlrq ri �oh frqwhqw dqg irupdw1

Qrwh/ Fkdswhu ; surylghv d ghwdlohg ghvfulswlrq ri vhyhudo looxvwudwlrq sureohpv
lqwhqghg wr surylgh wkh xvhu zlwk h{dpsohv ri prgho fdsdelolw| dqg sureohp vhw0
xs dqg lpsohphqwdwlrq vwudwhjlhv1 Uhihuhqfh lv pdgh wr wkh glvn orfdwlrq ri wkh
dssursuldwh lqsxw �ohv xvhg wr vhw xs dqg uxq hdfk sureohp/ dqg wkh rxwsxw �ohv
xvhg wr dqdo|}h wkh uhvxowv1 Dv vxfk/ wkh ghvfulswlrq ri vlpxodwru L2R frqwdlqhg
lq wklv Fkdswhu fdq eh dxjphqwhg xvlqj wkh h{dpsohv irxqg lq Fkdswhu ;1

Ilqdoo|/ qrwh wkdw Dsshqgl{ H frqwdlqv d olvwlqj ri wkh qdphv ri wkh vrxufh
frgh IRUWUDQ �ohv zklfk duh frpslohg dqg olqnhg wr fuhdwh wkh h{hfxwdeoh
dssolfdwlrq dqg d eulhi h{sodqdwlrq ri hdfk �oh*v frqwhqwv dqg frpsxwdwlrqdo wdvn1

:141 GDWD LQSXW

Zlwk uhvshfw wr gdwd lqsxw/ frqvlghu wkh iroorzlqj lpsruwdqw qrwhv=
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sdudphwhu lqsxw �oh
shuphdelolw| +&, shup1lq
srurvlw| +0, sru1lq
vrlo gu| exon ghqvlw| +4K, exon1lq
iudfwlrq ri rujdqlf fduerq +sJS, rbf1lq
uhvlgxdo vdwxudwlrqv +7`oc 7�?oc 7��oc 7Co, uhvlgxdo1lq
7 � � prgho �wwlqj sdudphwhuv +@_c @�c #, vkdsh1lq
vrlo xvhg iru 7 � � prgho �w +&Wc 0W, edvh1lq

Wdeoh :14= WLPH LQGHSHQGHQW EXW VSDWLDOO\ YDU\LQJ LQSXW SD0
UDPHWHUV DQG WKHLW DVVRFLDWHG LQSXW ILOHV

41 Doo gdwd pxvw eh lqsxw lq vhoi0frqvlvwhqw xqlwv1

51 Wkh vlpxodwru hpsor|hv xq0irupdwwhg UHDG vwdwhphqwv1

61 Wkh vlpxodwru xvhv dq LQFOXGH vwdwhphqw uhihuhqflqj wkh �oh lqfoxgh1i
+ghvfulehg lq vxevhfwlrq :1414, wr dffrxqw iru doo sdudphwhu dqg frpprq
eorfn gh�qlwlrq dqg duud| glphqvlrqlqj1

71 Dv ghvfulehg vxevhfwlrq :1415/ wkh frppdqg �oh iru vlpxodwru lqsxw lv fdoohg
vp1lq1 Wklv �oh gh�qhv doo sdudphwhu frqvwdqwv/ dqg lw dovr uhihuhqfhv d
vhulhv ri gdwd �ohv iru qrgdoo| gh�qhg sdudphwhu gdwd1

81 Doo vsdwldoo| yduldeoh sdudphwhuv duh gh�qhg dw wkh qrgh dqg lqwhusrodwhg
lqwr wkh hohphqw xvlqj dssursuldwh edvlv ixqfwlrqv +hlwkhu Khuplwh fxelfv ru
olqhdu Odjudqjh,1

91 Wkh prgho sdudphwhuv olvwhg lq Wdeoh :14 duh frqvlghuhg frqvwdqw lq wlph dqg
yduldeoh lq vsdfh1 Ghidxow joredo ydoxhv duh lqsxw lq wkh pdlq lqsxw gulyhu
�oh vp1lq1 Vsdwldo yduldelolw| ri d vshfl�f sdudphwhu lv lqfrusrudwhg e|
gh�qlqj qrgh0vshfl�f ydoxhv lq wkh dssursuldwh �oh dv olvwhg +vhh glvfxvvlrq
ehorz dqg vhfwlrq :1514 iru ghwdlov,11

:1 Wkhuh lv d wzr0glphqvlrqdo dqg d wkuhh0glphqvlrqdo yhuvlrq ri wklv vlpxodwru1
Wkh lqsxw �ohv duh wkh vdph iru erwk1 Wkh wzr0glphqvlrqdo vlpxodwru ljqruhv
doo 5�glphqvlrq gdwd1

;1 Wkh sureohp grpdlq dqg lqglylgxdo hohphqwv pxvw kdyh d uhfwdqjxodu vkdsh1
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Iljxuh :14= Ghidxow d{lv rulhqwdwlrq iru wkh 60glphqvlrqdo dqg wkh 50glphqvlrqdo
yhuvlrqv ri wkh vlpxodwru1 Qrwh wkdw wkh {0d{lv lv doljqhg zlwk judylw| lq erwk
yhuvlrqv1 Dovr looxvwudwhg duh wkh gh�qlwlrqv ri wkh julg urwdwlrq rswlrq dqg wkh
lqsxw sdudphwhu ?s@Se zklfk lv xvhg lq vhwwlqj erxqgdu| frqglwlrqv

<1 Wkh ghidxow d{lv rulhqwdwlrq iru erwk wkh wkuhh0glphqvlrqdo dqg wzr0glphqvlrqdo
yhuvlrqv ri wkh vlpxodwru lv looxvwudwhg lq Iljxuh :14/ zkhuh wkh %�gluhfwlrq
lv yhuwlfdo dqg lqfuhdvlqj grzqzdug/ wkh +�gluhfwlrq lv krul}rqwdo dqg lq0
fuhdvlqj wr wkh uljkw/ dqg wkh 5�gluhfwlrq lv krul}rqwdo dqg lqfuhdvlqj lqwr
wkh sodqh ri wkh sdshu1 Wkh wzr0glphqvlrqdo yhuvlrq xvhv wkh vdph +%c +,
rulhqwdwlrq dqg ljqruhv wkh 5�glphqvlrq1 Dv ghvfulehg lq pruh ghwdlo lq
vxevhfwlrq :1415/ dq rswlrq iru julg urwdwlrq lv dydlodeoh zkhuh wkh xvhu gh0
�qhv wkh dqjhov wr urwdwh wkh julg lq wkh frxqwhu0forfnzlvh gluhfwlrq derxw
wkh 5� dqg +�d{hv +w5 dqg w+/ uhvshfwlyho| lq Iljxuh :14,1

431 Wkh uhfwdqjxodu phvk lv gh�qhg e| wkh xqlrq ri uhfwdqjxodu hohphqwv zkhuh
wkh wrwdo qxpehu ri hohphqwv lv gh�qhg e| wkh surgxfw ri wkh qxpehu ri ho0
hphqwv lq wkh %�/ +�/ dqg 5�gluhfwlrqv +?e%/ ?e+/ dqg ?e5/ uhvshfwlyho|,1
Qrwh/ wkh xvhu pxvw pdnh vxuh wkdw wkh glphqvlrq vwdwhphqwv lq wkh LQ0
FOXGH �oh/ lqfoxgh1i/ uh hfw wkhvh ydoxhv +vhh vxevhfwlrq :1414 iru ghwdlov,1

441 Wkh joredo qrgh qxpehulqj vfkhph zklfk lv uhtxluhg iru doo lqsxw uhtxlulqj
d qrgh qxpehu iroorzv wkh uxoh= lqfuhphqw �uvw lq wkh +�gluhfwlrq/ wkhq lq
%�gluhfwlrq/ dqg wkhq lq wkh 5�gluhfwlrq/ l1 h1/
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qrgh 4= %E��/ +E��/ 5E�� ^h1j1 Efc fc f�`

qrgh 5= %E��/ +E2�/ 5E��

111

qrgh ??+= %E��/ +E??+�/ 5E��

qrgh ??+ n �= %E2�/ +E��/ 5E��

111

qrgh ??+ ??%= %E??%�/ +E??+�/ 5E��

111

qrgh ??+ ??%n �= %E��/ +E��/ 5E2�

111/ hwf1

zkhuh ??% ' E?e% n ��/ ??+ ' E?e+ n �� dqg ??5 ' E?e5 n �� duh wkh
qxpehu ri qrghv lq wkh %�/ +�/ dqg 5�gluhfwlrqv uhvshfwlyho|1

451 Dv glvfxvvhg lq vxevhfwlrq 91715/ wkh vlpxodwru dvvxphv wkdw doo erxqgdu|
qrghv duh qr  rz zlwk uhvshfw wr wkh skdvhv dqg krprjhqhrxv Qhxpdqq
zlwk uhvshfw wr wkh QDSO vshflhv/ xqohvv rwkhuzlvh vshfl�hg1 Zkhq dsso|0
lqj d Glulfkohw ru pl{hg frqglwlrq dw d erxqgdu| qrgh lw lv qhfhvvdu| wr
surylgh wkh vlpxodwru zlwk lqirupdwlrq txdoli|lqj wkh d{lv +lq 50G, ru sodqh
+lq 60G, wkdw lv qrupdo wr wkh dssolhg frqglwlrq1 Wklv lv ehfdxvh wkh vlp0
xodwru xvhv Khuplwh fxelf sro|qrpldov wr lqwhusrodwh wkh sulpdu| yduldeohv/
dqg dv glvfxvvhg lq vxevhfwlrq 91715 dqg Dsshqgl{ E/ wkh jurxs ri Khuplwh
frh!flhqwv zklfk duh dvvrfldwhg zlwk d jlyhq erxqgdu| frqglwlrq lv d ixqf0
wlrq ri wkh d{lv ru sodqh zklfk lv qrupdo wr wkh gluhfwlrq iurp zklfk wkh
frqglwlrq lv dssolhg1 Xvlqj Iljxuh :14 dv d gh�qlwlrq vnhwfk/ wkh vlpxodwru
xvhv wkh iroorzlqj frgh wr lghqwli| wkh d{lv ru sodqh w|sh/ zkhuh iru wkh 60G
vlpxodwru wkh frgh lv= ?s@Se ' � li wkh idfh lv dq %� + sodqh/ ?s@Se ' 2 li
wkh idfh lv d +� 5 sodqh/ dqg ?s@Se ' � li wkh idfh lv dq %� 5 sodqh/ dqg iru
wkh 50G vlpxodwru wkh frgh lv= ?s@Se ' � li lw lv wkh %� @%�r dqg ?s@Se ' 2
li lw lv wkh + � @%�r1 Ilqdoo|/ qrwh wkdw wklv lqirupdwlrq lv whfkqlfdoo| rqo|
uhtxluhg dw fruqhu qrghv lq 50G dqg hgjh dqg fruqhu qrghv lq 60G1 Iru h{0
dpsoh/ lq 50G/ rqh fdq dsso| wzr gl�huhqw frqglwlrqv dw d fruqhu qrgh/ vxfk
dv d frqvwdqw khdg frqglwlrq rq wkh krul}rqwdo vlgh +?s@Se ' 2, dqg d qr
 rz frqglwlrq rq wkh yhuwlfdo vlgh +?s@Se ' �,1
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Lq wkh glvfxvvlrq zklfk iroorzv iru uhihuhqfh sxusrvhv/ doo yduldeoh qdphv zulw0
whq lq lwdolf irqw duh wkrvh xvhg lq wkh IRUWUDQ vrxufh frgh/ dqg doo �oh qdphv
duh zulwwhq lq erog irqw1

:14141 Vhw xs iru wkh lqfoxgh1i �oh

Wkh lqfoxgh1i �oh gh�qhv wkh duud| glphqvlrqlqj dqg frpprq eorfn gh�qlwlrq/
dqg iru wkh 50G yhuvlrq krxvhv d  dj zklfk ghwhuplqhv zklfk olqhdu dojheudlf
htxdwlrq vroyhu wr xvh14 Wkhuh duh wkuhh jurxsv ri SDUDPHWHUV zklfk pxvw
eh vhw wr uh hfw wkh sduwlfxodu sureohp rqh zlvkhv wr uxq1

41 Pd{lpxp phvk gh�qlwlrq1

Iru wkh wzr0glphqvlrqdo yhuvlrq/ vhw wkh SDUDPHWHUV 6??_ ,/ wkh pd{0
lpxp qxpehu ri qrghv lq wkh orqj glphqvlrq/ dqg 6??_ r/ wkh pd{lpxp
qxpehu ri qrghv lq wkh vkruw glphqvlrq/ zkhuh

6??_ , � 4@ dE?e%n ��c E?e+ n ��o

6??_ r � 4�?dE?e%n ��c E?e+ n ��o

dqg ?e% dqg ?e+ duh wkh qxpehu ri hohphqwv lq hdfk vsdwldo glphqvlrq ri
wkh prgho phvk1

Iru wkh wkuhh0glphqvlrqdo yhuvlrq/ vhw wkh SDUDPHWHUV6}?_ %/6}?_ +/
dqg 6}?_ 5 vxfk wkdw

6}?_ % � E?e%n ��

6}?_ + � E?e+ n ��

6}?_ 5 � E?e5 n ��

QRWH/ vhwwlqj wkhvh sdudphwhuv wr wkh plqlpxp ydoxhv plqlpl}hv uxq0wlph
phpru| uhtxluhphqwv1

51 Iodjv wr fkrrvh zklfk olqhdu dojheudlf vroyhu wr xvh1 Iru wkh 50G yhuvlrq
rqo|1 Wzr rswlrqv h{lvw/ xvh d gluhfw vroyhu +OX zlwk sduwldo slyrwlqj,/ ru
xvh dq lwhudwlyh vroyhu +JPUHV zlwk lqfrpsohwh OX suhfrqglwlrqlqj,1 Vhh
vxevhfwlrq 919 iru ghwdlov rq vroyhu ghvfulswlrq1 Wkh  djv duh �|rJ, | dqg
�|rJ, s zkhuh=

4
Wkh 50G yhuvlrq doorzv rqh wr fkrrvh ehwzhhq d gluhfw vroyhu dqg dq lwhudwlyh vroyhu1 Wkh

60G yhuvlrq hpsor|hv rqo| wkh lwhudwlyh vroyhu1
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�|rJ, |= li @ 4/ wkhq xvh wkh lwhudwlyh vroyhu iru wkh wudqvsruw0olnh htxdwlrqv
+wkh htxdwlrqv iru 7` / 7A�/ 4

`
? dqg 4C? ,/ li @ 3/ wkhq xvh wkh gluhfw

vroyhu1

�|rJ, s = li @ 4/ wkhq xvh wkh lwhudwlyh vroyhu iru wkh wrwdo  rz htxdwlrq +wkh
htxdwlrq iru �` ,/ li @ 3/ wkhq xvh wkh gluhfw vroyhu1

Lq jhqhudo erwk wkhvh  djv vkrxog eh vhw htxdo wr rqh1 Qrwh/ wkh 60G yhuvlrq
hpsor|hv rqo| wkh JPUHV vroyhu1

61 Iru wkh JPUHV lwhudwlyh vroyhu/ wkh pd{lpxp qxpehu ri vhdufk0gluhfwlrq
yhfwruv wr eh vdyhg dqg ruwkrjrqdol}hg djdlqvw ehiruh uhvwduw lv vhw=

?r@�e : �

Lq jhqhudo ?r@�e vkrxog eh dv odujh dv wkh pd{lpxp qxpehu ri lwhudwlrqv
doorzhg/ krzhyhu/ wklv pd{lpl}hv phpru| uhtxluhphqwv1 Dv qvdyh lqfuhdvhv/
wkh qxpehu ri lwhudwlrqv uhtxluhg iru frqyhujhqfh ghfuhdvhv/ exw wkh phpru|
uhtxluhphqw lqfuhdvhv1 Uhvxowv iurp qxphulfdo h{shulphqwdwlrq vxjjhvwv
?r@�e ' �f wr Df1 QRWH rq wkh xvh ri wkh JPUHV vroyhu1 Wkh frpelqdwlrq
ri whqvru0surgxfw rughulqj ri wkh htxdwlrqv dqg xqnqrzqv +ghvfulehg lq
vxevhfwlrq 919, dqg wkh xvh ri wkh JPUHV vroyhu/ uhtxluhv wkh iroorzlqj
frqvwudlqw0uxohv iru sureohp vhwxs= iru wkh 60G frgh/ wkh �uvw 50G sodqh
ri qrghv qxpehuhg +wkh vpdoohvw glphqvlrq erxqgdu| sodqh, pxvw kdyh dw
ohdvw rqh qrgh zlwk d Glulfkohw frqglwlrq/ dqg iru wkh 50G frgh wkh �uvw 40G
olqh ri qrghv qxpehuhg +wkh vpdoohvw glphqvlrq ri { dqg |, pxvw kdyh dw
ohdvw rqh qrgh zlwk d Glulfkohw frqglwlrq dssolhg iru wkh phwkrg wr zrun1
Wklv grhv qrw dsso| wr wkh gluhfw vroyhu1

Qr rwkhu fkdqjhv wr wkh �oh lqfoxgh1i duh uhtxluhg wr eh pdgh1

:14151 Gdwd Lqsxw Gulyhu

Wkh �oh vp1lq lv wkh *gulyhu* iru gdwd lqsxw1 Lw hlwkhu frqwdlqv wkh uhtxluhg gdwd
zklfk lv uhdg iurp wkh IRUWUDQ �ohpdlq1i/ ru lw gh�qhv wkh *fdoo* wr rwkhu gdwd
lqsxw �ohv1 Wkh rwkhu gdwd lqsxw �ohv gh�qh wkh phvk/ wkh lqlwldo dqg erxqgdu|
frqglwlrqv/ dqg doo vsdwldoo| ydu|lqj sdudphwhuv +Wdeoh :14,1 D ghvfulswlrq ri
wkhvh lqsxw �ohv fdq eh irxqg lq vxevhfwlrq :15141

Wkh �uvw :7 olqhv ri vp1lq duh �{hg/ dqg hdfk olqh uhtxluhv d �{hg vhw ri rqh
ru pruh sdudphwhuv dv vshfl�hg ehorz1 Doo gdwd pxvw eh lqsxw zkhwkhu wkh gdwd
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lv xvhg ru qrw +h1 j1/ li wkh sureohp lv vhw xs vr wkdw frqwdplqdqw wudqvsruw lv
vzlwfkhg r�/ wkhq vrph *gxpp|* qxpehuv pxvw eh vshfl�hg iru doo wudqvsruw0
vshfl�f sdudphwhuv,1

Wklv vhfwlrq ghvfulehv wkh lqsxw uhtxluhphqwv iru wkh �oh vp1lq e| olqh qxpehu1
Iru hdfk olqh qxpehu/ wkh sdudphwhu olvw lv vshfl�hg lq lwdolfv/ zkhuh wkh qdphv ri
wkhvh sdudphwhuv duh wkrvh zklfk duh xvhg lq wkh IRUWUDQ vrxufh frgh +surylghg
iru uhihuhqfh sxusrvhv,1 Iroorzlqj wkh sdudphwhu olvw lv d eulhi ghvfulswlrq ri wkh
phdqlqj ri wkh sdudphwhu+v,/ zkhuh dssursuldwh grfxphqwdwlrq vxevhfwlrqv duh
uhihuhqfhg iru dgglwlrqdo ghwdlo1

41 wlwoh

surylgh d fkdudfwhu vwulqj +d pd{lpxp ri 9; fkdudfwhuv, iru wkh wlwoh ri wkh
rxwsxw wr dsshdu lq �oh hfkr1rxw zklfk hfkrhv wkh gdwd lqsxw +vhh vhfwlrq
:1518 iru ghwdlov rq zkdw hfkr1rxw frqwdlqv,1

51 lskdvh

Ghwhuplqhv zklfk skdvhv duh wr eh prghohg1 Wkh iroorzlqj frgh lv xvhg1
Ohw zdwhu @ 4/ QDSO @ 5/ jdv @ 6/ wkhq |rx kdyh wkuhh rswlrqv=

�R�@re ' �2/ zdwhu0QDSO  rz sureohp +vroyh wzr  rz htxdwlrqv dqg
7C � f,

�R�@re ' ��/ zdwhu0jdv  rz sureohp +vroyh wzr  rz htxdwlrqv dqg 7� � f,

�R�@re ' �2�/ zdwhu0QDSO0jdv  rz sureohp +vroyh wkuhh  rz htxdwlrqv,

Dgplvvdeoh ydoxhv= 45/ 46/ ru 4561 Li lskdvh grhv qrw htxdo rqh ri wkhvh
wkuhh ydoxhv wkhq dq huuru phvvdjh dsshduv rq wkh vfuhhq dqg wkh vlpxodwru
vwrsv1 Li rqh ri wkh dgplvvleoh ydoxhv duh lqsxw wkhq d zduqlqj phvvdjh lv
rxwsxw wr wkh vfuhhq wr whoo wkdw |rx zklfk skdvhv duh wr eh frqvlghuhg lq
wkh vlpxodwlrq1

61 lvfu

D vzlwfk wr wxuq vfuhhq rxwsxw rq2r�1 Li lvfu@4 wkhq lwhudwlrq/ vroxwlrq
dqg wlph lqirupdwlrq lv rxwsxw wr wkh vfuhhq gxulqj wkh vlpxodwlrq1 Li lvfu
lv qrw htxdo wr rqh wkhq vfuhhq rxwsxw lv vxssuhvvhg1 Lwhudwlrq dqg vroxwlrq
lqirupdwlrq lv rxwsxw wr wkh vfuhhq lq wkh rughu wkdw wkh frpsxwdwlrqv duh
shuiruphg1 Wklv rxwsxw lv gldjqrvwlf lq qdwxuh dqg surylghv wkh xvhu zlwk
uxq0wlph lqirupdwlrq rq vlpxodwru shuirupdqfh1 Vhh vxevhfwlrq :1517 iru
ghwdlov rq wkh frqwhqwv ri wkh vfuhhq rxwsxw1
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71 lkhup

Rswlrq wr zulwh Khuplwh gdwd wr �oh dw sulqw0lqwhuydov +vhh lqsxw olqh ; iru
gh�qlwlrq ri sulqw lqwhuydo,1 Li lkhup@4 wkhq rxwsxw wkh gdwd/ li lkhup lv
qrw htxdo wr rqh wkhq gr qrw1 Li hqdeohg/ wkhq dw hdfk sulqw lqwhuydo lq d
vhsdudwh �oh iru hdfk Khuplwh sdudphwhu/ d wlph khdghu lv sulqwhg iroorzhg
e| d qrgh olvw ri wkh Khuplwh frh!flhqwv iru wkdw sdudphwhu1 Wkh �ohv wkxv
jhqhudwhg duh= sd1rxw +�` gdwd,/ vz1rxw +7` gdwd,/ vw1rxw +7A� gdwd,/
rd1rxw +4`? gdwd,/ rj1rxw +4C? gdwd,1 Wkh gdwd iru hdfk sulqw lqwhuydo ryhu
wkh frxuvh ri wkh vlpxodwlrq lv frqfdwhqdwhg1 Vhh vxevhfwlrq :1518 iru ghwdlov
rq wkh frqwhqwv ri wkhvh �ohv1

81 pdvv

Rswlrq wr shuirup dqg rxwsxw pdvv edodqfh lqirupdwlrq1 Li pdvv@4 wkhq
frpsxwh dqg rxwsxw wkh gdwd/ li pdvv lv qrw htxdo wr rqh wkhq gr qrw1
Li hqdeohg/ wkhq diwhu hdfk wlph vwhs d pdwhuldo pdvv edodqfh lv shuiruphg1
Wkh �ohv wkxv jhqhudwhg duh= pdvv1rxw +vxppdu|,/ fpdvv1rxw +fxpxodwlyh
pdvv edodqfh dv d ixqfwlrq ri wlph,/ pdvvz1rxw +zdwhu pdvv edodqfh ryhu
hdfk wlph vwhs,/ pdvvq1rxw +QDSO pdvv edodqfh ryhu hdfk wlph vwhs,/
pdvvj1rxw +jdv pdvv edodqfh ryhu hdfk wlph vwhs,/pdvvw1rxw +wrwdo skdvh
pdvv edodqfh ryhu hdfk wlph vwhs,1 Srru pdvv edodqfh lv dq lqglfdwlrq ri
lqfruuhfw wlph dqg2ru vsdfh glvfuhwl}dwlrq/ ru lqfruuhfw vshfl�fdwlrq ri wkh
sureohp iruflqj whupv1 Vhh vxevhfwlrq :1518 iru ghwdlov rq wkh pdvv edodqfh
frpsxwdwlrqv dqg rxwsxw �ohv1

91 qh{/ qh|/ qh}

Wkh qxpehu ri hohphqwv lq wkh %�/ +� dqg 5�glphqvlrqv +uhfwdqjxodu
phvk,1 Qrwh/ pdnh vxuh wkdw wkh SDUDPHWHU vwdwhphqwv lq wkh LQ0
FOXGH �oh lqfoxgh1i uh hfw wkhvh ydoxhv/ l1 h1/ iru wkh 50G vlpxodwru=

6??_ , � 4@ dE?e%n ��c E?e+ n ��o

6??_ r � 4�?dE?e%n ��c E?e+ n ��o

dqg iru wkh 60G vlpxodwru=

6}?_ % � E?e%n ��

6}?_ + � E?e+ n ��

6}?_ 5 � E?e5 n ��
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:1 wlph

Wkh wlph dvvrfldwhg zlwk wkh lqlwldo frqglwlrqv +h1 j1/ wkh uhihuhqfh wlph,1
Iru h{dpsoh/ li rqh lv uhvwduwlqj wkh vlpxodwru iurp d suhylrxv uxq/ wklv
lqsxw yduldeoh fdq eh xvhg wr gdwh wkh gdwd dvvrfldwhg zlwk wkh uhvwduw �ohv
+vhh vxevhfwlrq :1515 iru ghwdlov rq uhvwduw �oh frqwhqw dqg sulqw iuhtxhqf|,1

;1 w4su/ wpsuqw/ wpd{

Gh�qh sulqw lqwhuydo dqg pd{lpxp vlpxodwlrq wlph/ zkhuh=

w4su 0 �uvw sulqw zkhq hodsvhg vlpxodwlrq wlph htxdov |�6en |�Ro

wpsuqw 0 wkh wlph lqwhuydo ehwzhhq sulqwv diwhu wkh �uvw sulqw1

wpd{ 0 wkh pd{lpxp vlpxodwlrq wlph1

Qrwh/ wkh wlph vwhs lv dgmxvwhg vr wkdw sulqw wlphv dqg wpd{ duh krqruhg1
Wkh iroorzlqj �ohv duh zulwwhq wr dw hdfk sulqw lqwhuydo dqg wkh gdwd iru hdfk
sulqw lqwhuydo/ lghqwl�hg e| lwv wlph/ lv frqfdwhqdwhg=

Khuplwh gdwd +li rxwsxw lv hqdeohg/ vhh lqsxw olqh 7,= sd1rxw +�` gdwd,/
vz1rxw +7` gdwd,/ vw1rxw +7A� gdwd,/ rd1rxw +4`? gdwd,/ rj1rxw +4C?
gdwd,

Jhqhudo vroxwlrq= vdw1rxw +7` / 7� / 7C/ �S�` / �SC� / 4
`
? dqg 4C? ,

Pdvv edodqfh +li rxwsxw lv hqdeohg/ vhh lqsxw olqh 8,= pdvv1rxw +vxppdu|,

Iox{ yhfwru gdwd= yhoj1rxw +jdv,/ yhoq1rxw +QDSO,/ yhoz1rxw +zdwhu,

Uhvwduw �ohv= doo �ohv zlwk wkh h{whqvlrq uv +gdwd xvhg iru vlpxodwru uhvwduw/
vhh lqsxw olqh 9;,

Uhihuhqfh vxevhfwlrq :1518 iru ghwdlov rq rxwsxw �oh frqwhqwv1

<1 lwlqfv/ lwlqff/ wpxow

Wlph vwhs frqwuro edvhg rq wkh lwhudwlyh vroxwlrq ri wkh qrqolqhdu vdwxudwlrq
dqg frqwdplqdqw wudqvsruw htxdwlrqv1 Lq jhqhudo odujhu wlph vwhsv uhtxluh
pruh lwhudwlrqv wr frqyhujh rq wkh qrqolqhdulw|1 Diwhu hdfk vroxwlrq lqwhu0
ydo/ li wkh qxpehu ri lwhudwlrqv uhtxluhg iru frqyhujhqfh ri hdfk qrqolqhdu
htxdwlrq lv ohvv wkdq wkh ydoxhv vshfl�hg/ zkhuh

lwlqfv 0 vdwxudwlrq lwhudwlrqv +vxjjhvwlrq= � 	 �|�?Sr 	 �D,
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lwlqff 0 frqwdplqdqw wudqvsruw lwhudwlrqv +vxjjhvwlrq= � 	 �|�?SS 	 �D,

wkhq lqfuhdvh wkh wlph vwhs iru wkh qh{w vroxwlrq lqwhuydo/ l1 h1/ } |?e� '
|6�,| } |J,_/ zkhuh

wpxow 0 idfwru wr lqfuhphqw E|6�,| � ��f/ dqg |6�,| � ���D lv dq dssursul0
dwh ydoxh,

Vhh vxevhfwlrq 91815 iru pruh ghwdlo rq g|qdplf wlph0vwhs frqwuro1

431 lwuhgv/ lwuhgf/ wgly

Wlph vwhs frqwuro edvhg rq wkh lwhudwlyh vroxwlrq ri wkh qrqolqhdu vdwxudwlrq
dqg frqwdplqdqw wudqvsruw htxdwlrqv1 Diwhu hdfk vroxwlrq lqwhuydo/ li wkh
qxpehu ri lwhudwlrqv uhtxluhg iru frqyhujhqfh ri dq| rqh qrqolqhdu htxdwlrq
lv pruh wkdq wkh ydoxh vshfl�hg/ zkhuh

lwuhgv 0 vdwxudwlrq lwhudwlrqv +�|oe_r : �|�?Sr dqg vxjjhvwlrq= H 	 �|oe_r 	
2f,

lwuhgf 0 frqwdplqdqw wudqvsruw lwhudwlrqv +�|oe_S : �|�?SS dqg vxjjhvwlrq=
H 	 �|oe_S 	 2f,

wkhq uhgxfh wkh wlph vwhs iru wkh qh{w vroxwlrq lqwhuydo/ l1 h1/ } |?e� '}

|J,_*|_��/ zkhuh

wgly 0 idfwru wr uhgxfh E|_�� � ��f/ dqg |_�� � ��2D lv dq dssursuldwh ydoxh,

Vhh vxevhfwlrq 91815 iru pruh ghwdlo rq g|qdplf wlph0vwhs frqwuro1

441 lwkdqjv/ lwkdqjf/ wglyk

Wlph vwhs frqwuro edvhg rq wkh lwhudwlyh vroxwlrq ri wkh qrqolqhdu vdwxudwlrq
dqg frqwdplqdqw wudqvsruw htxdwlrqv1 Li gxulqj d vroxwlrq lqwhuydo/ wkh
qxpehu ri lwhudwlrqv uhtxluhg iru frqyhujhqfh ri dq| rqh qrqolqhdu htxdwlrq
h{fhhgv wkh vshfl�hg ydoxh/ zkhuh

lwkdqjv 0 vdwxudwlrq lwhudwlrqv +�|�@?}r : �|oe_r dqg vxjjhvwlrq �f 	
�|�@?} 	 2D,

lwkdqjf 0 frqwdplqdqw wudqvsruw lwhudwlrqv +�|�@?}S : �|oe_S dqg vxjjhv0
wlrq �f 	 �|�@?S 	 2D,
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wkhq wkh fxuuhqw wlph vwhs lv uhvwduwhg zlwk d uhgxfhg wlph vwhs/ } |?e� '}

|J,_*|_���/ zkhuh

wglyk 0 idfwru wr uhgxfh E|_��� � ��f/ dqg |_��� � ��D lv dq dssursuldwh
ydoxh,

Wklv  dj xvxdoo| wulsv zkhq wkh lwhudwlyh vfkhph zloo qrw frqyhujh dv wkh
lwhudwlrq vroxwlrqv uhshdw zlwk d shulrg � 2 +d ulqjlqj skhqrphqrq,1

451 lwhup{

Zkhq wkh JPUHV vroyhu lv xvhg/ wklv sdudphwhu uhsuhvhqwv dq xsshu olplw
rq wkh qxpehu ri lwhudwlrqv doorzhg wr vroyh dq| rqh pdwul{ htxdwlrq1 W|sl0
fdoo|/ wklv yduldeoh dssolhv wr wkh hoolswlf suhvvxuh htxdwlrq zklfk lv wkh prvw
gl!fxow wr vroyh lwhudwlyho|1 Wklv qxpehu pd| eh edvhg rq wkh qxpehu ri
lwhudwlrqv uhtxluhg wr vroyh wkh suhvvxuh htxdwlrq iru wkh �uvw wlph vwhs1 Di0
whu vhwwlqj d uhdvrqdeoh ydoxh/ li iru d jlyhq wlph vwhs/ wkh suhvvxuh htxdwlrq
zloo qrw frqyhujh zlwklq wklv pd{lpxp qxpehu ri lwhudwlrqv wkh vlpxodwru
zloo vwrs zlwkrxw vdylqj wkh fxuuhqw vroxwlrq dqg dq huuru phvvdjh zloo eh
rxwsxw wr wkh vfuhhq1 Wr uhvwduw diwhu d *fudvk* fdxvhg e| d pd{lpxp lwhu0
dwlrq ylrodwlrq/ rqh pxvw jr edfn wr wkh wlph ri wkh odvw rxwsxw lqwhuydo dv
vshfl�hg e| wkh sulqw lqwhuydo fkrvhq +vhh lqsxw olqh ;,1 Wklv w|sh ri *fudvk*
lv lqglfdwlyh ri dq h{fhvvlyho| frduvh frqyhujhqfh fulwhulrq iru wkh vdwxudwlrq
htxdwlrqv1 D qxpehu � 2ff lv dssursuldwh1

461 gvolp

Dq xsshu olplw iru wkh fkdqjh lq 7e` dqg 7eA� ryhu d wlph vwhs1 Dv glvfxvvhg
lq vxevhfwlrq 81716/ zkhq frqvlghulqj k|vwhuhvlv/ wkh ghqrplqdwru ri wkh
h�hfwlyh vdwxudwlrq +htxdwlrq 8147, fdq ehfrph yhu| vpdoo dv wkh 7�� fxuyh
lv �w ehwzhhq wkh suhgh�qhg frqvwudlqw srlqwv1 Wkhuhiruh/ vpdoo fkdqjhv lq
vdwxudwlrq fdq |lhog odujh fkdqjhv lq h�hfwlyh vdwxudwlrq1 Li gxulqj lwhudwlyh
frqyhujhqfh wklv wkuhvkrog lv uhdfkhg/ wkhq uhvwduw wkh wlph vwhs zlwk d qhz
7| htxdo wr wkh rog 7| glylghg e| wkh idfwru wglyk +gh�qhg lq lqsxw olqh
44,1 Vxjjhvwhg zrunlqj ydoxhv= li frqvlghulqj k|vwhuhvlv wkhq gvolp � ��f/
li qrw frqvlghulqj k|vwhuhvlv wkhq gvolp � f��1 Vhh dovr wkh glvfxvvlrq lq
vxevhfwlrq 918151

471 fr
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Wkh fulwlfdo Frxudqw qxpehu/ �JSo�| dv gh�qhg lq vxevhfwlrq 918151 Xvhg
wr gh�qh dq xsshu olplw rq wkh wlph vwhs vl}h edvhg rq wlph wuxqfdwlrq
huuru1 Dssursuldwh ydoxhv duh fdvh0vshfl�f/ krzhyhu/ lq jhqhudo SJ � e dqg
vpdoohu ydoxhv ri SJ duh dssursuldwh iru wkuhh0skdvh  rz sureohpv +h1 j1/
SJ � �,1 QRWH= pdnh SJ d odujh qxpehu wr dyrlg wklv xsshu olplw wlph vwhs
frqvwudlqw1

481 gw3

Wkh wlph vwhs xvhg wr vwduw wkh vlpxodwlrq1 W|slfdoo| wkh lqlwldo wlph vwhs lv
uhodwlyho| vpdoo vr wkdw wkh vlpxodwru fdq sursdjdwh erxqgdu| dqg iruflqj
whupv zklfk duh lqlwldoo| vkrfn0olnh1 Ohw wkh g|qdplf wlph vwhsslqj wrrov
+gh�qhg e| wkh sdudphwhuv olvwhg lq lqsxw olqhv < wkurxjk 47, eulqj wkh wlph
vwhs xs wr lwv *rswlpdo* ydoxh1

491 wvpd{/ wvplq

Wkh xsshu dqg orzhu olplw iru wlph vwhs/ uhvshfwlyho|1 Wlph vwhsv zklfk
duh wrr odujh ru wrr vpdoo fdq ohdg wr lqvwdelolwlhv dv qxphulfdo urxqg0r�
huuruv grplqdwh wkh vroxwlrq1 Wkh ydoxh wvpd{ ryhuulghv doo rwkhu wlph vwhs
lqfuhphqwlqj frpsxwdwlrqv1 Wkh pd{lpxp wlph vwhs lv sureohp vshfl�f
dqg fdq eh hvwlpdwhg ru reyldwhg e| hpsor|lqj wkh Frxudqw frqvwudlqw1 Li
wkh wlph vwhs lv fxw wr ehorz wvplq gxh wr odfn ri lwhudwlyh frqyhujhqfh/ wkhq
wkh vlpxodwlrq vwrsv dqg wkh odvw vroxwlrq lv rxwsxw dv shu d w|slfdo sulqw
lqwhuydo1 Wklv w|sh ri *fudvk* lv dq lqglfdwlrq wkdw wkh glvfuhwh sureohp dqg
wkh sk|vlfdo sureohp duh qrw frpsdwleoh1

4:1 juibrq/ julqf/ qjufk/ ijufk/ jpd{

Dqlpdwhg judsklfv rxwsxw frqwuro1 Iru wkh 50G yhuvlrq ri wkh vlpxodwru wkhvh
�ohv duh irupdwwhg vshfl�fdoo| iru wkh Mdftxdug judsklfv vriwzduh sdfndjh51
Iru wkh 60G yhuvlrq ri wkh vlpxodwru wkhvh �ohv duh irupdwwhg vshfl�fdoo| iru
wkh VflDq judsklfv vriwzduh sdfndjh6 dffruglqj wr wkh VWI irupdw1

Wkh vlpxodwru jhqhudwhv �ohv zlwk wkh h{whqvlrq vwi dqg mlq wr eh uhdg
e| wkh srvw0surfhvvlqj vriwzduh iru dqlpdwhg glvsod| ri vdwxudwlrq +vz1vwi/
vw1vwi,/ frqfhqwudwlrq +rd1vwi/ rj1vwi, dqg yhorflw| +yhoz1vwi/ yhoq1vwi dqg

5Dq HSD vsrqvruhg suh0 dqg srvw0surfhvvlqj judsklfv vriwzduh sdfndjh zulwwhq vshfl�fdoo|

iru Vlolfrq Judsklfv frpsxwhu kdugzduh1
6VflDq lv d sxeolf grpdlq srvw surfhvvlqj vriwzduh sdfndjh1 Iru lqirupdwlrq rq rewdlqlqj

VflDq/ vhqg hpdlo wr= vfldq0lqirCvful1ivx1hgx1
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yhoj1vwi,1 Wkh vwi �ohv frqwdlq wlph0gdwhg frqfdwhqdwhg rxwsxw zkhuh wkh
rxwsxw lqwhuydo lv gh�qhg dv iroorzv=

juibrq 0 li @ 4 wkhq hqdeoh judsklfv rxwsxw/ @3 wkhq wxuq r�1

julqf 0 wkh lqlwldo wlph lqfuhphqw wr sulqw

qjufk 0 wkh qxpehu ri sulqwv dw fxuuhqw lqfuhphqw ehiruh fkdqjlqj wkh
lqfuhphqw

ijufk 0 idfwru wr fkdqjh wkh fxuuhqw lqfuhphqw

jpd{ 0 pd{lpxp lqfuhphqw

4;1 qorrs

Wkh qxpehu ri vhtxhqwldo lwhudwlrq orrsv ehwzhhq wkh suhvvxuh htxdwlrq dqg
wkh vdwxudwlrq htxdwlrq+v, gxulqj vhtxhqwldo vroxwlrq1 Vhwwlqj wklv ydoxh
wr }hur uhvxowv lq vhtxhqwldo vroxwlrq/ ydoxhv : f uhvxowv lq dq lwhudwlyh vh0
txhqwldo vroxwlrq1 Xvh d ydoxh : f rqo| iru sureohpv zkhuh vhsdudwh skdvh
yhorflwlhv pxvw eh zhoo gh�qhg1 Vhh vhfwlrq 915 iru ghwdlov rq wkh vhtxhqwldo
vroxwlrq dojrulwkp1

4<1 huls

JPUHV frqyhujhqfh fulwhulrq iru wkh suhvvxuh htxdwlrq1 H{shulhqfh vxj0
jhvwv wkdw ydoxhv ri rughu ��f��f3S surylgh dffxudwh vroxwlrqv zlwk uhodwlyho|
orz lwhudwlrq uhtxluhphqwv1 Xvh pdvv edodqfh dv |rxu xowlpdwh jxlgh1

531 hulv/ hurv

Frqyhujhqfh fulwhuld iru wkh vdwxudwlrq htxdwlrqv1 Wkh sdudphwhu hulv lv
iru wkh JPUHV vroyhu +lqqhu lwhudwlrqv,/ dqg wkh sdudphwhu hurv lv iru
frqyhujhqfh rq wkh qrqolqhdulw| +rxwhu lwhudwlrq,1 H{shulhqfh vxjjhvwv wkdw
eo�r � eoJr � ��f � �f3� surylghv dffxudwh vroxwlrqv zlwk uhodwlyho| orz
lwhudwlrq uhtxluhphqwv1 Xvh pdvv edodqfh dv |rxu xowlpdwh jxlgh1

541 hulw/ hurw

Frqyhujhqfh fulwhuld iru wkh frqwdplqdqw wudqvsruw htxdwlrqv1 Wkh sdudph0
whu hulw lv iru wkh JPUHV vroyhu +lqqhu lwhudwlrqv,/ dqg wkh sdudphwhu hurw
lv iru frqyhujhqfh rq wkh qrqolqhdulw| +rxwhu lwhudwlrq,1 H{shulhqfh vxjjhvwv
wkdw eo�| � ��f��f3D dqg eoJ| � ��f��f3� surylghv dffxudwh vroxwlrqv zlwk
uhodwlyho| orz lwhudwlrq uhtxluhphqwv1 Xvh pdvv edodqfh dv |rxu xowlpdwh
jxlgh1
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551 lg{g|

Phvk gh�qlwlrq  dj1 Wkh pdlq surjudp qrz uhdgv lqirupdwlrq iurp wkh
�oh vsdfh1lq dqg wkh  dj lg{g| gh�qhv zkdw pxvw eh lq wkh �oh1 Li �_%_+ '
f wkhq wkh vlpxodwru zloo jhqhudwh d xqlirup phvk edvhg rq wkh qxpehu
ri hohphqwv vshfl�hg lq olqh 9 dqg wkh pd{lpxp glphqvlrqv olvwhg lq �oh
vsdfh1lq/ l1 h1/

{pd{/ |pd{/ }pd{

Li �_%_+ ' � wkhq wkh vlpxodwru zloo jhqhudwh d phvk edvhg rq d fdwhqdwhg
%�/ +� dqg 5�glphqvlrq qrgh vsdflqj olvw lq �oh vsdfh1lq/ l1 h1/

%�qrgh vsdflqj olvw/ %E��c � ' �c ?e%n �

+�qrgh vsdflqj olvw/ +E��c � ' �c ?e+ n �

5�qrgh vsdflqj olvw/ 5E��c � ' �c ?e5 n �

561 judy

Wkh pdjqlwxgh ri wkh judylw| yhfwru ^u*A 2`1

571 wkb}/ wkb|

Rulhqw wkh julg dw d vshfl�hg dqjoh wr wkh krul}rqwdo/ zkhuh wkb} lv wkh dqjoh
wr urwdwh wkh julg lq wkh frxqwhu forfnzlvh gluhfwlrq derxw wkh 5 � @%�r/
dqg wkb| lv wkh dqjoh wr urwdwh wkh julg lq wkh frxqwhu forfnzlvh gluhfwlrq
derxw wkh + � @%�r1 Iru h{dpsoh/ |� 5 ' f dqg |� + ' f |lhogv wkh ghidxow
rulhqwdwlrq zlwk n% ' ghswk +vhh Iljxuh :14,/ dqg |� 5 ' bf dqg |� + ' f
|lhogv �+ ' ghswk1 Qrwh/ wkh wzr0glphqvlrqdo yhuvlrq ri wkh vlpxodwru rqo|
frqvlghuv wkh dqjoh wkb}1

581 shupe

Wkh ydoxh ri wkh lqwulqvlf shuphdelolw| vfdodu du2o dssolhg e| ghidxow dw hyhu|
qrgh lq wkh grpdlq1 Vsdwldo yduldelolw| lv gh�qhg lq wkh qh{w lqsxw olqh1

591 qghy

Wkh qxpehu ri qrg0vshfl�f ghyldwlrqv iurp wkh joredo ydoxh shupe1 Li
?_e� : f wkhq wkh vlpxodwru rshqv wkh �oh shup1lq dqg uhdgv ?_e� olqhv ri
lqirupdwlrq/ zkhuh hdfk olqh olvwv wkh qrgh qxpehu dqg wkh ydoxh ri shuph0
delolw| +?J_c Reo6,

455



5:1 srue

Wkh ydoxh ri wkh vrlo srurvlw| vfdodu ^glphqvlrqohvv` dssolhg e| ghidxow dw
hyhu| qrgh lq wkh grpdlq1 Vsdwldo yduldelolw| lv gh�qhg lq wkh qh{w lqsxw
olqh1

5;1 qghy

Wkh qxpehu ri qrgh0vshfl�f ghyldwlrqv iurp wkh joredo ydoxh srue1 Li
?_e� : f wkhq wkh vlpxodwru rshqv wkh �oh sru1lq dqg uhdgv ?_e� olqhv ri
lqirupdwlrq/ zkhuh hdfk olqh olvwv wkh qrgh qxpehu dqg wkh ydoxh ri srurvlw|
+?J_c RJo,1

5<1 exone

Wkh ydoxh ri wkh gu| exon ghqvlw| d�*u�o dssolhg e| ghidxow dw hyhu| qrgh
lq wkh grpdlq1 Wklv sdudphwhu lv xvhg wr prgho dgvruswlrq pdvv wudqvihu
+vhh vxevhfwlrq 71;15,1 Vsdwldo yduldelolw| lv gh�qhg lq wkh qh{w lqsxw olqh1

631 qghy

Wkh qxpehu ri qrgh0vshfl�f ghyldwlrqv iurp wkh joredo ydoxh exone1 Li
?_e� : f wkhq wkh vlpxodwru rshqv wkh �oh exon1lq dqg uhdgv ?_e� olqhv
ri lqirupdwlrq/ zkhuh hdfk olqh olvwv wkh qrgh qxpehu dqg wkh ydoxh ri wkh
gu| exon ghqvlw| +?J_c K�,&,1

641 yzbu/ yqbu/ yjbu

Wkh ylvfrvlw| +sxuh skdvh, d�*EAu�o ri wkh zdwhu0/ QDSO0 dqg jdv0skdvhv/
uhvshfwlyho|1

651 uzbu/ uqbu/ ujbu

Wkh ghqvlw| +sxuh skdvh, d�*u�o ri wkh zdwhu0/ QDSO0 dqg jdv0skdvhv/
uhvshfwlyho|1

661 vljjz/ vljqz/ vljjq

Wkh  xlg0 xlg lqwhuidfldo whqvlrq d�*A 2o ehwzhhq wkh zdwhu dqg jdv/ wkh
QDSO dqg zdwhu/ dqg wkh jdv dqg QDSO skdvhv/ uhvshfwlyho|1 Wkhvh sdud0
phwhuv duh xvhg wr vfdoh wkh fdsloodu| suhvvxuhv iru wkuhh0skdvh  rz1 Uhfdoo
wkdw wkh vlpxodwru dvvxphv wkdw wkh 7 � � prgho sdudphwhuv zhuh �w wr
d wzr0skdvh glvsodfhphqw h{shulphqw +wkh w|sh ri zklfk lv gh�qhg lq wkh
qh{w lqsxw olqh,/ dqg wkdw lw xvhv wkh lqwhuidfldo vxuidfh whqvlrq gdwd wr vfdoh
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wkh 7 � � prgho wr uhsuhvhqw wkh rwkhu  xlg sdluv1 Vhh vhfwlrqv 716/ 814
dqg 818 iru wkh ghwdlov uhjduglqj wkh xvh ri fdsloodu| suhvvxuh vfdolqj lq wklv
vlpxodwru1 Qrwh/ dq| vhw ri vhoi0frqvlvwhqw xqlwv fdq eh xvhg iru wkhvh ydoxhv
vlqfh wkh| duh xvhg wr jhqhudwh glphqvlrqohvv udwlrv1

671 qbskdvh

Wklv hqwu| whoov wkh vlpxodwru zklfk skdvh sdlu zdv xvhg wr rewdlq wkh 7��
prgho �wwlqj sdudphwhuv1 Wklv lqirupdwlrq lv xvhg wr gh�qh wkh fdsloodu|
suhvvxuh vfdolqj uhodwlrqvkls1 Jlyhq wkh iroorzlqj irup ri htxdwlrq 7147=

qC`�SC` ' qC��SC� ' q�`�S�`

wkh q sdudphwhuv duh gh�qhg dv d ixqfwlrq ri wkh ydoxh ri ? R�@re/ l1 h1/

? R�@re ' �
qC` ' �
qC� ' EjC� n j�` � *jC�
q�` ' EjC� n j�` � *j�`

? R�@re ' 2
qC` ' EjC` � jC� � *jC`
qC� ' EjC` � jC�� *jC�
q�` ' �

? R�@re ' �
qC` ' EjC` � j�` � *jC`
qC� ' �
q�` ' EjC` � j�` � *j�`

Dgplvvdeoh ydoxhv= 4/ 5/ ru 61 Li qbskdvh grhv qrw htxdo rqh ri wkhvh wkuhh
ydoxhv wkhq dq huuru phvvdjh dsshduv rq wkh vfuhhq dqg wkh vlpxodwru vwrsv1
Vhh vhfwlrqv 716/ 814 dqg 818 iru wkh ghwdlov uhjduglqj wkh xvh ri fdsloodu|
suhvvxuh vfdolqj lq wklv vlpxodwru1

681 vzu/ vqqu/ vqzu/ vju

Joredo gh�qlwlrq ri uhvlgxdo vdwxudwlrqv dssolhg e| ghidxow dw hyhu| qrgh lq
wkh grpdlq/ zkhuh=

vzu � uhvlgxdo zdwhu skdvh +7`o,

vqqu � uhvlgxdo QDSO dv d qrqzhwwlqj skdvh +7�?o,

vqzu � uhvlgxdo QDSO dv d zhwwlqj skdvh +7��o,

vju � uhvlgxdo jdv skdvh +7Co,
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Vsdwldo yduldelolw| ri wkhvh sdudphwhuv lv gh�qhg lq wkh qh{w lqsxw olqh1

691 qghy

Wkh qxpehu ri qrgh vshfl�f ghyldwlrqv iurp wkh joredo ydoxhv vzu/ vqqu/
vqzu/ vju1 Li ?_e� : f wkhq wkh vlpxodwru rshqv wkh �oh uhvlgxdo1lq dqg
uhdgv ?_e� olqhv ri lqirupdwlrq/ zkhuh hdfk olqh olvwv wkh qrgh qxpehu dqg
wkh irxu uhvlgxdo ydoxhv vzu/ vqqu/ vqzu/ vju1 Xvh wklv rswlrq li wkh grpdlq
frqwdlqv gl�huhqw vrlo w|shv zklfk zduudqw wkh vshfl�fdwlrq ri xqltxh 7��
prgho �wwlqj sdudphwhuv1 Wklv �oh lv xvxdoo| vhw xs lq frqfhuw zlwk wkh �ohv
vkdsh1lq +lqsxw olqh 6;, dqg edvh1lq +lqsxw olqh 73,1

6:1 dvg/ dvl/ hwd

Wkh 7�� prgho fxuyh vkdsh sdudphwhuv +htxdwlrq 8146, dssolhg e| ghidxow
dw hyhu| qrgh lq wkh grpdlq/ zkhuh=

@r_ � wkh suhvvxuh vfdoh iru gudlqdjh +@_, d�*uo

@r� � wkh suhvvxuh vfdoh iru lpelelwlrq +@_, d�*uo

@r� � wkh sruh frqqhfwlylw| sdudphwhu +#,

Vsdwldo yduldelolw| ri wkhvh sdudphwhuv lv gh�qhg lq wkh qh{w lqsxw olqh1

6;1 qghy

Wkh qxpehu ri qrgh vshfl�f ghyldwlrqv iurp wkh joredo ydoxhv dvg/ dvl/ hwd1
Li ?_e� : f wkhq wkh vlpxodwru rshqv wkh �oh vkdsh1lq dqg uhdgv ?_e� olqhv
ri lqirupdwlrq/ zkhuh hdfk olqh olvwv wkh qrgh qxpehu dqg wkh wkuhh �wwlqj
sdudphwhuv dvg/ dvl/ hwd1 Xvh wklv rswlrq li wkh grpdlq frqwdlqv gl�huhqw
vrlo w|shv zklfk zduudqw wkh vshfl�fdwlrq ri xqltxh 7 � � prgho �wwlqj
sdudphwhuv1 Wklv �oh lv xvxdoo| vhw xs lq frqfhuw zlwk wkh �ohv uhvlgxdo1lq
+lqsxw olqh 69, dqg edvh1lq +lqsxw olqh 73,1

6<1 shupbe/ srube

Wkh vrlo0w|sh sdudphwhuv xsrq zklfk wkh uhvlgxdo vdwxudwlrqv +lqsxw olqh
68, dqg wkh fxuyh vkdsh sdudphwhuv +lqsxw olqh 6:, duh edvhg1 Dssolhg e|
ghidxow dw hyhu| qrgh lq wkh grpdlq/ zkhuh=

Reo6 K � lqwulqvlf shuphdelolw| vfdodu du2o

RJo K � srurvlw|
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Wkhvh sdudphwhuv duh htxlydohqw wr &W dqg 0W gh�qhg lq vhfwlrq 818/ htxdwlrq
81741 Qrwh wkdw wkh vrlo sdudphwhuv shupe dqg srue gh�qhg lq lqsxw olqhv
57 dqg 59 duh htxlydohqw wr & dqg 0 lq htxdwlrq 81741 Wkh frpelqdwlrq ri
wkhvh vrlo surshuw| gh�qlwlrqv gh�qhv fdsloodu| suhvvxuh vfdolqj uhodwlrqvkls
zlwk uhvshfw wr vrlo surshuwlhv1

731 qghy

Wkh qxpehu ri qrgh vshfl�f ghyldwlrqv iurp wkh joredo ydoxhv shupbe dqg
srube1 Li ?_e� : f wkhq wkh vlpxodwru rshqv wkh �oh edvh1lq dqg uhdgv
?_e� olqhv ri lqirupdwlrq/ zkhuh hdfk olqh olvwv wkh qrgh qxpehu dqg wkh
wzr sdudphwhuv &W dqg 0W1 Xvh wklv rswlrq li wkh grpdlq frqwdlqv gl�huhqw
vrlo w|shv zklfk zduudqw wkh vshfl�fdwlrq ri xqltxh 7 � � prgho �wwlqj
sdudphwhuv1 Wklv �oh lv xvxdoo| vhw xs lq frqfhuw zlwk wkh �ohv uhvlgxdo1lq
+lqsxw olqh 69, dqg vkdsh1lq +lqsxw olqh 6;,1

741 doiz/ qvhz4/ qvhz5

Wkhvh sdudphwhuv gh�qh wkh &o` E7` � ixqfwlrqdo +htxdwlrq 814<,/ zkhuh/

doiz lv wkh frqqhfwlylw| sdudphwhu l

qvhz4 lv d  dj zklfk ghwhuplqhv wkh gh�qlwlrq ri @7e` / l1h1/

?re�� ' � @7e` ' E7` � 7`|� * E�� 7`| � 7�| � 7C|�
?re�� ' 2 @7e` ' E7` � 7`|� * E�� 7`|�

qvhz5 0 d  dj zklfk ghwhuplqhv wkh gh�qlwlrq ri K7e` / l1h1/

?re�2 ' � K7e` ' E7` � 7`|� * E�� 7`| � 7�| � 7C|�
?re�2 ' 2 K7e` ' E7` � 7`|� * E�� 7`|�

Li wkhvh  djv gr qrw htxdo rqh ri wkh qxpehuv lqglfdwhg wkhq dq huuru phvvdjh
lv sulqwhg dqg wkh vlpxodwru vwrsv1

751 doiq/ qvhq4/ qvhq5/ qvhq6

Wkhvh sdudphwhuv gh�qh wkh &o�E7` c 7C� ixqfwlrqdo +htxdwlrq 816;,/ zkhuh/

doiq lv wkh frqqhfwlylw| sdudphwhu 1
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qvhq4 lv d  dj zklfk ghwhuplqhv wkh gh�qlwlrq ri 7e� / l1h1/

?re?� ' � 7e� ' E7� � 7�|� * E�� 7`| � 7�| � 7C|�
?re?� ' 2 7e� ' E7� � 7�|� * E�� 7�|�

qvhq5 0 d  dj zklfk ghwhuplqhv wkh gh�qlwlrq ri 7eA?/ l1h1/

?re?2 ' � 7eA? ' 7�n7C37�|37C|
E�37`|37�|37C|�

?re?2 ' 2 7eA? ' 7�n7C37�|37C|
E�37�|37C|�

?re?2 ' � 7eA? ' 7�n7C37�|
E�37�|�

qvhq6 0 d  dj zklfk ghwhuplqhv wkh gh�qlwlrq ri 7eA�/ l1h1/

?re?� ' � 7eA� ' 7�n7`37�|37`|
E�37`|37�|37C|�

?re?� ' 2 7eA� ' 7�n7`37�|37`|
E�37�|37`|�

?re?� ' � 7eA� ' 7�n7`37�|
E�37�|�

Li wkhvh  djv gr qrw htxdo rqh ri wkh qxpehuv lqglfdwhg wkhq dq huuru phvvdjh
lv sulqwhg dqg wkh vlpxodwru vwrsv1

761 doij/ qvhj4/ qvhj5

Wkhvh sdudphwhuv gh�qh wkh &oCE7C� ixqfwlrqdo +htxdwlrq 8156,/ zkhuh/

doij lv wkh frqqhfwlylw| sdudphwhu l

qvhj4 lv d  dj zklfk ghwhuplqhv wkh gh�qlwlrq ri @7eC/ l1h1/

?re}� ' � @7eC ' E7C � 7C|� * E�� 7`| � 7�| � 7C|�
?re}� ' 2 @7eC ' E7C � 7C|� * E�� 7C|�

qvhj5 0 d  dj zklfk ghwhuplqhv wkh gh�qlwlrq ri K7eC/ l1h1/

?re}2 ' � K7eC ' E7C � 7C|� * E�� 7`| � 7�| � 7C|�
?re}2 ' 2 K7eC ' E7C � 7C|� * E�� 7C|�

Li wkhvh  djv gr qrw htxdo rqh ri wkh qxpehuv lqglfdwhg wkhq dq huuru phvvdjh
lv sulqwhg dqg wkh vlpxodwru vwrsv1
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771 vhbvo/ vhbuo

Olqhduo| h{wudsrodwh wkh 7 �� ixqfwlrqdov dw h�hfwlyh vdwxudwlrqv qhdu rqh
dqg }hur wr pdnh wkhp dphqdeoh wr qxphulfdo prgho lpsohphqwdwlrq dv
glvfxvvhg lq vxevhfwlrq 81716/ Sduw 4/ zkhuh wkh phdqlqj ri wkhvh sdudphwhuv
lv dv iroorzv=

li 7e : E� � re r,� wkhq olqhdul}h wkh 7 � � ixqfwlrqdo +re r, � 7S
er lq

htxdwlrq 816<,

li 7e 	 re o, wkhq olqhdul}h wkh 7 � � ixqfwlrqdo +re o, � 7S
eo lq htxdwlrq

816<,

Qxphulfdo h{shulphqwv vxjjhvw wkdw ydoxhv ehwzhhq 31334 dqg 3134 kdyh qr
qrwlfhdeoh h�hfw rq wkh vroxwlrq1

781 vidfwbnu

Irufh &okE7e� ' f iru 7e � rs@S| &o1 Wklv sdudphwhu holplqdwhv wkh h�hfw
wkdw vpdoo rvfloodwlrqv lq wkh vdwxudwlrq dqg frqfhqwudwlrq vroxwlrqv kdyh rq
uhvlgxdo vdwxudwlrqv1 Qxphulfdo h{shulphqwv vxjjhvw wkdw rs@S| &o � f�f�
kdv qr qrwlfhdeoh h�hfw rq wkh vroxwlrq1

791 qk|vw

Vzlwfk wr wxuq rq2r� wkh k|vwhuhvlv rswlrq1 Li ?�+r| ' �/ wkhq xvh wkh
k|vwhuhwlf & � 7 � � prgho gh�qlwlrq dv gh�qhg lq Fkdswhu 8/ htxdwlrqv
8146 dqg 81471 Li ?�+r| ' f/ wkhq xvh wkh prgho iru prqrwrqlf glvsodfhphqw/
htxdwlrqv 8143 dqg 8144 zlwk 7r ' � dqg 7o ' 7`o1

7:1 hbu

Skdvh hqwudsphqw2uhohdvh gh�qlwlrq 0 wkh eohqglqj sdudphwhu +e, gh�qhg
lq htxdwlrq 81: zklfk jryhuqv krz idvw wkh skdvh ehfrphv hqwudsshg gxu0
lqj gudlqdjh  rz frqglwlrqv ru uhohdvhg iurp hqwudsphqw gxulqj lpelelwlrq
 rz frqglwlrqv +vhh dovr vxevhfwlrq 81714,1 e o ' � |lhogv d olqhdu hqwuds0
phqw2uhohdvh prgho1

7;1 ebd

Eohqg wkh 7 � � prgho vfdoh sdudphwhu +@Es� lq htxdwlrq 8146, ehwzhhq
uhyhuvdo srlqwv1 Wklv lv wkh eohqglqj sdudphwhu q dv xvhg lq Wdeoh 815 zklfk
gh�qhv krz idvw wkh ydq Jhqxfkwhq vfdoh sdudphwhu +@Es�, fkdqjhv diwhu d
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uhyhuvdo rffxuv1 Lq jhqhudo K @ z f�21 Vhh vxevhfwlrq 81715 iru dgglwlrqdo
ghwdlo1

7<1 vsbplq/ vubplq

Uhvwulfwlrq sdudphwhuv iru 7 � � fxuyh jhqhudwlrq dqg xsgdwh/ zkhuh=

vsbplq lv wkh plqlpxp vsdq +wkh ghqrplqdwru gh�qlqj h�hfwlyh vdwxud0
wlrq,/ iru zklfk d qhz vhw ri vfdolqj sdudphwhuv zloo eh fdofxodwhg1 Vhh
vxevhfwlrq 81716/ Sduw 5/ zkhuh rR 4�? � rR@?1 Qxphulfdo h{shulphqwv
vxjjhvw d udqjh= f�f2D : rR 4�? : f��

vubplq lv d plqlpxp wrohudqfh dzd| iurp wkh 7�� fxuyh hqg srlqwv deryh
zklfk d vfdqqlqj fxuyh zloo eh jhqhudwhg diwhu d  rz uhyhuvdo/ l1 h1/ li
ro 4�? 	 7e 	 E�� ro 4�?� wkhq d vfdqqlqj fxuyh zloo eh jhqhudwhg
diwhu d  rz uhyhuvdo rwkhuzlvh wkh frpsxwdwlrq zloo eh vxssuhvvhg1 Vhh
vxevhfwlrq 81716 Sduw 6/ zkhuh ro 4�? � "1 Qxphulfdo h{shulphqwv
vxjjhvw d udqjh= f�f2D : ro 4�? : f�� dqg ro 4�? : rR 4�?1

831 idfwg/ idfwl

Wkh wrohudqfh lq vdwxudwlrq fkdqjh wr lqglfdwh d uhyhuvdo iurp gudlqdjh wr
lpelelwlrq +idfwg, ru iurp lpelelwlrq wr gudlqdjh +idfwl,1 Vhh vxevhfwlrq
81716 Sduw 7/ zkhuh s@S|_ � o_ dqg s@S|� � o�1 Lq jhqhudo s@S|_ ' s@S|�
z f�ff�1

841 shbz/ shbj

Wkh fulwlfdo Shfohw qxpehuv iru wkh zdwhu dqg jdv skdvhv/ uhvshfwlyho|1 Wkh
sdudphwhu �eSo�| lq htxdwlrq 9173/ zkhuh shbz lv xvhg iru wkh zdwhu htxdwlrq
dqg shbj lv xvhg iru wkh jdv htxdwlrq1 Lq jhqhudo Re � ' Re } z 21 Vhh
vhfwlrq 91814 iru ghwdlov1

851 sjbuhi

Wkh uhihuhqfh jdv skdvh suhvvxuh d�*EuA 2�o1 Xvxdoo| vhw wr dwprvskhulf
suhvvxuh +h1 j1/ � � �fS_+?er*S62,1

861 qwubrz/ qwubrj

Vzlwfkhv wr wxuq rq2r� frqvwlwxhqw pdvv wudqvsruw dqg pdvv wudqvihu frp0
sxwdwlrqv/ zkhuh=
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qwubrz 0 li @4 wkhq prgho glvvroyhg QDSO frqwdplqdqw wudqvsruw +vroyh
iru 4`? ,> li @3/ wkhq e|sdvv

qwubrj 0 li @4 wkhq prgho QDSO ydsru frqwdplqdqw wudqvsruw +vroyh iru
4C? ,> li @3/ wkhq e|sdvv

Dv lqglfdwhg ehorz/ zkhq hlwkhu ru erwk ri wkh frqwdplqdqw wudqvsruw frp0
sxwdwlrq vzlwfkhv lv +duh, wxuqhg r�/ wkhq wkh lqsxw sdudphwhuv uhtxluhg
iru frqwdplqdqw wudqvsruw duh vhw lqwhuqdoo| e| wkh vlpxodwru wr dssursul0
dwh ydoxhv/ wkhuhe| ryhuulglqj xvhu gh�qhg lqsxw1 Li hlwkhu qwubrz @ 3 ru
qwubrj @ 3 wkhq d zduqlqj phvvdjh lv rxwsxw wr wkh vfuhhq wr whoo wkdw |rx
kdyh wxuqhg r� dssursuldwh wudqvsruw phfkdqlvpv1

871 wkhwd

Wkh surmhfwlrq sdudphwhu xvhg wr prgho wkh frxsolqj ehwzhhq wkh zdwhu0
dqg jdv0skdvh frqwdplqdqw wudqvsruw htxdwlrqv gxh wr pdvv wudqvihu ri wkh
QDSO vshflhv ehwzhhq skdvhv1 Wkh sdudphwhu w lq htxdwlrq 915<1 Wklv
sdudphwhu lv xvhg rqo| li ?|o J� ' ?|o J} ' �1

881 dorqj/ dwudq/ gl�z/ gl�j

Glvshuvlrq whqvru gh�qlwlrq +vhh vxevhfwlrq 719,/ zkhuh=

dorqj 0 orqjlwxglqdo glvshuvlylw| 0 wkh sdudphwhu @u ^O` lq htxdwlrq 7158
zkhuh @u lv wkh vdph iru erwk skdvhv1

dwudq 0 wudqvyhuvh glvshuvlylw| 0 wkh sdudphwhu @A ^O` lq htxdwlrq 7158 zkhuh
@A lv wkh vdph iru erwk skdvhv1

gl�z 0 prohfxodu gl�xvlrq lq zdwhu 0 wkh sdudphwhu (`
6 du2*A o lq htxdwlrq

7158

gl�j 0 prohfxodu gl�xvlrq lq jdv 0 wkh sdudphwhu (C
6 du2*A o lq htxdwlrq

7158

Wkhvh sdudphwhuv duh xvhg rqo| li pdvv wudqvsruw lv vzlwfkhg rq1

891 sbrf/ irfe

Vrlo dgvruswlrq2ghvruswlrq frh!flhqw gh�qlwlrq +dv ghwdlohg lq vxevhfwlrq
71;15/ htxdwlrq 7169,/ zkhuh=

sbrf lv wkh rujdqlf fduerq sduwlwlrq frh!flhqw/ wkh sdudphwhu gJS
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irfe lv wkh iudfwlrq ri rujdqlf fduerq lq wkh vrlo/ wkh sdudphwhu sJS/ dssolhg
e| ghidxow wr hyhu| qrgh lq wkh grpdlq1

Qrwh/ wkhvh sdudphwhuv duh xvhg rqo| li qwubrz @ 41

8:1 qghy

Wkh qxpehu ri qrgh vshfl�f ghyldwlrqv iurp wkh joredo ydoxh irfe1 Li
?_e� : f wkhq wkh vlpxodwru rshqv wkh �oh rbf1lq dqg uhdgv ?_e� olqhv
ri lqirupdwlrq/ zkhuh hdfk olqh olvwv wkh qrgh qxpehu dqg wkh ydoxh ri wkh
iudfwlrq ri rujdqlf fduerq lq wkh vrlo +?J_c sJS,1 Qrwh/ li qwubrz @ 3 wkhq
?_e� lv vhw wr }hur lqwhuqdoo|1

8;1 gbod|hu

Wkh wklfnqhvv ri wkh erxqgdu| od|hu zklfk vhsdudwhv wkh erxqgdu| ehwzhhq
wkh grpdlq dqg wkh dwprvskhuh1 Xvhg iru wkh pl{hg erxqgdu| frqglwlrq rq
wkh 4C? wudqvsruw htxdwlrq/ zkhuh gbod|hu gh�qhv d frqvwdqw sdudphwhu B
+htxdwlrq 9165,1 Vhh vxevhfwlrq 91715 iru pruh ghwdlo1 Qrwh/ wklv sdudphwhu
lv xvhg rqo| li qwubrj @ 4 dqg d wklug0w|sh erxqgdu| frqglwlrq lv vshfl�hg1

8<1 erzb4/ erzb5/ erzb6

Gh�qlwlrq iru wkh �uvw0rughu pdvv wudqvihu nlqhwlf iru wkh QDSO0skdvh glv0
vroylqj lqwr wkh zdwhu0skdvh +vhh vxevhfwlrq 71;14,/ zkhuh

erzb4 = wkh udwh frh!flhqw q`�
� d�*A o lq htxdwlrq 715<

erzb5 = wkh frh!flhqw q2 lq htxdwlrq 715<

erzb6 = wkh frh!flhqw q� lq htxdwlrq 715<

Qrwh/ li qwubrz @ 3 wkhq KJ� � lv vhw wr }hur lqwhuqdoo|1

931 sdurz

Wkh htxloleulxp frqfhqwudwlrq ri wkh QDSO vshflhv lq wkh zdwhu skdvh +vro0
xelolw| olplw,/ wkh sdudphwhu 4`? d�*u�o lq htxdwlrq 715;1 Qrwh/ li qwubrz
@ 3 wkhq R@oJ� lv vhw wr }hur lqwhuqdoo|1

941 erjb4/ erjb5

Gh�qlwlrq iru wkh �uvw0rughu pdvv wudqvihu nlqhwlf iru wkh QDSO0skdvh yd0
srul}lqj lqwr wkh jdv0skdvh +vhh vxevhfwlrq 71;14,/ zkhuh
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erjb4 = wkh udwh frh!flhqw qC�� d�*A o lq htxdwlrq 7164

erjb5 = wkh frh!flhqw q2 lq htxdwlrq 7164

Qrwh/ li qwubrj @ 3 wkhq KJ} � lv vhw wr }hur lqwhuqdoo|1

951 sdurj

Wkh htxloleulxp frqfhqwudwlrq ri wkh QDSO vshflhv lq wkh jdv0skdvh +vrox0
elolw| olplw,/ wkh sdudphwhu 4C? d�*u�o lq htxdwlrq 71631 Qrwh/ li qwubrj @
3 wkhq R@oJ} lv vhw wr }hur lqwhuqdoo|1

961 erzjb4/ erzjb5

Gh�qlwlrq iru wkh �uvw0rughu pdvv wudqvihu nlqhwlf iru wkh glvvroyhg QDSO
vshflhv +4`? , ydsrul}lqj lqwr wkh jdv0skdvh +vhh vxevhfwlrq 71;14,/ zkhuh

erzjb4 = wkh udwh frh!flhqw qC`� d�*A o lq htxdwlrq 7167

erzjb5 = wkh frh!flhqw q2 lq htxdwlrq 7167

Qrwh/ li hlwkhu qwubrz @ 3 ru qwubrj @ 3 wkhq KJ�} � lv vhw wr }hur lqwhu0
qdoo|1

971 hbkhqu|

Wkh glphqvlrqohvv Khqu|*v odz frqvwdqw1 Wkh sdudphwhuM lq htxdwlrq 71661
Qrwh/ xvhg rqo| li erwk qwubrz @ 4 dqg qwubrj @ 41

981 wbkdoi

Wkh h�hfwlyh kdoi0olih ri wkh QDSO vshflhv lq wkh zdwhu dqg jdv skdvhv ^W`
+wkh sdudphwhu |�*2 lq htxdwlrq 7159,1 E| ghidxow wkh ghfd| frh!flhqwv/ V`?
dqg VC? / duh vhw wr }hur li wkh lqsxw sdudphwhu | �@,s � f1 Li | �@,s : f
wkhq htxdwlrq 7159 lv xvhg wr gh�qh wkh ghfd| frh!flhqwv1

991 vzlqlw

Wkh joredo lqlwldo frqglwlrq iru zdwhu vdwxudwlrq +wkh sdudphwhu 7`f lq
vxevhfwlrq 91714,1

9:1 vwlqlw

Wkh joredo lqlwldo frqglwlrq iru wrwdo zhwwlqj skdvh vdwxudwlrq +7A�f ' 7`fn
7�f,1 Qrwh/ dq huuru phvvdjh zloo dsshdu rq wkh vfuhhq dqg wkh vlpxodwru
zloo vwrs li dq| ri wkh iroorzlqj lqsxw frpelqdwlrqv rffxu=
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lskdvh @ 45 +vhh lqsxw olqh 5, dqg r|�?�| 9' �

lskdvh @ 46 +vhh lqsxw olqh 5, dqg r|�?�| 9' r��?�|

r��?�| : r|�?�|

Vhh Dsshqgl{ F iru wkh ghflvlrq wuhh zklfk gh�qhv lqlwldo & � 7 � � prgho
jlyhq lqlwldo vdwxudwlrqv1

9;1 urdlqlw

Wkh joredo lqlwldo frqglwlrq iru glvvroyhg frqwdplqdqw frqfhqwudwlrq +wkh
sdudphwhu 4`?f lq vxevhfwlrq 91714,1 Qrwh/ wkdw li ?|o J� ' f wkhq oJ@�?�|
lv vhw wr }hur lqwhuqdoo|/ dqg li ?|o J� ' �/ Er|�?�| � r��?�|� : f/ dqg
r��?�| : f/ wkhq urdlqlw lv vhw wr wkh vroxelolw| olplw/ sdurz/ lqwhuqdoo|1
Wkhvh rshudwlrqv ryhuulgh wkh xvhu0gh�qhg lqsxw1

9<1 urjlqlw

Wkh joredo lqlwldo frqglwlrq iru ydsru frqwdplqdqw frqfhqwudwlrq +4C?f,1 Qrwh/
wkdw li ?|o J} ' f wkhq oJ}�?�| lv vhw wr }hur lqwhuqdoo|/ dqg li ?|o J} ' �/
Er|�?�|�r��?�|� : f dqg E��r|�?�|� : f/ wkhq urjlqlw lv vhw wr wkh vroxelolw|
olplw/ sdurj/ lqwhuqdoo|1 Wkhvh rshudwlrqv ryhuulgh wkh xvhu0gh�qhg lqsxw1

:31 qfrqw

Uhvwduw rswlrq vzlwfk1 Li ?SJ?| ' � +|hv, ' f +qr,1 Li |hv/ wkhq wkh gh0
idxow lqlwldo ydoxhv gh�qhg lq olqhv +97 wkurxjk 9:, duh ryhuzulwwhq dqg wkh
lqlwldo frqglwlrqv duh uhdg lq iurp wkh vhw ri �ohv zlwk wkh uv h{whqvlrq +iru
uhvwduw,1 Wkhvh �ohv duh lq elqdu| irupdw/ dqg wkh| frqwdlq rxwsxw iurp wkh
odvw rxwsxw lqwhuydo ri wkh suhylrxv vlpxodwlrq1 Vhh lqsxw olqh ; iru rxwsxw
lqwhuydo gh�qlwlrq dqg vxevhfwlrq :1515 iru ghvfulswlrq ri uhvwduw �ohv1

:41 qghybv

Qxpehu ri ghyldwlrqv iurp lqlwldo joredo vdwxudwlrq gh�qlwlrq1 Li ?_e� r : f
wkhq wkh vlpxodwru rshqv wkh �oh vdw1lq dqg uhdgv ?_e� olqhv ri lqirupd0
wlrq/ zkhuh hdfk olqh olvwv wkh qrgh qxpehu dqg wkh ydoxhv ri 7` dqg 7A�
+?J_c r�c r|,1 Wklv gdwd ryhu0zulwhv doo suhylrxv gdwd1 Qrwh dq huuru phvvdjh
zloo dsshdu rq wkh vfuhhq dqg wkh vlpxodwru zloo vwrs li dq| ri wkh iroorzlqj
lqsxw frpelqdwlrqv rffxu=

lskdvh @ 45 +vhh lqsxw olqh 5, dqg r| 9' �
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lskdvh @ 46 +vhh lqsxw olqh 5, dqg r| 9' r�

r� : r|

Dovr qrwh/ dw doo qrghv zkhuh Er| � r�� : f/ li ?|o J� ' � dqg r� : f/
4`?f lv vhw lqwhuqdoo| wr wkh vroxelolw| olplw/ R@oJ�/ dqg li ?|o J} ' � dqg
� � r| : f/ 4C?f lv vhw lqwhuqdoo| wr wkh vroxelolw| olplw/ R@oJ}1 Ilqdoo|/ vhh
Dsshqgl{ F iru wkh ghflvlrq wuhh zklfk gh�qhv lqlwldo &�7�� prgho jlyhq
lqlwldo vdwxudwlrqv1

:51 qghyburd

Qxpehu ri ghyldwlrqv iurp lqlwldo joredo gh�qlwlrq1 Li ?|o J� ' f dqg |rx
lqsxw ?_e� oJ@ : f wkhq wkh frgh sulqwv d ZDUQLQJ wr wkh �oh hfkr1rxw
dohuwlqj |rx wkdw wudqvsruw lv r� ehiruh vhwwlqj ?_e� oJ@ wr }hur lqwhuqdoo|1
Rwkhuzlvh/ li ?_e� oJ@ : f wkhq wkh vlpxodwru rshqv wkh �oh urd1lq dqg
uhdgv ?_e� oJ@ olqhv ri lqirupdwlrq/ zkhuh hdfk olqh olvwv wkh qrgh qxpehu
dqg wkh ydoxh ri 4`?f +?J_c oJ@�� Wklv gdwd ryhuzulwhv doo suhylrxv gdwd1

:61 qghyburj

Qxpehu ri ghyldwlrqv iurp lqlwldo joredo gh�qlwlrq1 Li ?|o J} ' f dqg |rx
lqsxw ?_e� oJ} : f wkhq wkh frgh sulqwv d ZDUQLQJ wr wkh �oh hfkr1rxw
dohuwlqj |rx wkdw wudqvsruw lv r� ehiruh vhwwlqj ?_e� oJ} wr }hur lqwhuqdoo|1
Rwkhuzlvh li ?_e� oJ} : f wkhq wkh vlpxodwru rshqv wkh �oh urj1lq dqg
uhdgv ?_e� oJ} olqhv ri lqirupdwlrq/ zkhuh hdfk olqh olvwv wkh qrgh qxpehu
dqg wkh ydoxh ri 4C?f +?J_c oJ}�� Wklv gdwd ryhuzulwhv doo suhylrxv gdwd1

:71 qefurd

Wkh qxpehu ri Glulfkohw erxqgdu| frqglwlrqv iru wkh sdudphwhu 4`? +uhfdoo
iurp vxevhfwlrq 91715 wkdw vlqfh krprjhqhrxv Qhxpdqq frqglwlrqv duh ds0
solhg dv wkh ghidxow dw doo erxqgdu| qrghv/ wkh xvhu qhhgv wr vshfli| rqo|
Glulfkohw frqglwlrqv,1 Li ?|o J� ' f dqg |rx lqsxw ?KSoJ@ : f wkhq wkh frgh
sulqwv d ZDUQLQJ wr wkh �oh hfkr1rxw dohuwlqj |rx wkdw wudqvsruw lv r�
ehiruh vhwwlqj ?KSoJ@ wr }hur lqwhuqdoo|1 Rwkhuzlvh/ li ?KSoJ@ : f wkhq wkh
vlpxodwru rshqv wkh �oh efburd1lq dqg uhdgv ?KSoJ@ olqhv ri lqirupdwlrq/
zkhuh hdfk olqh olvwv wkh iroorzlqj=

qidfh/ qrg/ urd

zkhuh/
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qidfh lv wkh phvk idfh zklfk lv qrupdo wr wkh gluhfwlrq iurp zklfk wkh
frqglwlrq lv dssolhg1 Vhh �jxuh :14 iru wkh gh�qlwlrq ri ?s@Se iru wkh
50 dqg 60G vlpxodwruv1

qrg lv wkh qrgh qxpehu iru vshfl�hg erxqgdu| frqglwlrq

urd lv wkh ydoxh ri wkh nqrzq frqfhqwudwlrq d�*u�o

:81 qefurj

Wkh qxpehu ri Glulfkohw erxqgdu| frqglwlrqv iru wkh sdudphwhu 4C? +uhfdoo
iurp vxevhfwlrq 91715 wkdw vlqfh krprjhqhrxv Qhxpdqq frqglwlrqv duh ds0
solhg dv wkh ghidxow dw doo erxqgdu| qrghv/ wkh xvhu qhhgv wr vshfli| rqo|
Glulfkohw dqg pl{hg frqglwlrqv,71 Li ?|o J} ' f dqg |rx lqsxw ?KSoJ} :
f wkhq wkh frgh sulqwv d ZDUQLQJ wr wkh �oh hfkr1rxw dohuwlqj |rx
wkdw wudqvsruw lv r� ehiruh vhwwlqj ?KSoJ} wr }hur lqwhuqdoo|1 Rwkhuzlvh/
li ?KSoJ} : f wkhq wkh vlpxodwru rshqv wkh �oh efburj1lq dqg uhdgv ?KSoJ}
olqhv ri lqirupdwlrq/ zkhuh hdfk olqh olvwv wkh iroorzlqj=

qidfh/ qrg/ urj

zkhuh/

qidfh lv wkh phvk idfh zklfk lv qrupdo wr wkh gluhfwlrq iurp zklfk wkh
frqglwlrq lv dssolhg1 Vhh �jxuh :14 iru wkh gh�qlwlrq ri ?s@Se iru wkh
50 dqg 60G vlpxodwruv1

qrg lv wkh qrgh qxpehu iru vshfl�hg erxqgdu| frqglwlrq

urj uhsuhvhqwv rqh ri wzr wklqjv1 Li oJ} � f/ wkhq oJ} lv wkh ydoxh ri wkh
nqrzq frqfhqwudwlrq d�*u�o dw wkh qrgh1 Li oJ} 	 f/ wkhq wkh 50G
vlpxodwru dvvxphv wkdw wkh frqglwlrq lv ri wkh pl{hg w|sh dqg dssolhv
htxdwlrq 9165 dw wkh qrgh1 Wkh 60G vlpxodwru zloo qrw dffhsw oJ} 	 f
dv d ydolg hqwu|/ dqg lw zloo sulqw dq huuru dqg wkhq vwrs1

:91 qfrqgi

Wkh qxpehu ri  rz0yduldeoh erxqgdu| frqglwlrqv gl�huhqw iurp wkh gh0
idxow qr  rz frqglwlrq1 Li ?SJ?_s : f wkhq wkh vlpxodwru rshqv wkh �oh
efb rz1lq dqg uhdgv wkh gdwd iru ?SJ?_s erxqgdu| qrghv/ zkhuh hdfk
qrgh uhtxluhv wkh iroorzlqj=

7Wkh 50G yhuvlrq doorzv erwk Glulfkohw dqg pl{hg frqglwlrqv1 Wkh 60G yhuvlrq doorzv rqo|
Glulfkohw frqglwlrqv1
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qidfh/ qrg/ qfrgh

zkhuh

qidfh lv wkh phvk idfh zklfk lv qrupdo wr wkh gluhfwlrq iurp zklfk wkh
frqglwlrq lv dssolhg1 Vhh Iljxuh :14 iru wkh gh�qlwlrq ri ?s@Se iru wkh 50
dqg 60G vlpxodwruv/ dqg wkh iru wkh vljql�fdqfh ri wklv sdudphwhu uhihu
wr wkh glvfxvvlrq lq Vhfwlrq :14/ Lwhp 451 Qrwh/ zkloh wklv lqirupdwlrq
lv rqo| lpsruwdqw dw fruqhu dqg hgjh erxqgdu| qrghv/ d ydoxh pxvw eh
vshfl�hg hyhq dw lqwhuqdo erxqgdu| qrghv1 Li dw dq| erxqgdu| qrgh
wkhuh lv d glvfuhsdqf| ehwzhhq wkh xvhu0gh�qhg ydoxh ri ?s@Se dqg wkh
dgplvvleoh ydoxhv/ wkhq dq huuru phvvdjh zloo dsshdu rq wkh vfuhhq dqg
wkh vlpxodwru zloo vwrs1

qrg lv wkh qrgh qxpehu iru wkh vshfl�hg erxqgdu| frqglwlrq1

qfrgh gh�qhv wkh frqglwlrq0w|sh/ zkhuh wkh frgh iroorzv iurp wkh qxpehu0
lqj vfkhph xvhg lq Wdeoh 9141 Lq vxppdu|=

li ?SJ_e ' 2 wkhq suhvfuleh jdv0skdvh khdg +�C ' �C*�C,

li ?SJ_e ' � wkhq suhvfuleh wkh QDSO0skdvh khdg +�� ' ��*��,

li ?SJ_e ' e wkhq suhvfuleh wkh zdwhu0skdvh khdg +�` ' �`*�` ,

li ?SJ_e ' D wkhq suhvfuleh �` / 7` dqg 7C

Uhihu wr vxevhfwlrq 91715 iru dgglwlrqdo ghwdlov rq dgplvvdeoh erxqgdu|
frqglwlrqv1 Qrwh li ?SJ_e grhv qrw htxdo rqh ri wkhvh ydoxhv/ wkhq dq
huuru phvvdjh zloo dsshdu rq wkh vfuhhq dqg wkh vlpxodwru zloo vwrs1

Ghshqglqj rq wkh ydoxh ri qfrgh wkh vlpxodwru h{shfwv wkh iroorzlqj
lqirupdwlrq rq wkh iroorzlqj lqsxw olqh=

Li ?SJ_e ' 2/ olvw wkh jdv khdg ydoxh ^O`/ � }

Li ?SJ_e ' � olvw wkh QDSO khdg ydoxh ^O`/ � ?

Li ?SJ_e ' e olvw wkh zdwhu khdg ydoxh ^O`/ � �

Li ?SJ_e ' D olvw wkh sdudphwhu qbrsw/ dqg wkhq wkh ydoxhv iru zdwhu
khdg ^O`/ zdwhu vdwxudwlrq dqg jdv vdwxudwlrq ydoxhv/� �c r �c r }/
zkhuh
qbrsw whoov wkh vlpxodwru zkhwkhu wr xvh wkh Glulfkohw gdwd olvwhg
+qbrsw @ 3 ,/ ru wr gh�qh wkh Glulfkohw gdwd xvlqj wkh lqlwldo frq0
glwlrqv iurp d suhylrxv uxq ru vwuhvv shulrg +qbrsw @ 4 ,1 Qrwh/
e| vhwwlqj qbrsw @ 4 wkh frgh dvvxphv wkdw wkh fxuuhqw vroxwlrq
dw wkh qrgh lv wkh Glulfkohw gdwd/ wkhuhiruh/ qbrsw @ 4 fdq rqo|
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eh xvhg lq frqmxqfwlrq zlwk hlwkhu qfrqw @ 4 +vhh lqsxw olqh 9;,
ru diwhu d vwuhvv shulrg fkdqjh +vhh lqsxw olqh 9;,1 Li qhlwkhu irup
ri lqlwldo gdwd lv dydlodeoh wkhq dq huuru phvvdjh zloo eh sulqwhg wr
wkh vfuhhq dqg wkh vlpxodwru zloo vwrs1 Dovr qrwh wkdw li dq| ri wkh
iroorzlqj lqsxw sdudphwhu frpelqdwlrqv duh xvhg dq huuru phvvdjh
zloo eh sulqwhg wr wkh vfuhhq dqg wkh frgh zloo vwrs=
?SJ_e ' 2 dqg �R�@re ' �2
?SJ_e ' � dqg �R�@re ' ��

::1 qzhood

Vshfl�fdwlrq ri srlqw vrxufhv dqg vlqnv +zhoov,/ zkhuh ?�e,,@ lv wkh qxpehu
ri qrghv dw zklfk d srlqw vrxufh ru vlqn frqglwlrq lv wr eh dssolhg1 Li
?�e,,@ : f wkhq wkh vlpxodwru rshqv wkh �oh zhoo1lq dqg uhdgv ?�e,,@ olqhv
ri lqirupdwlrq/ zkhuh hdfk olqh olvwv wkh iroorzlqj=

qrg/ tbwrw/ �bz/ �bj/ urd/ urj

zkhuh

qrg lv wkh qrgh qxpehu zkhuh wkh zhoo lv lghdol}hg

tbwrw lv wkh wrwdo zhoo  rz udwh du�*A o +'A lq vxevhfwlrq 91716,/ zkhuh
lqmhfwlrq lv srvlwlyh +.,/ h{wudfwlrq lv qhjdwlyh +0,1

�bz lv wkh iudfwlrqdo  rz ri zdwhu ri wkh lqmhfwhg  xlg/ zkhuh wkh vlpxodwru
lqwhuqdoo| frpsxwhv wkh zdwhu  rz udwh dv8= '` ' ss � ^ |J|1

�bj lv wkh iudfwlrqdo  rz ri jdv ri wkh lqmhfwhg  xlg/ zkhuh wkh vlpxodwru
lqwhuqdoo| frpsxwhv wkh jdv  rz udwh dv5 = 'C ' ss } ^ |J|19

urd lv wkh frqfhqwudwlrq ri wkh QDSO vshflhv lq wkh zdwhu0skdvh lq wkh
lqmhfwhg  xlg zkhq qwubrz @ 4/ dqg qr QDSO lv suhvhqw15 Li QDSO
lv suhvhqw dqg qwubrz @ 4/ wkhq urd lv vhw lqwhuqdoo| wr wkh vroxelolw|
olplw sdurz1 Li qwubrz @ 3 wkhq urd lv vhw wr }hur lqwhuqdoo|1

urj lv wkh frqfhqwudwlrq ri wkh QDSO vshflhv lq wkh jdv0skdvh lq wkh lqmhfwhg
 xlg zkhq qwubrj @ 4/ dqg qr QDSO lv suhvhqw15 Li QDSO lv suhvhqw

8Qrwh wkdw wklv rqo| dssolhv iru lqmhfwlrq zhoov +l1 h1/ t wrw A 3, zkhuh wkh pdnhxs ri wkh
vrxufh  xlg lv nqrzq1 Dw h{wudfwlrq zhoov +l1 h1/ t wrw ? 3, wkh wkh pdnhxs ri wkh vlqn  xlg lv d
ixqfwlrq ri wkh vroxwlrq1 Vhh htxdwlrq 91661

9Dw lqmhfwlrq zhoov/ jlyhq t wrw/ ii z dqg ii j/ wkh QDSO  rz udwh lv nqrzq vlqfh TQ @

t wrw�TZ �TJ1
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dqg qwubrj @ 4/ wkhq urj lv vhw lqwhuqdoo| wr wkh vroxelolw| olplw sdurj1
Li qwubrj @ 3 wkhq urj lv vhw wr }hur lqwhuqdoo|1

:;1 wlphf/ lskbqhz/ gwqhz/ frbqhz/ gwpd{

Gh�qh d qhz vwuhvv shulrg= fkdqjh wkh erxqgdu| dqg h{whuqdo  x{ frqglwlrqv
dw vshfl�hg wlphv gxulqj wkh vlpxodwlrq zlwkrxw vwrsslqj/ zkhuh

wlphf 0 wlph iru qhz vwuhvv shulrg1

lskbqhz 0 gh�qh qxpehu dqg w|shv ri skdvhv prghoohg +uhgh�qhv wkh sd0
udphwhu lskdvh lqlwldoo| gh�qhg rq lqsxw olqh 5,

gwqhz 0 qhz lqlwldo wlph vwhs1

frbqhz 0 qhz Frxudqw frqvwudlqw +uhgh�qhv wkh sdudphwhu fr lqlwldoo|
gh�qhg rq lqsxw olqh 47,

gwpd{ 0 qhz pd{lpxp wlph vwhs +uhgh�qhv wkh sdudphwhu wvpd{ lqlwldoo|
gh�qhg rq lqsxw olqh 49,1

Li wkh vlpxodwlrq wlph lv juhdwhu wkdq ru htxdo wr wlphf wkhq zkdw iroorzv lv
d uh0vshfl�fdwlrq ri erxqgdu| frqglwlrqv vwduwlqj dw +:51,1 Wkhuhiruh/ uhshdw
lqsxw olqhv :5 wkurxjk :9 iru hdfk vwuhvv shulrg fkdqjh1

Wklv frqfoxghv wkh ghvfulswlrq rq gdwd lqsxw1 H{dpsohv ri wkh dfwxdo lqsxw
�ohv fdq eh irxqg lq Fkdswhu ;1

:151 LQSXW0 DQG RXWSXW0ILOH GHVFULSWLRQ

:15141 Lqsxw Ilohv

Doo wkh �ohv duh zulwwhq lq vwdqgdug DVFLL irupdw1 Uhihuhqfh wr vshfl�f lqsxw
olqhv uhihuv wr wkrvh ghvfulehg lq vxevhfwlrq :14151 Lqsxw �ohv duh olvwhg e| fdwhjru|1

41 Pdlq gdwd gulyhu

vp1lq 0 gh�qhv doo gdwd lqsxw iru wkh vlpxodwru1 Gh�qhv fdoov wr rwkhu gdwd
lqsxw �ohv1

51 Julg vsdflqj
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vsdfh1lq 0 julg vsdflqj lqirupdwlrq/ olvw �uvw qrgdo {0frruglqdwhv +??%
hqwulhv, dqg wkhq qrgdo |0frruglqdwhv +??+ hqwulhv,

61 Lqlwldo frqglwlrqv

urd1lq 0 olvw ri qrgdo h{fhswlrqv wr joredo vshfl�fdwlrq ri 4`? dv gh�qhg lq
lqsxw olqh :3 ri �oh vp1lq1 Olvwv wkh qrgh qxpehu dqg wkh vshfl�hg
ydoxh1

urj1lq 0 olvw ri qrgdo h{fhswlrqv wr joredo vshfl�fdwlrq ri 4C? dv gh�qhg lq
lqsxw olqh :4 ri �oh vp1lq1 Olvwv wkh qrgh qxpehu dqg wkh vshfl�hg
ydoxh1

vdw1lq 0 olvw ri qrgdo h{fhswlrqv wr joredo vshfl�fdwlrq ri 7` dqg 7A� dv
gh�qhg lq lqsxw olqh 9< ri �oh vp1lq1 Olvwv wkh qrgh qxpehu dqg wkh
vshfl�hg 7` dqg 7A� ydoxhv1

71 Vsdwldoo|0ydu|lqj sk|vlfdo frqvwdqwv +Wdeoh :14,

exon1lq 0 olvw ri qrgdo h{fhswlrqv wr joredo vshfl�fdwlrq ri wkh vrlo gu| exon
ghqvlw| dv gh�qhg lq lqsxw olqh 63 ri �oh vp1lq1 Olvwv wkh qrgh qxpehu
dqg wkh ydoxh ri wkh vrlo exon ghqvlw|1

rbf1lq 0 olvw ri qrgdo h{fhswlrqv wr joredo vshfl�fdwlrq ri wkh iudfwlrq ri
rujdqlf fduerq lq wkh vrlo dv gh�qhg lq lqsxw olqh 88 ri �oh vp1lq1 Olvwv
wkh qrgh qxpehu dqg wkh ydoxh ri rujdqlf fduerq frqwhqw1

shup1lq 0 olvw ri qrgdo h{fhswlrqv wr joredo vshfl�fdwlrq ri shuphdelolw|
vfdodu dv gh�qhg lq lqsxw olqh 59 ri �oh vp1lq1 Olvwv wkh qrgh dqg wkh
shuphdelolw| ydoxh1

sru1lq 0 olvw ri qrgdo h{fhswlrqv wr joredo vshfl�fdwlrq ri srurvlw| dv gh�qhg
lq lqsxw olqh 5; ri �oh vp1lq1 Olvwv wkh qrgh dqg wkh srurvlw| ydoxh1

vkdsh1lq 0 olvw ri qrgdo h{fhswlrqv wr joredo vshfl�fdwlrq ri 7 � � fxuyh
�wwlqj sdudphwhuv @_/ @� dqg # dv gh�qhg lq lqsxw olqh 6; ri �oh vp1lq1
Olvwv wkh qrgh qxpehu dqg wkh ydoxhv ri @_/ @� dqg #�

81 Erxqgdu| dqg h{whuqdo iruflqj frqglwlrqv

efb rz1lq 0 olvw ri qrgdo Glulfkohw gdwd iru  rz iru hdfk vwuhvv shulrg1
Gdwd iru hdfk vwuhvv shulrg lv frqfdwhqdwhg1
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efburd1lq 0 olvw ri qrgdo Glulfkohw gdwd iru glvvroyhg QDSO frqfhqwudwlrq1
Gdwd iru hdfk vwuhvv shulrg lv frqfdwhqdwhg1

efburj1lq 0 olvw ri qrgdo Glulfkohw ru pl{hg gdwd iru QDSO ydsru frqfhq0
wudwlrq1 Gdwd iru hdfk vwuhvv shulrg lv frqfdwhqdwhg1

zhoo1lq 0 olvw ri qrgdo srlqw vrxufh dqg vlqn gdwd iru hdfk vwuhvv shulrg1
Gdwd iru hdfk vwuhvv shulrg lv frqfdwhqdwhg1

:15151 Uhvwduw Ilohv

Uhvwduw �ohv frqwdlq xq0irupdwwhg grxeoh suhflvlrq rxwsxw zulwwhq dw wkh odvw
vshfl�hg rxwsxw lqwhuydo +dv ghwhuplqhg e| wkh sulqw frppdqg,/ dqg wkh| frqvwl0
wxwh doo wkh qhfhvvdu| qrgdo lqirupdwlrq uhtxluhg wr uhvwduw wkh vlpxodwru iurp wkh
wlph ri wkh odvw vshfl�hg rxwsxw lqwhuydo1 Xvhg iru hlwkhu d sodqqhg frqwlqxdwlrq/
ru diwhu dq xqh{shfwhg surjudp vwrssdjh1 Wkh �ohv frqwdlq qrgdo vroxwlrq gdwd/
dqg wkh| duh fdwhjrul}hg lqwr wzr jurxsv=

41 wkrvh �ohv dvvrfldwhg zlwk wkh k|vwhuhwlf & � 7 � � prgho=

d1uv 0wkh vfdolqj sdudphwhuv @Es� xvhg lq htxdwlrq 8146 dqg gh�qhg lq Wdeoh
8151

qkf1uv 0 wkh lqwhjhu fxuyh0w|sh lqglfdwru s 1

vbpd{1uv 0 wkh kljkhvw k0skdvh vdwxudwlrq wkdw kdv rffxuuhg vlqfh lw zdv
odvw dw lppreloh uhvlgxdo frqglwlrqv/ 74@ 

k +htxdwlrq 81:,1

ve1uv 0 wkh vdwxudwlrq dw zklfk fxuyh s zdv vsdzqhg/ 7fEs� xvhg lq Wdeohv
815/ 816 dqg 8171

vu1uv 0 wkh plqlpxp zhwwlqj skdvh vdwxudwlrq iru fxuyh0w|sh s / 7oEs� xvhg
lq htxdwlrq 8146 dqg gh�qhg lq Wdeoh 816 7oEs�1

vv1uv 0 wkh pd{lpxp zhwwlqj skdvh vdwxudwlrq iru fxuyh0w|sh s / 7rEs� xvhg
lq htxdwlrq 8146 dqg gh�qhg lq Wdeoh 8171

wudsbf1uv 0 wkh fxuuhqw wudsshg txdqwlw|/ 7k|/ gh�qhg lq htxdwlrq 81:1

wudsbpq1uv 0 wkh orzhu olplw ri hqwudsshg k0skdvh 74�?
k| xvhg lq htxdwlrq

81: dqg gh�qhg lq htxdwlrq 81;1

wudsbp{1uv 0 wkh pdjqlwxgh ri wkh uhvlgxdo k0skdvh dw wkh whuplqxv ri
dq k0skdvh gudlqdjh surfhvv/ 7W

ko/ xvhg lq htxdwlrq 81: dqg gh�qhg lq
htxdwlrq 81<1
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51 wkrvh �ohv dvvrfldwhg zlwk wkh vroxwlrq yduldeohv=

rd1uv 0 wkh qrgdo Khuplwh 4`? gdwd

rj1uv 0 wkh qrgdo Khuplwh 4C? gdwd

sd1uv 0 wkh qrgdo Khuplwh �` gdwd

vz1uv 0 wkh qrgdo Khuplwh 7` gdwd

vw1uv 0 wkh qrgdo Khuplwh 7A� gdwd

:15161 Frpslodwlrq Ilohv

Wkh vlpxodwru xvhv wkh IRUWUDQ :: LQFOXGH vwdwhphqw1 Wkh �oh lqfoxgh1i
lv xvhg wr vhw wkh glphqvlrqv iru wkh duud|v xvhg lq wkh vlpxodwru1 Vhh vxevhfwlrq
:1414 iru surshu glphqvlrqlqj uhtxluhphqwv1

Diwhu fkdqjlqj wkh lqfoxgh1i �oh rqh qhhgv wr frpsloh wkh frgh1 D �oh fdoohg
pdnh�oh frqwdlqv wkh XQL[ v|vwhp frppdqgv zklfk fuhdwh dqg olqn wkh remhfw
�ohv wr |lhog wkh h{hfxwdeoh �oh qdso1

:15171 Vfuhhq rxwsxw

Li wkh rxwsxw  dj lvfu @ 4 +vhw lq olqh 6 ri �oh vp1lq , wkhq lwhudwlrq dqg vrox0
wlrq lqirupdwlrq lv rxwsxw wr wkh vfuhhq lq wkh rughu wkdw wkh frpsxwdwlrqv duh
shuiruphg +vhh vxevhfwlrq 91: iru d vxppdu| ri wkh frpsxwdwlrqdo vwhsv,1 Wklv
rxwsxw lv gldjqrvwlf lq qdwxuh dqg surylghv wkh xvhu zlwk uxq0wlph lqirupdwlrq
rq vlpxodwru shuirupdqfh1

� S 0 JPUHV +qxpehu ri lwhudwlrqv, ru S 0 GLUHFW1 Wkh wrwdo  rz
htxdwlrq zdv mxvw vroyhg iru �` 1 Qrwh/ wklv htxdwlrq lv olqhdu/ wkhuh0
iruh lwhudwlrq lv qhfhvvdu| rqo| zkhq wkh JPUHV lwhudwlyh vroyhu lv
hpsor|hg1

� IOX[ FRQYHUVLRQ IRU EFv 5/ 6 dqg 71 Dw hdfk erxqgdu| qrgh
zkhuh d Fdvh 5/ 6 ru 7  rz erxqgdu| frqglwlrq lv dssolhg/ wkh erxqg0
du|  x{hv zhuh mxvw frqyhuwhg lqwr srlqw vrxufh2vlqn frqglwlrqv1 Wkh
rxwsxw olvwv wkh skdvh  x{ gdwd iru hdfk qrgh=

qrgh qxpehu '` '� 'C

zkhuh 'k du�*A o lv wkh htxlydohqw yroxphwulf  x{ ri wkh k�skdvh dw
wkh qrgh1
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� Urj 0 JPUHV +qxpehu ri lwhudwlrqv, ru Urj 0 GLUHFW1 1

Urd 0 JPUHV +qxpehu ri lwhudwlrqv, ru Urd 0 GLUHFW1

Wkh frqwdplqdqw wudqvsruw htxdwlrqv zhuh mxvw vroyhg iru 4C? dqg 4`? /
uhvshfwlyho|1 Qrwh/ wklv lqirupdwlrq lv glvsod|hg rqo| li frqwdplqdqw
wudqvsruw lv wxuqhg rq +l1 h1/ qwubrz @ 4 dqg2ru qwubrj @ 4 lq lqsxw
olqh 7; ri �oh vp1lq,/ rwkhuzlvh lw lv vxssuhvvhg1 Dovr/ li frqwdplqdqw
wudqvsruw lv rq/ wkhq vlqfh wkh frqfhqwudwlrq htxdwlrqv duh qrqolqhdu/
wkh lwhudwlrq lqirupdwlrq iru qrqolqhdu frqyhujhqfh lv glvsod|hg lq wkh
qh{w olqh/ zkhuh wkh uhvshfwlyh hqwulhv iurp ohiw wr uljkw duh=

Htxdwlrq0w|sh = QObF/

lwhudwlrq qxpehu/

qrgh zkhuh wkh odujhvw fkdqjh rffxuuhg/

wkh ydoxhv ri 4`? dqg 4C? dw wkdw qrgh/

wkh u2 qrup ri wkh lwhudwlyh lqfuhphqw/

wkh lq�qlw| qrup ri wkh lwhudwlyh lqfuhphqw1

� VWz 0 JPUHV +qxpehu ri lwhudwlrqv, ru VWz 0 GLUHFW1

Vz 0 JPUHV +qxpehu ri lwhudwlrqv, ru Vz 0 GLUHFW1

Wkh vdwxudwlrq htxdwlrqv zhuh mxvw vroyhg iru 7A� dqg 7` / uhvshfwlyho|1
Qrwh/ li lskdvh @ 45/ wkhq rqo| 7` lv vroyhg/ dqg li lskdvh @ 46/
wkhq rqo| 7A� lv vroyhg +vhh lqsxw olqh 5 lq �oh vp1lq,1 Dovr/ vlqfh
wkh vdwxudwlrq htxdwlrqv duh qrqolqhdu/ wkh lwhudwlrq lqirupdwlrq iru
qrqolqhdu frqyhujhqfh lv glvsod|hg lq wkh qh{w olqh/ zkhuh wkh uhvshfwlyh
hqwulhv iurp ohiw wr uljkw duh=

Htxdwlrq0w|sh = QObV/

lwhudwlrq qxpehu/

qrgh zkhuh wkh odujhvw fkdqjh rffxuuhg/

wkh ydoxhv ri 7` / 7� dqg 7C dw wkdw qrgh/

lq sduhqwkhvhv/ wkh pd{lpxp fkdqjh lq 7e` ru 7eA� ryhu wkh wlph
vwhs/

wkh O5 qrup ri wkh lwhudwlyh lqfuhphqw/

wkh lq�qlw| qrup ri wkh lwhudwlyh lqfuhphqw1

Diwhu d frqyhujhqw vroxwlrq lv frpsxwhg iru wkh wlph vwhs/ wkh wlph lqirupdwlrq
lv sulqwhg/ lqfoxglqj iurp ohiw wr uljkw/
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wkh hodsvhg wlph +lq wkh xqlwv vshfl�hg, vlqfh wkh ehjlqqlqj ri wkh vlpxod0
wlrq/

wkh wlph vwhs ydoxh iru wkh odvw wlph vwhs/

wkh qxpehu ri wlphv wkh wlph vwhs kdg wr eh uhvwduwhg ehfdxvh ri odfn ri
lwhudwlyh frqyhujhqfh +vhh lqsxw olqh 45,/

wkh qxpehu ri wlph vwhsv wdnhq vlqfh ehjlqqlqj ri wkh vlpxodwlrq1

:15181 Rxwsxw �ohv

Rxwsxw �ohv duh jurxshg dffruglqj wr wkh lqirupdwlrq wkh| surylgh1 Zh lghqwli|
wkuhh jurxsv=

41 Rxwsxw �ohv wr eh xvhg e| srvw0surfhvvlqj judsklfv vriwzduh1 Wkhvh �ohv duh
jhqhudwhg rqo| li wkh judsklfv rxwsxw lv hqdeohg +vhh lqsxw olqh 4: lq �oh
vp1lq,=

vroxwlrq yhfwruv +vhh lqsxw olqh 49 iru rxwsxw lqwhuydo gh�qlwlrq,

vz1vwi dqg vw1vwi +vdwxudwlrqv 7` dqg 7A�,

rd1vwi dqg rj1vwi+frqfhqwudwlrqv/ 4`? dqg 4C? ,

yhoz1vwi/ yhoq1vwi dqg yhoj1vwi + xlg yhorflwlhv �` / �� dqg �C ,

vrlo surshuwlhv

vrlo1vwi 0 froxpq 4 lv qrgdo ydoxhv ri shuphdelolw|/ froxpq 5 lv qrgdo
ydoxhv ri srurvlw|1

phvk lqirupdwlrq

p�oh1mlq 0 frqwdlqv d olvw ri qrgdo frruglqdwhv dqg hohphqw0wr0qrgh
frqqhfwlylw|

51 Rxwsxw �ohv frqwdlqlqj pdvv edodqfh dqg vlpxodwlrq shuirupdqfh lqirupd0
wlrq1 wklv lqirupdwlrq lv rxwsxw rqo| li wkh pdvv edodqfh frpsxwdwlrqv duh
wxuqhg rq1 Wkhuh duh vl{ �ohv wkdw frqwdlq pdvv edodqfh lqirupdwlrq1

fpdvv1rxw 0 fxpxodwlyh pdvv edodqfh fdofxodwlrq diwhu hdfk wlph vwhs1
Pdvv edodqfh iru hdfk skdvh dw wlph A : f lv gh�qhg dv=

+wkh fxpxodwlyh skdvh pdvv wkdw kdv furvvhg wkh erxqgdu| iurp | ' f wr

A ,
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2 +wkh wrwdo skdvh pdvv lq wkh grpdlq dw wlph A ,1

Wkh �oh olvwv wkh iroorzlqj qlqh hqwulhv iru hdfk wlph vwhs=

hodsvhg wlph/

zdwhu skdvh pdvv huuru/

QDSO skdvh pdvv huuru/

jdv skdvh pdvv huuru/

} |/

qxpehu ri �` lwhudwlrqv/

qxpehu ri 7` lwhudwlrqv/

qxpehu ri 7C lwhudwlrqv/

qxpehu ri lwhudwlrq kdqj0xs2uhvwduwv1

pdvv1rxw 0 iru hdfk vshfl�hg vroxwlrq rxwsxw +dv gh�qhg e| wkh sulqw
lqwhuydo,/ vxppdul}hv pdvv/ wlph vwhs/ dqg lwhudwlrq shuirupdqfh1

pdvvj1rxw 0 jdv pdvv edodqfh huuru shu wlph vwhs1 Pdvv edodqfh ryhu wkh
wlph vwhs lv gh�qhg dv=

+wkh fkdqjh lq wkh dprxqw ri skdvh pdvv lq wkh frpsxwdwlrqdo grpdlq ryhu

7|,

2 +wkh skdvh pdvv wkdw kdv furvvhg wkh erxqgdu| ryhu 7|,

Shuihfw pdvv edodqfh lv lqglfdwhg e| d udwlr ri rqh1 Wkh iroorzlqj vl{
hqwulhv duh olvwhg iru hdfk wlph vwhs=

hodsvhg wlph

jdv pdvv lq ryhu erxqgdu| ryhu 7|

jdv pdvv rxw ryhu erxqgdu| ryhu 7|

fkdqjh lq jdv pdvv ryhu wkh erxqgdu| ryhu 7|

fkdqjh lq jdv pdvv lq wkh grpdlq ryhu 7|

pdvv edodqfh udwlr gh�qhg deryh1

pdvvr1rxw 0 vdph dv pdvvj1rxw h{fhsw iru QDSO skdvh1

pdvvz1rxw 0 vdph dv pdvvj1rxw h{fhsw iru zdwhu skdvh1

pdvvw1rxw 0 wrwdo  xlg pdvv edodqfh huuru shu wlph vwhs1 Iru hdfk wlph
vwhs/ olvwv wkh hodsvhg wlph dqg wkh udwlr=

+wkh fkdqjh lq wkh dprxqw ri wrwdo skdvh pdvv lq wkh frpsxwdwlrqdo grpdlq

ryhu 7|,
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2 +wkh wrwdo skdvh pdvv wkdw kdv furvvhg wkh erxqgdu| ryhu 7|,

61 Rxwsxw �ohv frqwdlqlqj lqirupdwlrq rq wkh vroxwlrq1 Wkh iuhtxhqf| ri wkh
rxwsxw lv gh�qhg e| wkh sulqw lqwhuydo +vhh lqsxw olqh ; lq �oh vp1lq,/ dqg
wkh rxwsxw lv frqfdwhqdwhg1

Li Khuplwh gdwd rxwsxw lv hqdeohg +vhh lqsxw olqh 7 lq �oh vp1lq,/ wkhq wkh
iroorzlqj Khuplwh frh!flhqw lqirupdwlrq dw hdfk qrgh lq wkh grpdlq
lv surylghg=

vz1rxw/ vw1rxw +vdwxudwlrqv 7` dqg 7A�,

sd1rxw +zdwhu suhvvxuh,

rd1rxw dqg rj1rxw +frqfhqwudwlrqv 4`? dqg 4C? ,

Uhihuhqfhg e| wlph lqirupdwlrq/ hdfk sulqw lqwhuydo olvwv wkh vroxwlrq
gdwd iru hdfk qrgh=

qrgh qxpehu/ ydoxhv ri wkh 7 +;, ghjuhhv ri iuhhgrp1:

hfkr1rxw 0 hfkrhv sdudphwhu lqsxw/ dqg olvwv ZDUQLQJ phvvdjhv1

vdw1rxw 0 Vroxwlrq vxppdu|1 Uhihuhqfhg e| wlph lqirupdwlrq/ hdfk sulqw
lqwhuydo olvwv wkh iroorzlqj vroxwlrq gdwd iru hdfk qrgh=

7` / 7� / 7C/ �S�` / �SC� / 4
`
? dqg 4C?

yhoj1rxw 0 wkh frpsxwhg jdv  x{ frpsrqhqwv dw hdfk qrgh1

yhoq1rxw 0 wkh frpsxwhg QDSO  x{ frpsrqhqwv dw hdfk qrgh1

yhoz1rxw 0 wkh frpsxwhg zdwhu  x{ frpsrqhqwv dw hdfk qrgh1

:Irxu ghjuhhv ri iuhhgrp iru wkh 50G vlpxodwru dqg hljkw ghjuhhv ri iuhhgrp iru wkh 60G

vlpxodwru1
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;1 PRGHO WHVWLQJ DQG H[DPSOH

SUREOHPV

Wkh irfxv ri wklv Vhfwlrq lv rq whvwlqj wkh prgho iru vhoi0frqvlvwhqf| dqg lwv delolw|
wr vlpxodwh h{shulphqwdo surfhgxuhv dqg uhvxowv1 Vhoi0frqvlvwhqf| lv hvwdeolvkhg
e| lqyhvwljdwlqj vsdwldo dqg whpsrudo frqyhujhqfh dwwulexwhv dqg pdvv edodqfh
shuirupdqfh1 D vhulhv ri svhxgr0rqh0glphqvlrqdo h{dpsoh sureohpv duh suhvhqwhg
lq rughu wr hydoxdwh frqyhujhqfh dqg pdvv edodqfh/ dqg wr jlyh wkh xvhu dq lq0
glfdwlrq ri dssursuldwh glvfuhwl}dwlrq iru d jlyhq vhw ri lqsxw gdwd1 Lq dgglwlrq
wr dgguhvvlqj vhoi0frqvlvwhqf|/ irxu h{dpsoh sureohpv zhuh ghvljqhg wr vlpxodwh
vshfl�f sk|vlfdo h{shulphqwv=

41 d wkuhh0skdvh OQDSO vsloo dqg uhglvwulexwlrq h{shulphqw +Ydq Jhho dqg
V|nhv/ 4<<8,>

51 d wkuhh0skdvh GQDSO vsloo dqg uhglvwulexwlrq h{shulphqw frqgxfwhg dw wkh
HSD*v Vxevxuidfh Surwhfwlrq dqg Uhphgldwlrq Glylvlrq ri wkh Qdwlrqdo Ulvn
Pdqdjhphqw Uhvhdufk Oderudwru| lq Dgd/ RN>

61 dq h{shulphqwdo lqyhvwljdwlrq ri wkh glvvroxwlrq ri uhvlgxdo GQDSO lq d
vdwxudwhg vdqg +Lpkr� hw do/ 4<<5,>

71 dq h{shulphqwdo lqyhvwljdwlrq ri GQDSO ydsru wudqvsruw lq dq xqvdwxudwhg
vdqg +Ohqkdug hw do1/ 4<<8,1

Dv glvfxvvhg lq vxevhfwlrq ;16/ wkh gdwd vhwv iru wkhvh sureohpv 4/ 5/ dqg 7 duh
lqfoxghg zlwk wkh vriwzduh lq wkh dssursuldwh ghglfdwhg gluhfwru|1

;141 FRQYHUJHQFH DQG PDVV EDODQFH

;14141 Frpsdwlelolw| ri wkh julg dqg wkh  rz prgho

Ehfdxvh zh duh prgholqj wkh hpsodfhphqw dqg glvvroxwlrq ri QDSO lq wkh ydgrvh
}rqh/ zh qhhg wr frqvlghu sureohpv zklfk hyroyh wr txdvl0vwdwlf  rz frqglwlrqv1
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Dv d uhvxow/ lw lv lpshudwlyh wkdw wkh vsdwldo glvfuhwl}dwlrq eh frpsdwleoh zlwk wkh
 rz sdudphwhuv/ hvshfldoo| wkrvh gh�qlqj wkh 7 � � prgho/ vr wkdw rvfloodwlrqv
lq wkh vdwxudwlrq vroxwlrqv duh plqlpl}hg1 Wklv srlqw lv looxvwudwhg lq Iljxuh ;14
zklfk frpsduhv wkh fdsloodu| ulvh iru wzr gl�huhqw vrlov1

Wkh sureohp lv wr vlpxodwh zdwhu gudlqdjh lq d rqh0glphqvlrqdo vrlo froxpq/
415 phwhuv orqj dqg lqlwldoo| vdwxudwhg zlwk zdwhu1 Wkh uhohydqw vrlo surshuwlhv/
7 � � prgho sdudphwhuv/ dqg uhvxowlqj ydq Jhqxfkwhq �(� duh vkrzq lq Ilj0
xuhv ;14d ^iru d uhodwlyho| �qh vdqg` dqg ;14f ^iru d uhodwlyho| frduvh vdqg`1 Wkh
erxqgdu| frqglwlrqv duh= dw wkh wrs/ rshq wr wkh dwprvskhuh/ dqg dw wkh erwwrp/
vshfl�hg zdwhu khdg +�qh vdqg @ 43 fp/ frduvh vdqg @ 93 fp,1 Wkh froxpqv duh
wkhq doorzhg wr gudlq xqghu wkh lq xhqfh ri judylw| xqwlo txdvl0vwdwlf frqglwlrqv
suhydlo1 Iljxuh ;14e vkrzv wkdw iru wkh �qh vdqg/ dq dssursuldwh julg vsdflqj lv
dssur{lpdwho| 43 fp/ dqg Iljxuh ;14g vkrzv wkdw iru wkh frduvh vdqg dq dssursul0
dwh julg vsdflqj lv dssur{lpdwho| 5 fp1 Lw pxvw eh qrwhg khuh wkdw wkh vlpxodwru
lqfoxghv qr lpsolflw phfkdqlvp wr dgg duwl�fldo gl�xvlrq/ ru fdsloodulw|/ wr wkh v|v0
whp +iru h{dpsoh/ dq xsvwuhdp zhljkwlqj dojrulwkp lv qrw hpsor|hg,1 Duwl�fldo
fdsloodulw| pxvw eh lqfoxghg h{solflwo| hlwkhu e| dowhulqj wkh 7 � � fxuyh �wwlqj
sdudphwhuv ru e| xwlol}lqj wkh Shfohw fulwhulrq +vhh Vhfwlrq 91814 iru ghwdlov,1

Zlwk uhvshfw wr wlph vwhs/ zh qrwh wkh iroorzlqj1 Ehfdxvh wkh Glulfkohw suhv0
vxuh gdwd lv d qrqolqhdu ixqfwlrq ri vdwxudwlrq/ dqg ehfdxvh qr vdwxudwlrq Glulfkohw
gdwd kdv ehhq vshfl�hg/ wkh wlph vwhs uhsuhvhqwv wkh rqo| h{solflw phfkdqlvp wr
gdps rvfloodwlrqv lq wkh suhvvxuh vroxwlrq dv wkh v|vwhp dssurdfkhv vwhdg|0vwdwh1
Wkh dssursuldwh vl}h ri wkh wlph vwhs lv sureohp0ghshqghqw/ dqg lq jhqhudo/ wkh
pruh qrqolqhdu wkh 7 � � ixqfwlrqdo wkh vpdoohu wkh txdvl0vwhdg|0vwdwh wlph vwhs
pxvw eh1 Iru h{dpsoh/ wkh txdvl0vwhdg|0vwdwh 7| iru wkh sureohp lq Iljxuh ;14e
lv ri rughu 4333 vhfrqgv/ zkloh wkdw iru wkh sureohp lq Iljxuh ;14g lv ri rughu
58 vhfrqgv1 Lw lv vxjjhvwhg wkdw dv wkh v|vwhp dssurdfkhv vwhdg| vwdwh/ wkh jdv
suhvvxuh erxqgdu| frqglwlrq eh fkdqjhg wr Glulfkohw frqglwlrqv rq �` / 7` dqg
7C +d fdvh 8 erxqgdu| frqglwlrq/ vhh Vhfwlrq 91715,1

;14151 Dqdo|vlv ri wkh wkuhh0skdvh k|vwhuhwlf n0V0S prgho

Khuh zh frqvlghu frqyhujhqfh dqg pdvv edodqfh dwwulexwhv ri wkh vlpxodwru zkhq
wkh wkuhh0skdvh k|vwhuhwlf & � 7 � � prgho lv hpsor|hg1 Frqvlghu wkh prgho
sureohp suhvhqwhg lq Iljxuh ;14g/ dqg wkh uhvxow wkhuhlq wr eh wkh lqlwldo frqglwlrqv
iru d GQDSO vsloo vlpxodwlrq1 Uhohydqw prgho sdudphwhuv duh suhvhqwhg lq Wdeoh
;141 Wkhvh sdudphwhuv plplf wkrvh wr eh xvhg lq dq duwl�fldo dtxlihu h{shulphqw
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Iljxuh ;14= Dqdo|vlv ri dssursuldwh julg vsdflqj wr frpsxwh fdsloodu| ulvh iru
gl�huhqw vrlo0w|shv1 Sduwv +d, dqg +e, duh iru d uhodwlyho| �qh vdqg/ dqg sduwv +f,
dqg +g, duh iru d uhodwlyho| frduvh vdqg1
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Ioxlg surshuwlhv
4` ' f�bbH2 }*S6� 4� ' ��S2S }*S6� 4C ' f�ff�2b }*S6�

>` ' f�f� RJ�re >� ' f�ffb� RJ�re >C ' f�fff2 RJ�re
V0S prgho gh�qlwlrq
@_ ' f�fHeb*S6 @� ' f��2*S6 # ' ���e�e
7`o ' f�fH 7Co ' f��S 7�?o ' �S/ 7��o ' f�fH
jC` ' .2�.D _+?er*S6 j�` ' �b�D _+?er*S6 jC� ' ���.e _+?er*S6
n0V prgho gh�qlwlrq
@7e` iurp ht 8158 K7e` iurp ht 8158
@7eC iurp ht 8159 K7eC iurp ht 8159
7e� iurp ht 8163 7eA� iurp ht 8165 7eA? iurp ht 8168
l ' ) ' 1 ' f�D
Ilhog surshuwlhv
0 ' f����D & ' �.f 6*_

Wdeoh ;14= SDUDPHWHUV XVHG WR PRGHO WKUHH0SKDVH SFH PLJUD0
WLRQ LQ RWWDZD VDQG

ehlqj frqgxfwhg dw UVNHUO lqyroylqj d frqwuroohg uhohdvh ri d GQDSO1 Wkh
erxqgdu| frqglwlrqv iru wkh fxuuhqw sureohp duh jlyhq dv= �` ' Sf S6 dw wkh
erwwrp erxqgdu| iru doo wlph/ dqg/ dw wkh wrs erxqgdu|/ wkh iroorzlqj wlph0ydu|lqj
frqglwlrqv duh dssolhg=

41 Iru wlph @ 3 wr 433 v/ GQDSO lv lqmhfwhg dw d frqvwdqw yroxph udwh ri f�f�
S6�*r1

51 Iru wlph @ 433 v wr wkh hqg ri wkh vlpxodwlrq/ �C ' dwprvskhulf1

Wklv sureohp lv frqvlghuhg d vhyhuh whvw ri wkh qxphulfdo prgho iru wzr uhdvrqv=

41 Wkh 7 � � ixqfwlrqdov duh h{wuhpho| qrqolqhdu1

51 Wkh lqfrpsuhvvleoh jdv0skdvh dvvxpswlrq +zkloh qrw dssursuldwh iru wklv
vlpxodwlrq, ohdgv wr d uhvxow lq zklfk/ dv wkh GQDSO lv lqmhfwhg/ wkh zdwhu
wdeoh lv ghsuhvvhg1 Wkhq/ diwhu wkh vrxufh lv uhpryhg dqg wkh wrs uh0rshqhg
wr wkh dwprvskhuh/ wkh zdwhu wdeoh uherxqgv/ iruflqj wkh jdv0skdvh wr shu0
frodwh xs wkurxjk wkh ghvfhqglqj GQDSO1
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Vlpxodwlrq uhvxowv iru wzr gl�huhqw glvfuhwl}dwlrqv duh suhvhqwhg lq Iljxuh ;151
D wlph vwhs ri rughu 5 vhfrqgv zdv uhtxluhg wr rewdlq d vroxwlrq iru wklv sureohp/ dv
odujhu wlph vwhsv fdxvhg frqyhujhqfh sureohpv1 Iljxuh ;15d vkrzv wkh wrwdo oltxlg
vdwxudwlrq vroxwlrq dw lqlwldo frqglwlrqv +W @ 3, dqg dw W @ 533 v +433 v diwhu wkh
GQDSO vrxufh zdv uhpryhg,1 Rqh fdq vhh wkdw zkloh erwk glvfuhwl}dwlrqv fdswxuh
wkh vkdus GQDSO iurqw/ wkh { @ 518 fp vroxwlrq h{klelwv rvfloodwlrqv ehklqg wkh
iurqw1 Iljxuh ;15e suhvhqwv vdwxudwlrq uhvxowv dw wlph @ 8333 v/ diwhu wkh GQDSO
kdv pljudwhg wr qhdu vwdwlf/ uhvlgxdo vwdwh1 Lw lv dssduhqw wkdw iru wkhvh prgho
sdudphwhuv/ d julg vsdflqj ri dssur{lpdwho| 4 fp lv uhtxluhg1 Iljxuhv ;15f dqg
;15g suhvhqw pdvv edodqfh uhvxowv iru wklv vlpxodwlrq1 Wkh gh�qlwlrq ri wkh pdvv
edodqfh udwlr xvhg lq wkh �jxuh lv=

+wkh fkdqjh lq wkh dprxqw ri wrwdo skdvh pdvv lq wkh frpsxwdwlrqdo grpdlq ryhu 7w,

2+wkh wrwdo skdvh pdvv wkdw kdv furvvhg wkh erxqgdu| ryhu 7w,

Shuihfw pdvv edodqfh ryhu d wlph vwhs lv lqglfdwhg e| d udwlr ri rqh1 Rqh fdq vhh
wkdw lq jhqhudo wkh prgho shuirupv zhoo zlwk uhvshfw wr pdvv edodqfh h{fhsw zkhq
erxqgdu| iruflqj lv fkdqjhg/ dqg vhyhudo wlph vwhsv duh qhhghg wr dffrpprgdwh
wkh glvfrqwlqxlw| lpsrvhg1

;14161 Dqdo|vlv ri wkh pdvv wudqvihu prgho

Khuh zh lqyhvwljdwh wkh frqyhujhqfh dwwulexwhv ri wkh nlqhwlf pdvv wudqvihu prgho1
Frqvlghu wkh iroorzlqj rqh0glphqvlrqdo zdwhu  rz dqg frqwdplqdqw wudqvsruw
sureohp zkhuh wkh grpdlq lv wkh vdph dv wkdw gh�qhg lq Iljxuh ;14f/ dqg wkh
prgho sdudphwhuv duh wkrvh jlyhq lq Wdeoh ;141 Wkh lqlwldo frqglwlrqv duh vhw vxfk
wkdw wkh grpdlq lv vdwxudwhg/ dqg wkhuh lv d }rqh ri uhvlgxdo GQDSO/ 7� ' f��D/
xqlirupo| glvwulexwhg iurp % ' 2D S6 wr wkh erwwrp1 Wkh erxqgdu| frqglwlrqv duh
vhw vxfk wkdw wkhuh lv d frqvwdqw lq x{ ri fohdq zdwhu dw wkh wrs dw d udwh ri f�ffH
S6*r/ dqg dq htxlydohqw h"x{ ri frqwdplqdwhg zdwhu dw wkh erwwrp1 Uhohydqw
pdvv wudqvihu dqg wudqvsruw sdudphwhuv duh= q2 ' f�D dqg q� ' ��f/ @`u ' �
S6/ dqg 4`? ' f�ff� }6*S6�1 Wkh uhvxowv iru gl�huhqw ydoxhv ri wkh h{fkdqjh
udwh frh!flhqw/ q`�

� / duh suhvhqwhg lq Iljxuhv ;16d dqg ;16e1 Dv vkrzq lq wkh
Iljxuh/ d glvwlqfw glvvroxwlrq iurqw lv fuhdwhg/ wkh vkdsh ri zklfk lv d ixqfwlrq ri
wkh vl}h ri q`�

� 1 Kljk ydoxhv h�hfwlyho| dssur{lpdwh wkh htxloleulxp sduwlwlrqlqj
dssur{lpdwlrq dqg surgxfh d vkdus iurqw/ zkloh orz ydoxhv surgxfh d eurdg iurqw1
Iurp d qxphulfv vwdqgsrlqw/ wkh glvvroxwlrq iurqw vkrxog eh uhvroyhg ryhu vhyhudo
hohphqwv wr plqlpl}h rvfloodwlrqv lq wkh vroxwlrq zklfk fdq fdxvh huurqhrxv QDSO
vdwxudwlrqv xsvwuhdp ri wkh vrxufh duhd1
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Iljxuh ;15= Uhvxowv ri d rqh0glphqvlrqdo/ wkuhh0skdvh/ GQDSO lqmhfwlrq dqg uh0
glvwulexwlrq vlpxodwlrq/ kljkoljkwlqj vsdwldo frqyhujhqfh dqg pdvv edodqfh1

484



0 0.2 0.4 0.6 0.8 1
0

20

40

60

80

100

120

de
pt

h 
(c

m
)

NAPL saturation / 0.15

T = 0

T = 3.5 days

dx = 2.5cm

ex = 10/d

ex = 24/d

ex = 100/d

(a)

0 0.2 0.4 0.6 0.8 1
0

20

40

60

80

100

120

de
pt

h 
(c

m
)

Dissolved concentration / 0.001

T = 0

T = 3.5 days

dx = 2.5cm

ex = 10/d

ex = 24/d

ex = 100/d

(b)

0 0.2 0.4 0.6 0.8 1
0

20

40

60

80

100

120

de
pt

h 
(c

m
)

NAPL saturation / 0.15

T = 0

T = 3.5 days

ex = 24/d

dx = 12.5cm

dx = 5cm

dx = 2.5cm

(c)

0 0.2 0.4 0.6 0.8 1
0

20

40

60

80

100

120

de
pt

h 
(c

m
)

Dissolved concentration / 0.001

T = 0

T = 3.5 days

ex = 24/d

dx = 12.5cm

dx = 5cm

dx = 2.5cm

(d)

Iljxuh ;16= Frpsxwdwlrqdo dqdo|vlv ri wkh glvvroxwlrq prgho1 Sduwv +d, dqg +e,
looxvwudwh wkh h�hfw wkdw wkh udwh frqvwdqw +h{ lq wkh �jxuh/ h{suhvvhg lq xqlwv
ri 42gd|, kdv rq wkh vroxwlrq1 Dv wkh glvvroxwlrq iurqw vkdushqv/ rvfloodwlrqv
dsshdu lqglfdwlqj wkdw d �qhu julg vsdflqj lv uhtxluhg1 Sduwv +f, dqg +g, looxvwudwh
vsdwldo frqyhujhqfh iru h{ @ 572g1 Iru wkh sdudphwhuv fkrvhq d julg vsdflqj ri
dssur{lpdwho| 8 fp lv dssursuldwh1
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Ioxlg surshuwlhv
4` ' f�bbH2 }*S6� 4� ' f�SHDH }*S6� 4C ' f�ff�2b }*S6�

>` ' f�f� RJ�re >� ' f�ffefb RJ�re >C ' f�fff2 RJ�re
V0S prgho gh�qlwlrq
@_ ' f�f2f�*S6 @� ' f�f2.�*S6 # ' S�eb
7`o ' f��. 7Co ' f�2f 7�?o ' 7��o ' f��H
qC` ' � q�` ' f�D�2H qC� ' f�2.�b.
n0V prgho gh�qlwlrq
@7e` iurp ht 8158 K7e` iurp ht 8158
@7eC iurp ht 8159 K7eC iurp ht 8159
7e� iurp ht 8163 7eA� iurp ht 8167 7eA? iurp ht 816:
l ' ) ' 1 ' f�D
Ilhog surshuwlhv
0 ' f��.e & ' ��f2%�f3. S62

Wdeoh ;15= SDUDPHWHUV XVHG LQ WKH OQDSO VSLOO SUREOHP

Vsdwldo frqyhujhqfh lv looxvwudwhg lq Iljxuhv ;16f dqg ;16g1 Iru d frqvwdqw
udwh frh!flhqw/ q`�

� ' 2e*_/ wkh prgho h{klelwv frqyhujhqfh dv wkh phvk lv
uh�qhg1 Dv zlwk wkh suhylrxv h{dpsoh/ rvfloodwlrqv lq wkh vdwxudwlrq vroxwlrq
dsshdu ehklqg wkh iurqw zkhq wkh julg vfdoh lv wrr odujh1 Dv zlwk gl�xvlrq lq
frqwdplqdqw wudqvsruw/ wkh vl}h ri wkh h{fkdqjh frh!flhqw lv olplwhg e| wkh vsdwldo
glvfuhwl}dwlrq1

;151 FRPSDULVRQV WR H[SHULPHQWDO UHVXOWV

;15141 OQDSO Vsloo

Khuh zh frpsduh fxuuhqw prgho uhvxowv wr wkh h{shulphqwdo dqg vlpxodwlrq uhvxowv
ri Ydq Jhho dqg V|nhv +4<<8 d dqg e,1 Wkh prgho sdudphwhuv duh suhvhqwhg lq
Wdeoh ;15 +qrwh/ wkhvh duh wkh vdph sdudphwhuv dv wkrvh xvhg lq wkh sureohp
gh�qhg lq Iljxuhv ;14d dqg ;14e,1 D sorw ri wkh 7 � � prgho sulpdu| dqg pdlq
fxuyhv iru wkh vlpxodwlrq lv vkrzq lq Iljxuh ;171 Wkh wzr0glphqvlrqdo sureohp
grpdlq dqg erxqgdu| frqglwlrqv duh gh�qhg lq Iljxuh ;181

Zlwk uhihuhqfh wr Iljxuh ;18/ wkh iruflqj frqglwlrqv iru wkh sureohp fdq eh
vhsdudwhg lqwr wkuhh vwuhvv shulrgv=

41 Iurp wlph @ 3 wr 96333 v +sduw d,/ wkh lqlwldoo| vdwxudwhg vdqg lv doorzhg wr
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Iljxuh ;17= Sorw ri wkh sulpdu| dqg pdlq V0S ixqfwlrqdov gh�qhg e| wkh fxuuhqw
prgho iru wkh OQDSO vsloo vlpxodwlrq/ zkhuh wkh gudlqdjh fxuyhv duh uhsuhvhqwhg
e| wkh wklfn olqhv dqg wkh lpelelwlrq fxuyhv duh uhsuhvhqwhg e| wkh wklq olqhv1
Khuh wkh �wwlqj sdudphwhuv/ dvvxphg wr eh ydolg iru d zdwhu0jdv v|vwhp/ kdyh
ehhq vfdohg wr uhsuhvhqw wkh zdwhu0QDSO dqg QDSO0jdv v|vwhpv1
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(a)  Stress periods 1 and 3
Time = 0 to 63000 s and

64120 to 66000 s
Initial condition: S W = 1

(b) Stress period 2
Time = 63000 to 64120 s

Iljxuh ;18= Gh�qlwlrq vnhwfk iru wkh OQDSO vsloo vlpxodwlrq/ vkrzlqj vsdwldo vfdoh
dqg erxqgdu| frqglwlrqv1
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Iljxuh ;19= Frpsdulvrq ri uhvxowv iurp wkh sk|vlfdo h{shulphqw/ wkh fxuuhqw
prgho/ dqg wkh prgho xvhg e| Ydq Jhho dqg V|nhv +YJV,1 Sduw +d, vkrzv wkh
yhuwlfdo glvwulexwlrq ri zdwhu suhvvxuh khdg dqg Sduw +e, vkrzv wkh yhuwlfdo glv0
wulexwlrq ri zdwhu vdwxudwlrq1

gudlq/ wkhuhe| fuhdwlqj d txdvl0vwhdg|0vwdwh prlvwxuh sur�oh1

51 Iurp wlph @ 96333 wr 97453 v +sduw e,/ dq OQDSO vrxufh lv dssolhg wr wkh
wrs ohiw fruqhu1 Vshfl�fdoo|/ d frqvwdqw OQDSO khdg ri 6 fp lv dssolhg iru
4453 v wr |lhog d fxpxodwlyh lq�owudwhg yroxph ri 5 O1

61 Iurp wlph @ 97453 wr 99333 v +sduw d,/ wkh OQDSO vrxufh lv uhpryhg/ dqg
wkh uhvxowlqj lq�owudwhg yroxph lv doorzhg wr uhglvwulexwh1

Wkh uhvxowv ri wklv frpsdulvrq vwxg| duh suhvhqwhg lq Iljxuhv ;19 dqg ;1:1
Iljxuhv ;19d dqg ;19e vkrz wkh zdwhu suhvvxuh khdg dqg vdwxudwlrq vroxwlrqv/
uhvshfwlyho|/ dw wkh hqg ri wkh lqlwldo zdwhu gudlqdjh uhjlph1 Wkh fxuuhqw prgho
uhvxowv pdwfk wkh h{shulphqwdo gdwd1

Iljxuhv ;1: looxvwudwh wkh uhvxowv gxulqj dqg diwhu wkh OQDSO vsloo/ zkhuh
wkh wlphv duh jlyhq lq hodsvhg wlph diwhu wkh OQDSO zdv �uvw dssolhg +l1 h1/
A ' f dw wkh vwduw ri vwuhvv shulrg wzr,1 Wkh sorwv rq wkh ohiw vkrz wkh OQDSO
glvwulexwlrq frpsxwhg iurp wkh fxuuhqw prgho/ dqg wkh sorwv rq wkh uljkw frpsduh
wkh wkuhh vlpxodwlrq uhvxowv dorqj wkh lqvwuxphqwhg vhfwlrq vkrzq lq Iljxuh ;181
Wkh fxuuhqw prgho fdswxuhv wkh h{shulphqwdo gdwd txlwh zhoo1

Wkh iroorzlqj dgglwlrqdo ghwdlov ri wklv vwxg| duh surylghg wr kljkoljkw vshfl�f
dvshfwv ri wkh fxuuhqw prgho=
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Iljxuh ;1:= Frpsdulvrq ri uhvxowv iru wkh OQDSO vsloo sureohp1 Wkh sorwv rq wkh
ohiw vkrz wkh QDSO vdwxudwlrq frqwrxuv dv frpsxwhg e| wkh fxuuhqw prgho dw wkh
wlphv lqglfdwhg iurp wkh lqlwldwlrq ri wkh OQDSO vsloo1 Wkh sorwv rq wkh uljkw
frpsduh uhvxowv wdnhq dorqj wkh lqvwuxphqwhg yhuwlfdo vhfwlrq +wkh yhuwlfdo grwwhg
olqh lq wkh sorwv rq wkh ohiw,1

489



0 500 1000 1500 2000 2500 3000
0

500

1000

1500

2000

2500
cu

m
ul

at
iv

e 
vo

lu
m

e 
in

 (
m

l)

elapsed time (seconds)

experiment
model (boundary)
model (interior)

Iljxuh ;1;= D frpsdulvvrq ri wkh fxpxodwlyh OQDSO pdvv zklfk kdv hqwhuhg wkh
grpdlq dv d ixqfwlrq ri wlph1 Dw wlph @ 4453 v wkh OQDSO vrxufh zdv uhpryhg1
Wkh vrolg olqh lv wkh frpsxwhg fxpxodwlyh pdvv zklfk kdv furvvhg wkh erxqgdu|1
Wkh gdvkhg olqh lv wkh fkdqjh lq pdvv lq wkh grpdlq1 Wkh gdvk0grw olqh lv wkh
h{shulphqwdo gdwd1

41 Phvk gh�qlwlrq +qxpehu ri hohphqwv ^vsdflqj`,= krul}rqwdo 0 6 +5 fp,/ 5 +518
fp,/ 44 +8 fp,/ dqg 4 +: fp,> yhuwlfdo0 48 +7 fp,/ 43 +8 fp,/ dqg 4 +718
fp,/ lqwr sdjh 0 4 +9 fp,1

51 Phpru| uhtxluhphqwv +xvlqj wkh JPUHV vroyhu,= 49 Pe UDP1

61 Wlph vwhsslqj lqirupdwlrq= vwuhvv shulrg +4, 0 } |4@ @ 5333v/ vwuhvv shulrg
+5, 0 } |4@ @ 43 v/ / vwuhvv shulrg +6, 0 } |4@ @ 433 v

71 Wkh OQDSO pdvv edodqfh frpsxwdwlrq lv looxvwudwhg lq Iljxuh ;1; zklfk
sorwv wkh fxpxodwlyh OQDSO pdvv hqwhulqj wkh grpdlq dv d ixqfwlrq ri
wlph1 Wkh vrolg olqh lv wkh frpsxwhg fxpxodwlyh pdvv zklfk kdv furvvhg
wkh erxqgdu|/ zkloh wkh gdvkhg olqh lv wkh frpsxwhg fkdqjh lq pdvv lq wkh
grpdlq1 D }hur pdvv edodqfh huuru lv lqglfdwhg zkhq wkh olqhv duh frlqflghqw1
Wkh gdvk0grw olqh uhsuhvhqwv wkh h{shulphqwdo gdwd iru zklfk wkh OQDSO
pdvv htxdov 5333 po dw wlph � ��2f vhfrqgv1

81 Wkh forvh pdwfk zlwk wkh h{shulphqwdo gdwd h�hfwlyho| yhul�hv wkh dojrulwkp
xvhg wr lpsrvh jdv dqg QDSO suhvvxuh erxqgdu| frqglwlrqv1

91 Wkh Ydq Jhho dqg V|nhv prgho +YJV prgho, xwlol}hv wkh k|vwhuhwlf &�7��
prgho ri Sdunhu dqg Ohqkdug +4<;:, dqg Ohqkdug dqg Sdunhu +4<;:,1 Wklv
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Ioxlg surshuwlhv
4` ' f�bbH2}*S6� 4� ' ��S}*S6� 4C ' f�ff�2b}*S6�

>` ' f�f� RJ�re >� ' f�ffb RJ�re >C ' f�fff2 RJ�re
V0S prgho gh�qlwlrq
@_ ' f�fe*S6 @� ' f�fS*S6 # ' �f
7`o ' f��2 7Co ' f�f2 7�?o ' 7��o ' f��S
jC` ' .2�.D _+?er*S6 j�` ' ���.e _+?er*S6 jC� ' e.�D _+?er*S6
n0V prgho gh�qlwlrq
@7e` iurp ht 8158 K7e` iurp ht 8158
@7eC iurp ht 8159 K7eC iurp ht 8159
7e� iurp ht 8163 7eA� iurp ht 8165 7eA? iurp ht 8168
l ' ) ' 1 ' f�D
Ilhog surshuwlhv
0 ' f��. & ' ��D%�f3.S62

Wdeoh ;16= SDUDPHWHUV XVHG LQ WKH GQDSO VSLOO SUREOHP

sduwlfxodu &� 7 � � prgho grhv qrw dffrxqw iru QDSO hqwudsphqw dv lw lv
ehlqj glvsodfhg e| wkh jdv0skdvh +d zhwwlqj skdvh fdqqrw eh wudsshg e| d
qrqzhwwlqj skdvh,1 Wklv h{sodlqv wkh xqghu0suhglfwlrq ri wkh QDSO0skdvh
vdwxudwlrq ehklqg wkh iurqw1 Wkh frpsdulvrq uhvxowv vxssruw wkh hpslulfdo
k|vwhuhwlf & � 7 � � prgho ghvfulehg khuhlq1

:1 Vrph ri wkh &�7 �� prgho sdudphwhuv duh gl�huhqw iru wkh wzr hpslulfdo
prghov1 Vshfl�fdoo|/ wkh gh�qlwlrq ri uhvlgxdo vdwxudwlrq dqg wkh fdsloodu|
vfdolqj whup qC` 1

;15151 GQDSO Vsloo

Dq duwl�fldo dtxlihu h{shulphqw zdv frqgxfwhg e| Plnkdlo Ilvkpdq dw wkh HSD*v
Vxevxuidfh Surwhfwlrq dqg Uhphgldwlrq Glylvlrq ri wkh Qdwlrqdo Ulvn Pdqdjh0
phqw Uhvhdufk Oderudwru| lq Dgd/ RN1 Wkh prgho sdudphwhuv duh suhvhqwhg lq
Wdeoh ;16/ dqg wkh ghwdlov ri wkh h{shulphqwdo vhwxs fdq eh irxqg lq Dsshqgl{ I1

Wkh sxusrvh ri wkh h{shulphqw zdv wr jdwkhu txdqwlwdwlyh dqg txdolwdwlyh gdwd
rq GQDSO pljudwlrq wkurxjk d yduldeo| vdwxudwhg krprjhqhrxv vdqg1 Wkh
GQDSO xvhg lq wkh h{shulphqw lv fdoohg whwudfkorurhwk|ohqh +SFH/ d frpprq
fkorulqdwhg k|gurfduerq xvhg lq wkh gu| fohdqlqj lqgxvwu|,1 Dv lv ghwdlohg lq

48;



Dsshqgl{ I/ wkh gdwd iurp wkh h{shulphqw frqvlvwv ri vhyhudo w|shv=

� vrlo dqg  xlg surshuwlhv>

� prlvwxuh uhwhqwlrq gdwd iru wkh vdqg xvhg lq wkh h{shulphqw>

� h{shulphqwdo lqlwldo dqg erxqgdu| frqglwlrqv>

� GQDSO lq x{ gdwd>

� ylghr lpdjhv ri wkh er{ dw ydulrxv srlqwv lq wlph vkrzlqj wkh duhdo h{whqw
ri wkh GDQSO zklfk lv g|hg wr pd{lpl}h frqwudvw1

Wkhuh duh wkuhh pdlq w|shv ri sk|vlfdo h{shulphqwdo uhvxowv zklfk duh dydlodeoh
iru prgho ydolgdwlrq=

41 Wkh vwhdg|0vwdwh prlvwxuh sur�oh +Wdeoh I14,1 D frpsdulvrq sorw ri wkh
h{shulphqwdo dqg prgho prlvwxuh sur�oh gdwd lv surylghg lq Iljxuh ;1<1
Wklv gdwd uhsuhvhqwv wkh lqlwldo frqglwlrq iru wkh GQDSO  rrg1

51 Wkh yroxph ri SFH lq�owudwhg dv d ixqfwlrq ri wlph +Wdeoh I15,1 Wkh
GQDSO vrxufh zdv dssolhg xqwlo 2ff S6� lq�owudwhg lqwr wkh dtxlihu1 Iljxuh
;143 surylghv d frpsdulvrq sorw ri wkh fxpxodwlyh yroxph ri SFH lq�owudwhg
dv d ixqfwlrq ri wlph1 Lq dgglwlrq/ zlwk uhvshfw wr wkh prgho uhvxowv/ zh sur0
ylgh d yroxph edodqfh fkhfn e| vxshulpsrvlqj wkh sorwv iru wkh fxpxodwlyh
SFH yroxph zklfk kdv furvvhg wkh erxqgdu| dqg wkh fkdqjh lq SFH yro0
xph lq wkh grpdlq dv d ixqfwlrq ri wlph +iru d shuihfw yroxph edodqfh wkh
fxuyhv zrxog eh frlqflghqw,1

61 D vhulhv ri ylghr iudphv dw vshfl�f wlphv +h1 j1/ Iljxuhv I1:/ I1;/ I1< dqg
I143,1 Iljxuhv ;144/ ;145/ ;146 dqg ;147 surylgh d frpsdulvrq ehwzhhq wkh
h{shulphqwdo dqg prgho uhvxowv iru wkh wlphv lqglfdwhg1 Lw dsshduv wkdw wkh
prgho kdg wkh prvw gl!fxow| lq vlpxodwlqj wkh ehkdylru lq wkh ylflqlw| ri
wkh fdsloodu| iulqjh zkhuh doo wkuhh skdvhv kdyh d phdqlqjixo prelolw|1 Wklv
lqglfdwhv wkdw wkh wkuhh0skdvh uhodwlyh shuphdelolw| prgho lv plvvlqj vrph
lpsruwdqw lqirupdwlrq1
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Iljxuh ;1<= D frpsdulvrq sorw ri wkh h{shulphqwdo dqg prgho prlvwxuh sur�oh
xvhg dv wkh lqlwldo frqglwlrq iru wkh GQDSO  rrg1
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Iljxuh ;143= D frpsdulvrq sorw ri wkh h{shulphqwdo dqg prgho gdwd txdqwli|lqj
wkh fxpxodwlyh yroxph ri SFH lq�owudwhg dv d ixqfwlrq ri wlph1 Vshfl�f wr wkh
h{shulphqw/ lw wrrn 476 vhfrqgv iru 533 fp� ri SFH wr lq�owudwh1
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Iljxuh ;144= Frpsdulvrq ehwzhhq h{shulphqw dqg prgho uhvxowv dw wlph @ 476
vhfrqgv +wkh wlph zkhq wkh GQDSO vrxufh zdv uhpryhg,1
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Iljxuh ;145= Frpsdulvrq ehwzhhq h{shulphqw dqg prgho uhvxowv dw wlph @ 5;6
vhfrqgv diwhu wkh GQDSO vrxufh zdv �uvw dssolhg1
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Iljxuh ;146= Frpsdulvrq ehwzhhq h{shulphqw dqg prgho uhvxowv dw wlph @ 44<8
vhfrqgv diwhu wkh GQDSO vrxufh zdv �uvw dssolhg1
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Iljxuh ;147= Frpsdulvrq ehwzhhq h{shulphqw dqg prgho uhvxowv dw wlph @ 68<8
vhfrqgv diwhu wkh GQDSO vrxufh zdv �uvw dssolhg1

498



;15161 GQDSO Glvvroxwlrq

Wkh pdvv h{fkdqjh2wudqvsruw sruwlrq ri wkh vlpxodwru zdv yhul�hg e| qxphul0
fdoo| vlpxodwlqj d oderudwru| h{shulphqw zklfk zdv ghvljqhg wr vwxg| glvvroxwlrq
nlqhwlfv ri uhvlgxdo wulfkorurhwk|ohqh +WFH, lq d xqlirup vdqg froxpq e|  xvklqj
wkh v|vwhp zlwk fohdq zdwhu dqg wudfnlqj wkh glvvroxwlrq iurqw dv d ixqfwlrq ri
wlph1 Sureohp gh�qlwlrq dqg prgho uhvxowv fdq eh irxqg lq Jxduqdffld hw do1
+4<<5,1

;15171 GQDSO Ydsru Wudqvsruw

Khuh zh frqvlghu wkh vlpxodwlrq ri d wzr0skdvh/ zdwhu0jdv/  rz dqg frqwdplqdqw
wudqvsruw h{shulphqw frqgxfwhg e| Ohqkdug hw do1 +4<<8,1 Wkh h{shulphqw lv
ghvfulehg dv iroorzv1 D rqh phwhu ghhs e| 5 phwhu orqj e| :18 fp zlgh h{shul0
phqwdo er{ lv �oohg zlwk d uhodwlyho| frduvh/ krprjhqhrxv/ vdqg1 D zdwhu wdeoh
lv pdlqwdlqhg qhdu wkh erwwrp ri wkh vdqg froxpq zlwk d vpdoo khdg gl�huhqwldo
lpsrvhg vxfk wkdw zdwhu  rzv iurp uljkw wr ohiw1 Wkh h{shulphqw lv vhw xs vxfk
wkdw wkh zdwhu vdwxudwlrq sur�oh lv lqlwldoo| lq vwdwlf htxloleulxp1 D }rqh qhdu
wkh wrs fhqwhu ri wkh froxpq lv h{fdydwhg/ dqg d frqwdlqhu �oohg zlwk vdqg dqg
uhvlgxdo WFH lv sodfhg lq wkh yrlg wr dfw dv wkh frqwdplqdqw ydsru vrxufh1 Wkh
vsdwldo dqg whpsrudo glvwulexwlrq ri WFH ydsru frqfhqwudwlrq lv phdvxuhg xvlqj
d uhjxoduo| vsdfhg dvvhpeodjh ri vdpsolqj srlqwv1 Sohdvh uhihu wr Ohqkdug hw do1
+4<<8, iru dgglwlrqdo ghwdlo1

Wkh lghdol}dwlrq ri wkh h{shulphqwdo vhwxs iru vlpxodwlrq sxusrvhv/ lqfoxglqj
wkh prgho grpdlq glphqvlrqv dqg lqlwldo dqg erxqgdu| frqglwlrqv lv suhvhqwhg
lq Iljxuh ;1481 Wdeoh ;17 surylghv wkh uhohydqw sk|vlfdo sdudphwhu gdwd1 Zlwk
uhvshfw wr Wdeoh ;17/ qrwh wkdw vhyhudo vlpxodwlrq sdudphwhuv +lghqwl�hg e| dq
dvwhulvn, kdg wr eh hvwlpdwhg hlwkhu ehfdxvh wkh gdwd zdv qrw uhsruwhg ru ehfdxvh
wkh prgho sureohp vhwxs uhtxluhg dq dxjphqwhg gdwd vhw1 Iru h{dpsoh/ wkh
srurvlw| zdv hvwlpdwhg iurp wkh uhsruwhg ydoxh ri wkh vrlo exon ghqvlw| +4K ' ��e
}*S6�,/ l1h1/ 0 � �� 4K*4r ' �� ��e*2�SD ' f�e.1

Zlwk uhvshfw wr wkh GQDSO ydsru vrxufh/ wkh dxwkruv vwdwh wkdw wkh ydsru
frqfhqwudwlrq dv d ixqfwlrq ri wlph lv nqrzq +l1h1/ phdvxuhg h{shulphqwdo gdwd,/
exw wkh| glg qrw uhsruw wkhvh gdwd1 Dv d uhvxow/ zh plplf wkh GQDSO ydsru
vrxufh e| sodflqj d yroxph ri uhvlgxdo QDSO vdwxudwlrq lq wkh ylflqlw| ri wkh
h{shulphqwdo vrxufh +vhh Iljxuh ;148,1 Yrodwlol}dwlrq dqg glvvroxwlrq ri wklv uhvlg0
xdo vdwxudwlrq rffxuv dv wkh uhvxow ri nlqhwlf pdvv wudqvihu surfhvvhv1 Wkh udwh
frh!flhqwv duh gh�qhg lq Wdeoh ;171
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Iljxuh ;148= Dq looxvwudwlrq ri wkh GQDSO ydsru wudqvsruw prgho sureohp grpdlq
lqfoxglqj lqlwldo dqg erxqgdu| frqglwlrqv1

Zh plplf wkh suhvhqfh ri d frqwdlqhu zlwk wkh vlghv lpshuphdeoh dqg wkh wrs
dqg erwwrp shuphdeoh e| sodflqj orz shuphdelolw| dqg srurvlw| }rqhv rq hlwkhu
vlgh ri wkh vrxufh dv vkrzq lq Iljxuh ;1481

Iljxuh ;149 surylghv d frpsdulvrq sorw ri wkh h{shulphqwdo dqg prgho jdv0
skdvh frqfhqwudwlrq glvwulexwlrq diwhu 45 krxuv ri vrxufh ordglqj1 Ehfdxvh wkh
vrxufh iruflqj frqglwlrqv iru wkh wzr vlpxodwlrq h{shulphqwv duh gl�huhqw/ lw lv
qrw vxusulvlqj wkdw rqo| wkh uhodwlyho| orz frqfhqwudwlrq ydoxhv frxog eh pdwfkhg1

;161 VRIWZDUH

Wklv vhfwlrq ghvfulehv wkh pdwhuldo dydlodeoh rq glvn1 Wkh pdwhuldo fdq eh fdwh0
jrul}hg lqwr irxu �oh0w|shv=

41 UHDGPH �ohv +grfxphqwdwlrq0olnh �ohv,

51 IRUWUDQ vrxufh frgh �ohv

61 H{hfxwdeoh �ohv

71 Gdwd lqsxw �ohv
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Iljxuh ;149= D frpsdulvrq sorw ri wkh h{shulphqwdo +vrolg olqh, dqg prgho +gdvkhg
olqh, uhvxowv dw wlph @ 45 krxuv1
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Wkh pdlq gluhfwru| +wkh kljkhvw ohyho, krxvhv dq lqirupdwlrq UHDGPH �oh
dqg wzr vxe0gluhfwrulhv=

5G 0 wkh wzr0glphqvlrqdo yhuvlrq ri wkh vlpxodwru

6G 0 wkh wkuhh0glphqvlrqdo yhuvlrq ri wkh vlpxodwru

Hdfk ri wkhvh vxe0gluhfwrulhv krxvh d uhohydqw vhw ri IRUWUDQ/ h{hfxwdeoh/ dqg
gdwd lqsxw �ohv1 Vshfl�fdoo|/ vxe0gluhfwrulhv 5G dqg 6G hdfk krxvh �yh vxe0
gluhfwrulhv=

Iru 0 wkh IRUWUDQ vrxufh frgh �ohv dqg pdnh�oh=

Iru2XQL[ 0 wkh XQL[ yhuvlrq

Iru2Grv 0 wkh GRV yhuvlrq +wkh pdnh�oh lv vhw xs wr xvh wkh Odkh| I::
frpslohu,

H{h 0 wkh h{hfxwdeoh dssolfdwlrq=

H{h2XQL[ 0 wkh XQL[ yhuvlrq +frpslohg rq wkh Vlolfrq Judsklfv sodw0
irup,

H{h2Grv 0 wkh GRV yhuvlrq +Odkh| I:: frpslohu,

H{b4 0 wkh frpsohwh vhw ri gdwd lqsxw �ohv uhtxluhg wr uxq wkh sureohp ghvfulehg
lq vxe0vhfwlrq ;15141

H{b5 0 wkh frpsohwh vhw ri gdwd lqsxw �ohv uhtxluhg wr uxq wkh sureohp ghvfulehg
lq vxe0vhfwlrq ;1515=

H{b52LF 0 jhqhudwh wkh vwdwlf prlvwxuh sur�oh wr eh xvhg dv dq lqlwldo
frqglwlrq iru wkh GQDSO  rrg h{shulphqw1

H{b52Iorrg 0 vlpxodwh wkh GQDSO  rrg dqg uhglvwulexwlrq h{shulphqw1

H{b6 0 wkh frpsohwh vhw ri gdwd lqsxw �ohv uhtxluhg wr uxq wkh sureohp ghvfulehg
lq vxe0vhfwlrq ;1517=

H{b62LF 0 jhqhudwh wkh vwdwlf prlvwxuh sur�oh wr eh xvhg dv dq lqlwldo
frqglwlrq iru wkh GQDSO ydsru wudqvsruw h{shulphqw1

H{b62Irufh 0 vlpxodwh wkh GQDSO ydsru wudqvsruw h{shulphqw1
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Eleolrjudsk|

^4` Deulrod/ O1 P1/ Pxowlskdvh pljudwlrq ri rujdqlf frpsrxqgv lq d srurxv
phglxp/ Ohfwxuh qrwhv lq hqjlqhhulqj/ qxpehu ;/ Vsulqjhu0Yhuodj/ Qhz \run/
4<;71

^5` Doohq/ P1 E1/ Froorfdwlrq vlpxodwlrq ri pxowlskdvh srurxv0phglxp  rz/
VSHM ri DLPH/ sdjhv 4680475/ Iheuxdu| 4<;61

^6` Dupvwurqj/ M1 H1/ H1 R1 Iulqg/ dqg U1 G1 PfFohoodq/ Qrq0htxloleulxp pdvv
wudqvihu ehwzhhq wkh ydsru/ dtxhrxv/ dqg vrolg skdvhv lq xqvdwxudwhg vrlov
gxulqj ydsru h{wudfwlrq/ Zdwhu Uhvrxu1 Uhv1/ 63+5,/ 688069;/ 4<<71

^7` Ehdu/ M1/ G|qdplfv ri Ioxlgv lq Srurxv Phgld/ Gryhu Sxeolfdwlrqv/ Lqf1/ Qhz
\run/ :97 sdjhv/ 4<:51

^8` Eudgirug/ V1 D1/ dqg I1 M1 Ohlm/ Iudfwlrqdo zhwwdelolw| h�hfwv rq wzr0 dqg
wkuhh0 xlg fdsloodu| suhvvxuh0vdwxudwlrq uhodwlrqv/ M1 Frqwdplqdqw K|gurorj|/
53/ ;<043</ 4<<81

^9` Eudgirug/ V1 D1/ dqg I1 M1 Ohlm/ Suhglfwlqj wzr0 dqg wkuhh0 xlg fdsloodu|
suhvvxuh0vdwxudwlrq uhodwlrqvklsv ri srurxv phgld zlwk iudfwlrqdo zhwwdelolw|/
Zdwhu Uhvrxu1 Uhv1/ 65+5,/ 584058</ 4<<91

^:` Euxvvhdx/ P1 O1/ Wudqvsruw ri rujdqlf fkhplfdov e| jdv dgyhfwlrq lq vwuxf0
wxuhg ru khwhurjhqhrxv srurxv phgld= Ghyhorsphqw ri d prgho dqg dssolfd0
wlrq wr froxpq h{shulphqwv/ Zdwhu Uhvrxu1 Uhv1/ 5:+45,/ 64;<064<</ 4<<41

^;` Euxvvhdx/ P1 O1/ Udwh0olplwhg pdvv wudqvihu dqg wudqvsruw ri rujdqlf vroxwhv
lq srurxv phgld wkdw frqwdlq lppreloh lpplvfleoh rujdqlf oltxlg/ Zdwhu Uh0
vrxu1 Uhv1/ 5;+4,/ 66078/ 4<<51

^<` Ghprqg/ D1 K1/ dqg S1 Y1 Urehuwv/ H�hfw ri lqwhuidfldo irufhv rq wzr0skdvh
fdsloodu| suhvvxuh0vdwxudwlrq uhodwlrqvklsv/ Zdwhu Uhvrxu1 Uhv1/ 5:+6,/ 7560
76:/ 4<<41
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^43` Ghovkdg/ P1/ J1 D1 Srsh/ dqg N1 Vhshkuqrrul/ D frpsrvlwlrqdo vlpxodwru iru
prgholqj vxuidfwdqw hqkdqfhg dtxlihu uhphgldwlrq/ M1 Frqwdplqdqw K|guro0
rj|/ dffhswhg iru sxeolfdwlrq/ 4<<81

^44` G|nvhq/ Z1 U1/ dqg M1 U1 Ulfh/ Wkh lpsruwdqfh ri vfdolqj iru wkh Khuplwh
elfxelf froorfdwlrq htxdwlrqv/ VLDP M1 Vfl1 Vwdw1 Frpsxw1/ :+6,/ :3:0:4</
4<;91

^45` Hfnehuj/ G1 N1/ dqg G1 N1 Vxqdgd/ Qrqvwhdg| wkuhh0skdvh lpplvfleoh  xlg
glvwulexwlrq lq srurxv phgld/ Zdwhu Uhvrxu1 Uhv1/ 53+45,/ 4;<404;<:/ 4<;71

^46` Ho0Ndgl/ D1 L1 dqg J1 Olqj/ Wkh Frxudqw dqg Shfohw qxpehu fulwhuld iru wkh
qxphulfdo vroxwlrq ri wkh Ulfkdugv htxdwlrq/ Zdwhu Uhvrxu1 Uhv1/ 5<+43,/
67;8067<7/ 4<<61

^47` Hvvdlg/ K1 L1/ Z1 Q1 Khunhoudwk/ dqg N1 P1 Khvv/ Vlpxodwlrq ri  xlg glvwul0
exwlrqv revhuyhg dw d fuxgh rlo vlwh lqfrusrudwlqj k|vwhuhvlv/ rlo hqwudsphqw/
dqg vsdwldo yduldelolw| ri k|gudxolf surshuwlhv/ Zdwhu Uhvrxu1 Uhv1/ 5<+9,/
4:8604::3/ 4<<61

^48` Idowd/ U1 Z1/ L1 Mdydqgho/ N1 Suxhvv/ dqg S1 D1 Zlwkhuvsrrq/ Ghqvlw|0gulyhq
 rz ri jdv lq wkh xqvdwxudwhg }rqh gxh wr wkh hydsrudwlrq ri yrodwloh rujdqlf
frpsrxqgv/ Zdwhu Uhvrxu1 Uhv1/ 58+43,/ 548<0549</ 4<;<1

^49` Idowd/ U1 Z1/ N1 Suxhvv/ L1 Mdydqgho/ dqg S1 D1 Zlwkhuvsrrq/ Qxphulfdo
prgholqj ri vwhdp lqmhfwlrq iru wkh uhprydo ri qrqdtxhrxv skdvh oltxlgv
iurp wkh vxevxuidfh= 41 Qxphulfdo irupxodwlrq/ Zdwhu Uhvrxu1 Uhv1/ 5;+5,/
766077</ 4<<5d1

^4:` Idowd/ U1 Z1/ N1 Suxhvv/ L1 Mdydqgho/ dqg S1 D1 Zlwkhuvsrrq/ Qxphulfdo
prgholqj ri vwhdp lqmhfwlrq iru wkh uhprydo ri qrqdtxhrxv skdvh oltxlgv
iurp wkh vxevxuidfh= 51 Frgh ydolgdwlrq dqg dssolfdwlrq/ Zdwhu Uhvrxu1 Uhv1/
5;+5,/ 7840798/ 4<<5e1

^4;` Idxvw/ F1 I1/ Wudqvsruw ri lpplvfleoh  xlgv zlwklq dqg ehorz wkh xqvdwxudwhg
}rqh= D qxphulfdo prgho/ Zdwhu Uhvrxu1 Uhv1/ 54+7,/ 8;:08<9/ 4<;81

^4<` Idxvw/ F1 I1/ M1 K1 Jxvzd/ dqg M1 Z1 Phufhu/ Vlpxodwlrq ri wkuhh0glphqvlrqdo
 rz ri lpplvfleoh  xlgv zlwklq dqg ehorz wkh xqvdwxudwhg }rqh/ Zdwhu Uh0
vrxu Uhv1/ 58+45,/ 577<05797/ 4<;<1
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^53` Id|huv/ I1 M1 dqg M1 G1 Pdwwkhzv/ Hydoxdwlrq ri Qrupdol}hg Vwrqh*v phwkrgv
iru hvwlpdwlqj wkuhh0skdvh uhodwlyh shuphdelolwlhv/ VSHM/ sdjhv 5570565/ Dsulo
4<;71

^54` Ihuudqg/ O1 D1/ S1 F1 G1 Ploo|/ J1 I1 Slqghu/ dqg U1 S1 Wxuulq/ D frpsdulvrq
ri fdsloodu| suhvvxuh0vdwxudwlrq uhodwlrqv iru gudlqdjh lq wzr0 dqg wkuhh0 xlg
srurxv phgld/ Dgy1 Zdwhu Uhv1/ 46+5,/ 87095/ 4<<31

^55` Iruv|wk/ S1 D1/ dqg E1 \1 Vkdr/ Qxphulfdo vlpxodwlrq ri jdv yhqwlqj iru
QDSO vlwh uhphgldwlrq/ Dgy1 Zdwhu Uhv1/ 47/ 687069:/ 4<<41

^56` Iulqg/ H1R1/ dqg J1I1 Slqghu/ D froorfdwlrq �qlwh hohphqw phwkrg iru srwhq0
wldo sureohpv lq luuhjxodu grpdlqv/ Lqw1 M1 Qxp1 Phwk1 Hqjuj1/ 44/ 9;40:34/
4<:<1

^57` Jxduqdffld/ M1 I1/ S1 W1 Lpkr�/ E1 F1 Plvvloglqh/ P1 Rrvwurp/ P1 D1 Fhold/ M1
K1 Gdqh/ dqg J1 I1 Slqghu/ Pxowlskdvh fkhplfdo wudqvsruw lq srurxv phgld/
HSD Hqylurqphqwdo Uhvhdufk Eulhi/ HSD29332V0<52335/ 4< sdjhv/ 4<<51

^58` Jxduqdffld/ M1 I1/ J1 I1 Slqghu/ dqg P1 Ilvkpdq/ QDSO/ Vlpxodwru Grfx0
phqwdwlrq/ Ilqdo Uhsruw/ HSD Frrshudwlyh Djuhhphqw Qr1 FU0;537<</ 4<<:1

^59` Kx|dnruq/ S1 V1/ V1 Sdqgd|/ dqg \1 V1 Zx/ D wkuhh0glphqvlrqdo pxowlskdvh
 rz prgho iru dvvhvvlqj QDSO frqwdplqdwlrq lq srurxv dqg iudfwxuhg phgld/
41 Irupxodwlrq/ M1 Frqwdplqdqw K|gurorj|/ 49/ 43<0463/ 4<<71

^5:` Lpkr�/ S1 W1/ S1 U1 Md�h/ dqg J1 I1 Slqghu/ Dq h{shulphqwdo vwxg| ri wkh glv0
vroxwlrq ri wulfkorurhwk|ohqh lq vdwxudwhg srurxv phgld/ Sulqfhwrq Xqlyhuvlw|
Zdwhu Uhvrxufhv Surjudp Uhsruw= ZU0<504/ 4<<51

^5;` Mdqhv/ G1 E1/ Frpsdulvrq ri vrlo0zdwhu k|vwhuhvlv prghov/ M1 K|guro1/ :8/
5;:05<</ 4<;71

^5<` Nrro/ M1 E1/ dqg M1 F1 Sdunhu/ Ghyhorsphqw dqg hydoxdwlrq ri forvhg irup
h{suhvvlrqv iru k|vwhuhwlf vrlo k|gudxolf surshuwlhv/ Zdwhu Uhvrxu1 Uhv1/ 56
+4,/ 4380447/ 4<;:1

^63` Nxhshu/ E1 K1/ dqg H1 R1 Iulqg/ Wzr0skdvh  rz lq khwhurjhqhrxv srurxv
phgld= 41 Prgho ghyhorsphqw/Zdwhu Uhvrxu1 Uhv1/ 5: +9,/ 437<0438:/ 4<<41
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^64` Ndoxdudfkfkl/ M1 M1/ dqg M1 F1 Sdunhu / Dq h!flhqw �qlwh hohphqw phwkrg iru
prgholqj pxowlskdvh  rz/ Zdwhu Uhvrxu1 Uhv1/ 58+4,/ 76087/ 4<;<1

^65` Nxssxvdp|/ W1/ M1 Vkhqj/ M1 F1 Sdunhu/ dqg U1 M1 Ohqkdug/ Ilqlwh0hohphqw
dqdo|vlv ri pxowlskdvh lpplvfleoh  rz wkurxjk vrlov/ Zdwhu Uhvrxu1 Uhv1/
56+7,/ 9580964/ 4<;:1

^66` Odl/ \1/ D1 Kdgmlglprv/ H1 Q1 Krxvwlv/ dqg M1 U1 Ulfh/ Jhqhudo lqwhulru froor0
fdwlrq phwkrgv iru vhfrqg0rughu hoolswlf sduwldo gl�huhqwldo htxdwlrqv/ Dssolhg
Qxphulfdo Pdwkhpdwlfv/ 49/ ;60533/ 4<<71

^67` ODSDFN gulyhu urxwlqh GJEVY/ yhuvlrq 414/ Xqly1 ri Whqqhvvhh/ Pdufk
4<<61

^68` Odqg/ F1 V1/ Fdofxodwlrq ri lpelelwlrq uhodwlyh shuphdelolw| iru wzr0 dqg
wkuhh0skdvh  rz iurp urfn surshuwlhv/ Wudqv1 Dp1 Lqvw1 Plq1 Phwdoo1 Shw1
Hqj1/ 576/ 47<0489/ 4<9;1

^69` Ohqkdug/ U1 M1/ dqg M1 F1 Sdunhu/ D prgho iru k|vwhuhwlf frqvwlwxwlyh uhod0
wlrqv jryhuqlqj pxowlskdvh  rz= 5 Shuphdelolw|0vdwxudwlrq uhodwlrqv/ Zdwhu
Uhvrxu1 Uhv1/ 56+45,/ 54<:05539/ 4<;:1

^6:` Ohqkdug/ U1 M1/ dqg M1 F1 Sdunhu/ H{shulphqwdo ydolgdwlrq ri wkh wkhru| ri h{0
whqglqj wzr0skdvh vdwxudwlrq0suhvvxuh uhodwlrqv wr wkuhh0 xlg skdvh v|vwhpv
iru prqrwrqlf gudlqdjh sdwkv/ Zdwhu Uhvrxu1 Uhv1/ 57+6,/ 6:606;3/ 4<;;1

^6;` Ohqkdug/ U1 M1/ M1 K1 Gdqh/ M1 F1 Sdunhu/ dqg M1 M1 Ndoxdudfkfkl/ Phd0
vxuhphqw dqg vlpxodwlrq ri rqh0glphqvlrqdo wudqvlhqw wkuhh0skdvh  rz iru
prqrwrqlf oltxlg gudlqdjh/ Zdwhu Uhvrxu1 Uhv1/ 57+9,/ ;860;96/ 4<;;1

^6<` Ohqkdug/ U1 M1/ M1 F1 Sdunhu/ dqg M1 M1 Ndoxdudfkfkl/ D prgho iru K|vwhuhwlf
frqvwlwxwlyh uhodwlrqv jryhuqlqj pxowlskdvh  rz= 61 Uh�qhphqwv dqg qxphu0
lfdo vlpxodwlrqv/ Zdwhu Uhvrxu1 Uhv1/ 58+:,/ 4:5:04:69/ 4<;<1

^73` Ohqkdug/ U1 M1/ M1 F1 Sdunhu/ dqg M1 M1 Ndoxdudfkfkl/ Frpsdulqj vlpxodwhg
dqg h{shulphqwdo k|vwhuhwlf wzr0skdvh wudqvlhqw  xlg  rz skhqrphqd/ Zdwhu
Uhvrxu1 Uhv1/ 5:+;,/ 544605457/ 4<<41

^74` Ohqkdug/ U1 M1/ Phdvxuhphqw dqg prgholqj ri wkuhh0skdvh vdwxudwlrq0
suhvvxuh k|vwhuhvlv/ M1 Frqwdplqdqw K|gurorj|/ </ 576059</ 4<<51
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^75` Ohqkdug/ U1 M1/ P1 Rrvwurp/ F1 V1 Vlpprqv/ dqg P1 G1 Zklwh/ Lqyhvwljdwlrq
ri ghqvlw|0ghshqghqw jdv dgyhfwlrq ri wulfkorurhwk|ohqh= H{shulphqw dqg d
prgho ydolgdwlrq h{huflvh/ M1 Frqwdplqdqw K|gurorj|/ 4</ 7:09:/ 4<<81

^76` Ohyhuhww/ P1 F1/ Fdsloodu| ehkdylru lq srurxv vrolgv/ Wudqv1 DLPH/ 475/ 4850
49</ 4<741

^77` Oxfnqhu/ O1/ P1 W1 ydq Jhqxfkwhq/ dqg G1 U1 Qlhovhq/ D frqvlvwhqw vhw ri
sdudphwulf prghov iru wkh wzr0skdvh  rz ri lpplvfleoh  xlgv lq wkh vxevxu0
idfh/ Zdwhu Uhvrxu1 Uhv1/ 58 +43,/ 54;:054<6/ 4<;<1

^78` PfEulgh/ M1 I1/ F1 V1 Vlpprqv/ dqg M1 Z1 Fdu|/ Lqwhuidfldo vsuhdglqj h�hfwv
rq rqh0glphqvlrqdo rujdqlf oltxlg lpelelwlrq lq zdwhu0zhwwhg srurxv phgld/
M1 Frqwdplqdqw K|gurorj|/ 44/ 4058/ 4<<51

^79` Phqgr}d/ F1 D1/ dqg H1 R1 Iulqg/ Dgyhfwlyh0glvshuvlyh wudqvsruw ri ghqvh ru0
jdqlf ydsruv lq wkh xqvdwxudwhg }rqh= 41 Prgho ghyhorsphqw/ Zdwhu Uhvrxu1
Uhv1/ 59+6,/ 6:<06;:/ 4<<31

^7:` Phufhu/ M1 Z1/ dqg F1 U1 Idxvw/ Wkh dssolfdwlrq ri �qlwh0hohphqw whfkqltxhv
wr lpplvfleoh  rz lq srurxv phgld/ Surf1/ Lqwo/ Frqi1 lq Zdwhu Uhvrxufhv/
Shqwhxfk Suhvv/ Orqgrq/ sdjhv 41540418:/ 4<:91

^7;` Ploohu/ F1 W1/ P1 P1 Srlulhu0PfQhloo/ dqg D1 V1 Pd|hu/ Glvvroxwlrq ri wudsshg
qrqdtxhrxv skdvh oltxlgv= pdvv wudqvihu fkdudfwhulvwlfv/ Zdwhu Uhvrxu1 Uhv1/
59+44,/ 5:;605:<9/ 4<<31

^7<` Pxdohp/ \1/ D qhz prgho iru suhglfwlqj wkh k|gudxolf frqgxfwlylw| ri xq0
vdwxudwhg srurxv phgld/ Zdwhu Uhvrxufhv Uhv1/ 47+5,/ 6580667/ 4<:;1

^83` Qlhovhq/ G1 U1 dqg O1 Oxfnqhu/ Wkhruhwlfdo dvshfwv wr hvwlpdwh uhdvrqdeoh
lqlwldo sdudphwhuv dqg udqjh olplwv lq lghqwl�fdwlrq surfhgxuhv iru vrlo k|0
gudxolf surshuwlhv/ lq Lqgluhfw Phwkrgv iru Hvwlpdwlqj wkh K|gudxolf Surshu0
wlhv ri Xqvdwxudwhg Vrlov/ hglwhg e| ydq Jhqxfkwhq hw do1/ sxeolvkhg e| wkh
Xqlyhuvlw| ri Fdoliruqld/ Ulyhuvlgh/ 47:0493/ 4<<51

^84` Sdunhu/ M1 F1/ U1 M1 Ohqkdug/ dqg W1 Nxssxvdp|/ D sdudphwulf prgho iru
frqvwlwxwlyh surshuwlhv jryhuqlqj pxowlskdvh  rz lq srurxv phgld/ Zdwhu
Uhvrxu1 Uhv1/ 56+7,/ 94;0957/ 4<;:1
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^85` Sdunhu/ M1 F1 dqg U1 M1 Ohqkdug/ D prgho iru k|vwhuhwlf frqvwlwxwlyh uhodwlrqv
jryhuqlqj pxowlskdvh  rz= 4 Vdwxudwlrq0suhvvxuh uhodwlrqv/ Zdwhu Uhvrxu1
Uhv1/ 56+45,/ 54;:054<9/ 4<;:1

^86` Shdfhpdq/ G1 Z1/ Ixqgdphqwdov ri Qxphulfdo Uhvhuyrlu Vlpxodwlrq/ Ghyho0
rsphqwv lq Shwurohxp Vflhqfh/ 9/ Hovhylhu/ Qhz \run/ 4:9 sdjhv/ 4<::1

^87` Slqghu/ J1 I1/ dqg O1 P1 Deulrod/ Rq wkh vlpxodwlrq ri qrqdtxhrxv skdvh
rujdqlf frpsrxqgv lq wkh vxevxuidfh/ Zdwhu Uhvrxu1 Uhv1/ 55 +<,/ 43<v044<v/
4<;91

^88` Srzhuv/ V1 H1/ F1 R1 Orxuhlur/ O1 P1 Deulrod/ dqg Z1 M1 Zhehu/ Wkhruhwlfdo
vwxg| ri wkh vljql�fdqfh ri qrqhtxloleulxp glvvroxwlrq ri qrqdtxhrxv skdvh
oltxlgv lq vxevxuidfh v|vwhpv/ Zdwhu Uhvrxu1 Uhv1/ 5:+7,/ 79607::/ 4<<41

^89` Srzhuv/ V1 H1/ F1 R1 O1 P1 Deulrod/ dqg Z1 M1 Zhehu/ Dq h{shulphqwdo
lqyhvwljdwlrq ri QDSO glvvroxwlrq lq vdwxudwhg vxevxuidfh v|vwhpv= Vwhdg|0
vwdwh pdvv wudqvihu udwhv/ Zdwhu Uhvrxu1 Uhv1/ 5;/ 59<405:39/ 4<<51

^8:` Udelghdx/ D1 M1/ dqg F1 W1 Ploohu/ Wzr0glphqvlrqdo prghoolqj ri dtxlihu uh0
phgldwlrq lq xhqfhg e| vruswlrq qrqhtxloleulxp dqg k|gudxolf frqgxfwlylw|
khwhurjhqhlw|/ Zdwhu Uhvrxu1 Uhv1/ 63+8,/ 478:047:3/ 4<<71

^8;` VODWHF gulyhu urxwlqh GVOXJP/ Odzuhqfh Olyhupruh Qdwlrqdo Oderudwru|/
Olyhupruh/ Fd1/ 4<;<1

^8<` Vfrww/ S1 V1/ J1 M1 Idutxkdu/ dqg Q1 Nrxzhq/ K|vwhuhwlf h�hfwv rq qhw lq�owud0
wlrq/ lq Dgydqfhv lq Lq�owudwlrq/ Dphulfdq Vrflhw| ri Djulfxowxudo Hqjlqhhuv/
49604:3/ 4<;61 Vohhs/ E1 H1 dqg M1 I1 V|nhv/ Prgholqj wkh wudqvsruw ri yrodwloh
rujdqlfv lq yduldeo| vdwxudwhg phgld/ Zdwhu Uhvrxu1 Uhv1/ 58+4,/ ;40<5/ 4<;<1

^93` Vohhs/ E1 H1/ dqg M1 I1 V|nhv/ Prgholqj wkh wudqvsruw ri yrodwloh rujdqlfv lq
yduldeo| vdwxudwhg phgld/ Zdwhu Uhvrxu1 Uhv1/ 58+4,/ ;40<5/ 4<;<1

^94` Vohhs/ E1 H1/ dqg M1 I1 V|nhv/ Frpsrvlwlrqdo vlpxodwlrq ri jurxqgzdwhu frq0
wdplqdwlrq e| rujdqlf frpsrxqgv= 41 Prgho ghyhorsphqw dqg yhul�fdwlrq/
Zdwhu Uhvrxu1 Uhv1/ 5<+9,/ 49<:04:3;/ 4<<6d1

^95` Vohhs/ E1 H1 dqg M1 I1 V|nhv/ Frpsrvlwlrqdo vlpxodwlrq ri jurxqgzdwhu frqwd0
plqdwlrq e| rujdqlf frpsrxqgv= 51 Prgho dssolfdwlrqv/ Zdwhu Uhvrxu1 Uhv1/
5<+9,/ 4:3<04:4;/ 4<<6e1
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^96` Vohhs/ E1 H1/ D phwkrg ri fkdudfwhulvwlfv prgho iru htxdwlrq ri vwdwh frp0
srvlwlrqdo vlpxodwlrq ri rujdqlf frpsrxqgv lq jurxqgzdwhu/ M1 Frqwdplqdqw
K|gurorj|/ 4:/ 4;<0545/ 4<<81

^97` Vsloohwwh/ D1 J1/ M1 J1 Kloohvwdg/ dqg K1 O1 Vwrqh/ D kljk0vwdelolw| vhtxhq0
wldo vroxwlrq dssurdfk wr uhvhuyrlu vlpxodwlrq/ Vrf1 Shw1 Hqj1 7;wk Dqqxdo
Phhwlqj/ Odv Yhjdv/ Qhy1/ V1S1H1 Sdshu Qr1 7875/ 47 sdjhv/ 4<:61

^98` ydq Jhqxfkwhq/ P1 Wk1/ D forvhg irup htxdwlrq iru suhglfwlqj wkh k|gudxolf
frqgxfwlylw| ri xqvdwxudwhg vrlov/ Vrlo Vfl1 Vrf1 ri Dp1 M1/ 77/ ;<50;<;/ 4<;31

^99` Ydq Jhho/ S1 M1/ dqg M1 I1 V|nhv/ Oderudwru| dqg prgho vlpxodwlrqv ri d
OQDSO vsloo lq d yduldeo|0vdwxudwhg vdqg phglxp= 41 Oderudwru| h{shulphqw
dqg lpdjh dqdo|vlv whfkqltxhv/ Mrxuqdo ri Frqwdplqdqw K|gurorj|/ 4:+4,/ 40
59/ 4<<8d1

^9:` Ydq Jhho/ S1 M1/ dqg M1 I1 V|nhv/ Oderudwru| dqg prgho vlpxodwlrqv ri d
OQDSO vsloo lq d yduldeo|0vdwxudwhg vdqg phglxp= 51 Frpsdulvrq ri oder0
udwru| dqg prgho uhvxowv/ Mrxuqdo ri Frqwdplqdqw K|gurorj|/ 4:+4,/ 5:086/
4<<8e1

^9;` Zlovrq/ M1 O1/ V1 K1 Frqudg/ Z1 U1 Pdvrq/ Z1 Shsolqvnl/ dqg H1 Kdjdq/
Oderudwru| lqyhvwljdwlrq ri uhvlgxdo oltxlg rujdqlfv iurp vsloov/ ohdnv/ dqg
wkh glvsrvdo ri kd}dugrxv zdvwhv lq jurxqgzdwhu/ HSD2933290<32337/ Dsulo
4<<31
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D1 SDUDPHWHU OLVW

@Es� 0 wkh fxuyh vkdsh �wwlqj sdudphwhu iru fxuyh0w|sh s

@_ 0 wkh fxuyh vkdsh �wwlqj sdudphwhu iru zdwhu gudlqdjh fxuyhv

@� 0 wkh fxuyh vkdsh �wwlqj sdudphwhu iru zdwhu lpelelwlrq fxuyhv

�C
? 0 wkh QDSO0zdwhu pdvv wudqvihu udwh frh!flhqw d�*A o

�`
? 0 wkh QDSO0zdwhu pdvv wudqvihu udwh frh!flhqw d�*A o

�C
?*` 0 wkh QDSO vshflhv zdwhu0jdv pdvv wudqvihu udwh frh!flhqw d�*A o

#C 0 wkh jdv0skdvh glvshuvlrq whqvru/ du2*A o +htxdwlrq 7158,

#` 0 wkh zdwhu0skdvh glvshuvlrq whqvru/ du2*A o +htxdwlrq 7158,

e 0 wkh eohqglqj sdudphwhu zklfk jryhuqv krz idvw wkh skdvh ehfrphv hqwudsshg
gxulqj gudlqdjh  rz frqglwlrqv ru uhohdvhg iurp hqwudsphqw gxulqj lpelel0
wlrq  rz frqglwlrqv +e : f, ^vhh htxdwlrq 81:`

.`
? uhsuhvhqwv glvvroxwlrq pdvv wudqvihu ri wkh QDSO vshflhv iurp wkh QDSO

skdvh wr wkh zdwhu skdvh>

.C
?*` uhsuhvhqwv yrodwlol}dwlrq pdvv wudqvihu ri wkh QDSO vshflhv iurp wkh zdwhu

skdvh wr wkh jdv skdvh>

.C
? uhsuhvhqwv yrodwlol}dwlrq pdvv wudqvihu ri wkh QDSO vshflhv iurp wkh QDSO

skdvh wr wkh jdv skdvh>

.7
?*` uhsuhvhqwv dgvruswlrq pdvv wudqvihu ri wkh QDSO vshflhv iurp wkh zdwhu

skdvh wr wkh vrlo1

s 0 wkh fxuyh0w|sh lqgh{/ wdnhv rq d ydoxh iurp 4 wr 9 +vhh Wdeoh 814,

4::



8 0 wkh pd{lpxp qxpehu ri fxuyh0w|shv frqvlghuhg +@ 9/ vhh Wdeoh 814,

sJS 0 wkh pdvv iudfwlrq ri rujdqlf fduerq ^glphqvlrqohvv`

sk 0 k�skdvh iudfwlrqdo  rz ixqfwlrq +htxdwlrq 914:,

} 0 judylw| du*A 2o

M 0 Khqu|*v odz frh!flhqw

�S 0 wkh fdsloodu| suhvvxuh khdg= �S ' �S*E4
`}�

& wkh lqwulqvlf shuphdelolw| vfdodu ^u2`

& +dv d vxshuvfulsw, 0 lqglfdwhv wkh wlph ohyho ri sdudphwhu hydoxdwlrq1

&W 0 wkh lqwulqvlf shuphdelolw| pdjqlwxgh ^u2` ri wkh vrlo xvhg wr phdvxuh wkh V0S
prgho fxuyh �w +vhh htxdwlrq 8174,

g_ 0 wkh glvwulexwlrq frh!flhqw ^u�*� ` +htxdwlrq 7169,

gJS 0 wkh rujdqlf fduerq sduwlwlrq frh!flhqw ^glphqvlrqohvv` +htxdwlrq 7169,

&ok 0 wkh uhodwlyh shuphdelolw| ri wkh k�skdvh/ k @ Z/ Q/ J ^glphqvlrqohvv`

&oC 0 wkh uhodwlyh shuphdelolw| ri wkh jdv0skdvh ^glphqvlrqohvv`

&o� 0 wkh uhodwlyh shuphdelolw| ri wkh QDSO0skdvh ^glphqvlrqohvv`

&o` 0 wkh uhodwlyh shuphdelolw| ri wkh zdwhu0skdvh ^glphqvlrqohvv`

6 ' �� �*# 0 d �wwlqj sdudphwhu xvhg lq wkh & � 7 � � prgho

6 +dv d vxshuvfulsw, 0 lqglfdwhv wkh lwhudwlrq ohyho ri sdudphwhu hydoxdwlrq1

�(� 0 wkh pdlq gudlqdjh fxuyh

�U� 0 wkh pdlq lpelelwlrq fxuyh

�(� 0 wkh sulpdu| gudlqdjh fxuyh

�U� 0 wkh sulpdu| lpelelwlrq fxuyh

�k 0 suhvvxuh ri wkh k�skdvh/ k @ Z/ Q/ J ^8*u2`
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�S�` 0 fdsloodu| suhvvxuh iru wkh QDSO0zdwhu v|vwhp ^8*u2`

�SC� fdsloodu| suhvvxuh iru wkh jdv0QDSO v|vwhp ^8*u2`

'k 0 srlqw vrxufhv +., ru vlqnv +0, ri wkh k�skdvh/ k @ Z/ Q/ J ^�*A `

-k '
�
7ko � 74�?

k|

�
3�

�
�
�� 74�?

k|

�
3�

7e 0 wkh h�hfwlyh zhwwlqj0skdvh vdwxudwlrq iru d jlyhq 7�� fxuyh +htxdwlrq 8143,

7eEs� 0 wkh h�hfwlyh zdwhu vdwxudwlrq iru d vshfl�f 7 � � fxuyh w|sh s +htxdwlrq
8146,

7e 0 wkh h�hfwlyh vdwxudwlrq dv frpsxwhg iurp htxdwlrq 8146 jlyhq �S dqg @Es�
+xvhg gxulqj sdudphwhu xsgdwh,

7eC 0 wkh h�hfwlyh jdv vdwxudwlrq xvhg wr gh�qh wkh &oC ixqfwlrqdo +htxdwlrqv
8159 dqg 815;

@7eC 0 wkh h�hfwlyh jdv vdwxudwlrq xvhg wr gh�qh wkh frqqhfwlylw| whup ri wkh &oC
ixqfwlrqdo +vhh htxdwlrq 8156,

K7eC 0 wkh h�hfwlyh jdv vdwxudwlrq xvhg wr gh�qh wkh lqwhjudo ri wkh &oC ixqfwlrqdo
+vhh htxdwlrq 8156,

7e� 0 wkh h�hfwlyh QDSO vdwxudwlrq xvhg wr gh�qh wkh &o� ixqfwlrqdo +htxdwlrqv
8163 dqg 8164,

7eA� 0 wkh h�hfwlyh wrwdo zhwwlqj0skdvh vdwxudwlrq xvhg wr gh�qh wkh &o� ixqf0
wlrqdo +htxdwlrqv 8165/ 8166 dqg 8167,

7eA? 0 wkh h�hfwlyh wrwdo qrqzhwwlqj0skdvh vdwxudwlrq xvhg wr gh�qh wkh &o�
ixqfwlrqdo +htxdwlrqv 8168/ 8169 dqg 816:,

7e` 0 wkh h�hfwlyh zdwhu vdwxudwlrq xvhg wr gh�qh wkh &o` ixqfwlrqdo +htxdwlrqv
8158 dqg 815:,

@7e` 0 wkh h�hfwlyh zdwhu vdwxudwlrq xvhg wr gh�qh wkh frqqhfwlylw| whup ri wkh
&o` ixqfwlrqdo +vhh htxdwlrq 814<,

K7e` 0 wkh h�hfwlyh zdwhu vdwxudwlrq xvhg wr gh�qh wkh lqwhjudo ri wkh &o` ixqf0
wlrqdo +vhh htxdwlrq 814<,
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7o 0 wkh plqlpxp vdwxudwlrq iru d jlyhq 7 � � fxuyh

7oEs� 0 wkh plqlpxp vdwxudwlrq iru d vshfl�f 7 � � fxuyh w|sh s

7r 0 wkh pd{lpxp iru d jlyhq 7 � � fxuyh

7rEs� 0 wkh pd{lpxp vdwxudwlrq iru d vshfl�f 7 � � fxuyh w|sh s

7Co 0 d �wwlqj sdudphwhu uhsuhvhqwlqj wkh pd{lpxp uhvlgxdo jdv0skdvh vdwxudwlrq

7�o 0 wkh uhvlgxdo QDSO0skdvh vdwxudwlrq frpsxwhg iurp htxdwlrq 8157

7�?o/ d �wwlqj sdudphwhu uhsuhvhqwlqj wkh pd{lpxp uhvlgxdo QDSO0skdvh vdw0
xudwlrq lq d wzr0skdvh QDSO0zdwhu v|vwhp +QDSO dv d qrqzhwwlqj skdvh,

7��o/ d �wwlqj sdudphwhu uhsuhvhqwlqj wkh pd{lpxp uhvlgxdo QDSO0skdvh vdw0
xudwlrq lq d wzr0skdvh QDSO0jdv v|vwhp +QDSO dv d zhwwlqj skdvh,

7`o 0 d �wwlqj sdudphwhu uhsuhvhqwlqj wkh pd{lpxp uhvlgxdo zdwhu0skdvh vdwx0
udwlrq

7k 0 wkh k�skdvh vdwxudwlrq/ k @ Z/ Q/ J

7ks 0 wkh k�skdvh vdwxudwlrq zklfk lv iuhh wr  rz

7k| 0 wkh k�skdvh vdwxudwlrq zklfk lv wudsshg dqg xqdeoh wr  rz

74�?
k| 0 wkh orzhu olplw ri hqwudsshg k0skdvh +htxdwlrq 81;,

7Wko 0 wkh pdjqlwxgh ri wkh uhvlgxdo k0skdvh/ f � 7Wko � 7ko/ dw wkh whuplqxv ri
dq k0skdvh gudlqdjh surfhvv +htxdwlrq 81<,

74@ 
k 0 wkh kljkhvw k0skdvh vdwxudwlrq wkdw kdv rffxuuhg vlqfh lw zdv odvw dw lp0

preloh uhvlgxdo frqglwlrqv/ l1 h1/ wkh pd{lpxp lpelehg k0skdvh vdwxudwlrq
zklfk lv dydlodeoh iru glvsodfhphqw

7koE�� 0 wkh pdjqlwxgh ri wkh uhvlgxdo dw wkh ruljlq ri d pdlq fxuyh

7Co 0 wkh pd{lpxp 7C| ydoxh iru wkh v|vwhp

7A� 0 wrwdo zhwwlqj skdvh vdwxudwlrq ' 7` n 7�

�k 0 pdvv dyhudjh k�skdvh yhorflw| yhfwru ^u*A `/ k @ Z/ Q/ J +htxdwlrq 7154,
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�A ' �` n �� n �C 0 wkh wrwdo yhorflw|

B7` ' 7?n�
` � 7?

`

q2 0 glphqvlrqohvv �wwlqj sdudphwhu iru pdvv wudqvihu

q� 0 glphqvlrqohvv �wwlqj sdudphwhu iru pdvv wudqvihu

q`�
� 0 wkh udwh frh!flhqw iru QDSO0zdwhu pdvv wudqvihu/ ^�*A `

qC�
� 0 wkh udwh frh!flhqw iru QDSO0jdv pdvv wudqvihu/ ^�*A `

qC`
� 0 wkh udwh frh!flhqw iru jdv0zdwhu pdvv wudqvihu/ ^�*A `

� 0 wkh sruh frqqhfwlylw| sdudphwhu iru wkh &o` ixqfwlrqdo ^htxdwlrq 814<`

) 0 wkh sruh frqqhfwlylw| sdudphwhu iru wkh &oC ixqfwlrqdo ^htxdwlrq 8156`

1 0 wkh sruh frqqhfwlylw| sdudphwhu iru wkh &o� ixqfwlrqdo ^htxdwlrq 816;`

# 0 d fxuyh �wwlqj sdudphwhu iru wkh 7 � � prgho ^vhh htxdwlrqv 8143 dqg 8146`

0 0 srurvlw| ri wkh srurxv phglxp ^glphqvlrqohvv`

0W 0 wkh srurvlw| ri wkh vrlo xvhg wr phdvxuh wkh V0S prgho fxuyh �w +vhh htxdwlrq
8174,

�k ' 4k} lv wkh vshfl�f zhljkw ri wkh skdvh d�*A 2o/ k @ Z/ Q/ J

K`? 0 gh�qhv wkh fkdqjh lq 4` gxh wr wkh suhvhqfh ri QDSO vshflhv +htxdwlrq
9145,

KC? 0 gh�qhv wkh fkdqjh lq 4C gxh wr wkh suhvhqfh ri QDSO vshflhv +htxdwlrq
9146,

bk ' &&ok*>
k +k @ Z/ Q/ J,/ lv wkh k�skdvh prelolw| vfdodu due*8A o

>k 0wkh skdvh ylvfrvlw| ^8A*u2`

/7
? lv wkh pdvv iudfwlrq ri wkh dgvruehg QDSO rq wkh vrolg ^glphqvlrqohvv`

4k 0 k�skdvh pdvv ghqvlw| ^�*u�` k @ Z/ Q/ J

4r 0 wkh ghqvlw| ri wkh vrlo ^�*u�`
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4`? 0 wkh pdvv frqfhqwudwlrq ri QDSO lq wkh zdwhu0skdvh/ ^�*u�`

4C? 0 wkh pdvv frqfhqwudwlrq ri QDSO lq wkh jdv0skdvh/ ^�*u�`

4k 0 wkh pdvv frqfhqwudwlrq ri d vshflhv  lq wkh k�skdvh/ ^�*u�`

4`? d�*u�o 0 wkh htxloleulxp frqfhqwudwlrq ri wkh QDSO vshflhv lq wkh zdwhu
skdvh +vroxelolw| olplw,

4C? d�*u�o 0 wkh frqvwdqw htxloleulxp ydsru frqfhqwudwlrq ri wkh QDSO vshflhv
lq wkh jdv0skdvh +ydsru vroxelolw| olplw,

e4k 0 wkh vrxufh ru vlqn ri pdvv iru d vshflhv  lq wkh k0skdvh d�*u�A o gxh wr
lqwhuskdvh pdvv h{fkdqjh +l1 h1/ glvvroxwlrq/ yrodwlol}dwlrq dqg dgvruswlrq,1

} �kq ' �k � �q

jC` 0 wkh lqwhuidfldo whqvlrq ehwzhhq wkh jdv dqg zdwhu skdvhv

jC� 0 wkh lqwhuidfldo whqvlrq ehwzhhq wkh jdv dqg wkh QDSO skdvhv

j�` 0 wkh lqwhuidfldo whqvlrq ehwzhhq wkh QDSO dqg zdwhu skdvhv
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E1 SDUWLFXODUV RI KHUPLWH

FROORFDWLRQ

Wklv dsshqgl{ frqwdlqv ghwdlov uhjduglqj wkh wkuhh0glphqvlrqdo/ Khuplwh froorfd0
wlrq irupxodwlrq1

E141 Qrgdo Ghjuhhv ri Iuhhgrp

Hdfk qrgh kdv hljkw ghjuhhv ri iuhhgrp +GI,/ dqg wkh yhfwru uhsuhvhqwlqj wkh
ydoxhv/ N/ lv qxpehuhg dv=

4 5 6 7 8 9 : ;
L Lc% Lc+ Lc5 Lc%+ Lc%5 Lc+5 Lc%+5

+E14,

zkhuh wkh vxevfulsw ^ c E��` uhsuhvhqwv wkh sduwldo ghulydwlyh zlwk uhvshfw wr +�,1

E151 Edvlv Ixqfwlrq Gh�qlwlrq

Wkh �� frqwlqxrxv Khuplwh fxelf lqwhusrodwlrq sro|qrpldov duh gh�qhg rq d jhq0
hudo rqh0glphqvlrqdo lqwhuydo +1fc 1�, dv=

�fE1� '

;?=
�
�� 131

f

1
�
31

f

�2 �
� n 2 131

f

1
�
31

f

�
gh�qhg dw 1 ' 1f�

� n 131
�

1
�
31

f

�2 �
�� 2 131

�

1
�
31

f

�
gh�qhg dw 1 ' 1�

��E1� '

;?= ��
2E1� '

�
�� 131

f

1
�
31

f

�2

E1 � 1f� gh�qhg dw 1 ' 1f

��
eE1� '

�
� n 131

�

1
�
31

f

�2

E1 � 1�� gh�qhg dw 1 ' 1�

+E15,

zkhuh wkhuh duh irxu ixqfwlrqv gh�qhg rq hdfk rqh0glphqvlrqdo lqwhuydo +hohphqw,1
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Wkh wkuhh glphqvlrqdo yhuvlrq ri wkh Khuplwh fxelf fdq eh ghulyhg iurp wkh
whqvru surgxfw rughulqj ri wkh rqh0glphqvlrqdo Khuplwh edvlv ixqfwlrqv1 Dw hdfk
ri wkh � qrghv lq d wkuhh0glphqvlrqdo julg eorfn/ � ' �c 2c ���H/ wkh iroorzlqj hljkw
Khuplwh sro|qrpldov duh gh�qhg=

ixE �j� '

599999999997

�f
� E%��

f
� E+��

f
� E5�

��
� E%��

f
� E+��

f
� E5�

�f
� E%��

�
� E+��

f
� E5�

�f
� E%��

f
� E+��

�E5�
��
� E%��

�
� E+��

f
� E5�

��
� E%��

f
� E+��

�
� E5�

�f
� E%��

�
� E+��

�
� E5�

��
� E%��

�
� E+��

�
� E5�

6::::::::::8
zkhuh wkh rughulqj lv frqvlvwhqw zlwk wkh ghjuhh ri iuhhgrp rughulqj lq E141

E161 Khuplwh Lqwhusrodwlrq ri Fdsloodu| Suhvvxuh

Jlyhq fdsloodu| suhvvxuh dv d ixqfwlrq ri vdwxudwlrq/ dqg vdwxudwlrq lqwhusrodwhg
e| Khuplwh fxelfv/ wkhq wkh Khuplwh fxelf lqwhusrodwlrq frh!flhqwv ri �SE7� duh
jhqhudwhg xvlqj wkh fkdlq uxoh/ l1 h1/

4 5 6 7 8 9 : ;
�SE7� �

�

S7c% �
�

S7c+ �
�

S7c5 �
�

S7c%+ �
�

S7c%5 �
�

S7c+5 �
�

S7c%+5

zkhuh �
�

S ' _�S*_7/ dqg whupv 8 wkurxjk ; kdyh ehhq vlpsol�hg e| dvvxplqj
wkh fkdlqhg whupv zklfk lqfoxgh wkh ghulydwlyhv _2�S*_7

2 dqg _��S*_7
� duh vpdoo

frpsduhg wr wkh rwkhu whupv dqg fdq wkxv eh qhjohfwhg1

E171 Erxqgdu| Frqglwlrq Vshfl�fdwlrq

Wkh vhw ri GI*v zklfk duh vshfl�hg dw d erxqgdu| qrgh lv gh�qhg dv d ixqfwlrq ri=
qrgh0w|sh dqg erxqgdu| frqglwlrq0w|sh1 Wkhuh duh wkuhh erxqgdu|0qrgh0w|shv wr
eh frqvlghuhg=

qrgh0w|sh
qxpehu ri

GI vshfl�hg

qxpehu ri

GI iuhh

plgvlgh +rq d sodqh, 7 7

hgjh +lqwhuvhfwlrq ri wzr sodqhv @ olqh, 9 5

fruqhu +lqwhuvhfwlrq ri wkuhh sodqhv @ srlqw, : 4
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Wkh iroorzlqj olvwv wkh GI*v +uhihuhqfhg e| wkh qrgdo ghjuhh ri iuhhgrp qxp0
ehulqj v|vwhp vkrzq lq E14, wkdw duh vshfl�hg iru hdfk qrgh0w|sh dqg erxqgdu|
frqglwlrq0w|sh +Glulfkohw ru Qhxpdqq,1

Plgvlgh Qrghv +olh lq d sodqh, 0 Wkh GI*v vshfl�hg ghshqg rq wkh sodqh dqg wkh
erxqgdu| frqglwlrq lpsrvhg=

{0| sodqh |0} sodqh {0} sodqh

Glulfkohw 4/ 5/ 6/ 8 4/ 6/ 7/ : 4/ 5/ 7/ 9

Qhxpdqq 7/ 9/ :/ ; 5/ 8/ 9/ ; 6/ 8/ :/ ;

Hgjh Qrghv +olh dorqj d olqh, 0 Wkh GI*v vshfl�hg ghshqg rq zkdw erxqgdu|
frqglwlrq lv lpsrvhg rq hdfk lqwhuvhfwlqj sodqh=

� Zkhq wkh hgjh lv sdudooho wr wkh {0d{lv +lqwhuvhfwlrq ri wkh {0| dqg {0}
sodqhv,=

Glulfkohw rq {0| vlgh Qhxpdqq rq {0| vlgh

Glulfkohw rq {0} vlgh 4/ 5/ 6/ 7/ 8/ 9 4/ 5/ 7/ 9/ :/ ;

Qhxpdqq rq {0} vlgh 4/ 5/ 6/ 8/ :/ ; 6/ 7/ 8/ 9/ :/ ;

� Zkhq wkh hgjh lv sdudooho wr wkh |0d{lv +lqwhuvhfwlrq ri wkh {0| dqg |0}
sodqhv,=

Glulfkohw rq {0| vlgh Qhxpdqq rq {0| vlgh

Glulfkohw rq |0} vlgh 4/ 5/ 6/ 7/ 8/ : 4/ 6/ 7/ 9/ :/ ;

Qhxpdqq rq |0} vlgh 4/ 5/ 6/ 8/ 9/ ; 5/ 7/ 8/ 9/ :/ ;

� Zkhq wkh hgjh lv sdudooho wr wkh }0d{lv +lqwhuvhfwlrq ri wkh {0} dqg |0}
sodqhv,=

Glulfkohw rq {0} vlgh Qhxpdqq rq {0} vlgh

Glulfkohw rq |0} vlgh 4/ 5/ 6/ 7/ 9/ : 4/ 6/ 7/ 8/ :/ ;

Qhxpdqq rq |0} vlgh 4/ 5/ 7/ 8/ 9/ ; 5/ 6/ 8/ 9/ :/ ;

Fruqhu Qrghv 0 Wkh GI*v vshfl�hg ghshqg rq zkdw erxqgdu| frqglwlrq lv lp0
srvhg rq hdfk lqwhuvhfwlqj sodqh1 Wkhuh duh ; frpelqdwlrqv=

Glulfkohw rq {0|/ Glulfkohw rq {0}/ Glulfkohw rq |0}= 4/ 5/ 6/ 7/ 8/ 9/ :
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Qhxpdqq rq {0|/ Glulfkohw rq {0}/ Glulfkohw rq |0}= 4/ 5/ 6/ 7/ 9/ :/ ;

Glulfkohw rq {0|/ Qhxpdqq rq {0}/ Glulfkohw rq |0}= 4/ 5/ 6/ 7/ 8/ :/ ;

Glulfkohw rq {0|/ Glulfkohw rq {0}/ Qhxpdqq rq |0}= 4/ 5/ 6/ 7/ 8/ 9/ ;

Qhxpdqq rq {0|/ Qhxpdqq rq {0}/ Glulfkohw rq |0}= 4/ 6/ 7/ 8/ 9/ :/ ;

Qhxpdqq rq {0|/ Glulfkohw rq {0}/ Qhxpdqq rq |0}= 4/ 5/ 7/ 8/ 9/ :/ ;

Qhxpdqq rq {0|/ Glulfkohw rq {0}/ Qhxpdqq rq |0}= 4/ 5/ 6/ 8/ 9/ :/ ;

Qhxpdqq rq {0|/ Qhxpdqq rq {0}/ Qhxpdqq rq |0}= 5/ 6/ 7/ 8/ 9/ :/ ;
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F1 LQLWLDOL]H WUDSSLQJ SDUDPHWHUV

Jlyhq wkh lqlwldo skdvh vdwxudwlrq glvwulexwlrq/ 7`fc 7�f dqg 7Cf/ wklv lv wkh
ghflvlrq wuhh zklfk ghwhuplqhv wkh lqlwldo skdvh wudsslqj sdudphwhuv1

� li 7�f ' f

7�| ' f

li E7Cf � 7Co� +jdv lv dw uhvlgxdo,

7C| ' 7Cf/ 7`| ' f/ dqg s ' � iru erwk 7 � � ixqfwlrqdov

hovh li E7`f � 7`o� +zdwhu lv dw uhvlgxdo,

7`| ' 7`f/ 7C| ' f/ dqg s ' 2 iru erwk 7 � � ixqfwlrqdov

hovh +erwk skdvhv duh preloh,

7`| iurp htxdwlrq 81:/ 7C| ' f/ dqg s ' � iru erwk 7 � � ixqfwlrqdov

hqgli

� hovh li 7Cf ' f

7C| ' f/ dqg s ' � iru 7A�E�SC�� ixqfwlrqdo

li E7�f � 7�?o� +QDSO lv dw uhvlgxdo,

7�| ' 7�f/ 7`| ' f/ dqg s ' � iru 7` E�S�` � ixqfwlrqdo

hovh li E7`f � 7`o� +zdwhu lv dw uhvlgxdo,

7`| ' 7`f/ 7�| ' f/ dqg s ' 2 iru 7` E�S�` � ixqfwlrqdo
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hovh +erwk skdvhv duh preloh,

7`| iurp htxdwlrq 81:/ 7�| ' f/ dqg s ' � iru 7` E�S�` � ixqfwlrqdo

hqgli

� hovh li 7�f : f dqg 7Cf : f

li E7Cf � 7Co� +jdv lv dw uhvlgxdo,

7C| ' 7Cf/ dqg s ' � iru 7A�E�SC� � ixqfwlrqdo

li E7�f � 7�?o� +QDSO lv dw uhvlgxdo,

7�| ' 7�f/ 7`| ' f/ dqg s ' � iru 7` E�S�` � ixqfwlrqdo

hovh li E7`f � 7`o� +zdwhu lv dw uhvlgxdo,

7`| ' 7`f/ 7�| ' f/ dqg s ' 2 iru 7` E�S�` � ixqfwlrqdo

hovh +erwk zdwhu dqg QDSO skdvhv duh preloh,

7`| iurp htxdwlrq 81:/ 7�| ' f/ dqg s ' � iru 7` E�S�` � ixqfwlrqdo

hqgli

hovh li E7`f � 7`o� +zdwhu lv dw uhvlgxdo,

7`| ' 7`f dqg s ' 2 iru 7` E�S�` � ixqfwlrqdo

li E7�f � 7��o� +QDSO lv dw uhvlgxdo,

7�| ' 7�f/ 7C| ' f/ dqg s ' 2 iru 7A�E�SC� � ixqfwlrqdo

hovh +erwk jdv dqg QDSO skdvhv duh preloh,

7C| iurp htxdwlrq 81:/ 7�| ' f/ dqg s ' 2 iru 7A�E�SC� � ixqfwlrqdo

hqgli

hovh +preloh zdwhu dqg jdv diwhu ixoo gudlqdjh dqg lpelelwlrq f|fohv,

7`| ' 7`o dqg 7C| ' 7Co

li E7�f � 7�?o n 7��o� +QDSO lv dw uhvlgxdo,

7�| iurp htxdwlrq 8157
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hovh +QDSO lv preloh,

7�| ' f

hqgli

hqgli

� hqgli
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G1 SHFOHW FRQVWUDLQW

Wr ghulyh wkh h{suhvvlrqv iru julg Shfohw qxpehu/ htxdwlrqv 9168 dqg 9169 pxvw
eh zulwwhq lq whupv ri wkh ghshqghqw yduldeohv 7` dqg 7A� e| xvlqj wkh fkdlq
uxoh iru gl�huhqwldwlrq=

0
Y7`
Y|

n
�
^A Es` �c` n

�
Es`b��c` } �`� n Es`bC�c` } �`C

�
u5

�
� u7`

n
�
^A Es` �cA� n

�
Es`b��cA� } �`� n Es`bC�cA� } �`C

�
u5

�
� u7A�

nu �
��
\`�

�
s`b�

�
E�S�` �c` n\`C

�
s`bC

�
E�SC` �c`

�
u7`

�
nu �

��
\`C

�
s`bC

�
E�SC` �cA�

�
u7A�

�
' �s`u � ^A +G14,

�0
Y7A�
Y|

n
�
^A EsC�c` n

�
EsCb��c` } ��C n EsCb` �c` } �`C

�
u5

�
� u7`

n
�
^A EsC�cA� n

�
EsCb��cA� } ��C n EsCb` �cA� } �`C

�
u5

�
� u7A�

nu �
��
\`C

�
sCb`

�
E�SC` �c`

�
u7`

�
nu �

��
\�C

�
sCb�

�
E�SC��cA� n\`C

�
sCb`

�
E�SC` �cA�

�
u7A�

�
' �sCu � ^A +G15,

zkhuh wkh vxevfulswv +c` , dqg +c A�, uhsuhvhqw wkh sduwldo ghulydwlyh ri wkh ixqf0
wlrq zlwk uhvshfw wr 7` dqg 7A�/ uhvshfwlyho|/ dqg wkh iudfwlrqdo  rz ghulydwlyhv
duh gh�qhg dv=

Es` �c` '
Eb` �c`3s

` EbA �c`
bA

Es` �cA� ' �
s` EbA �cA�

bA

Es��c` '
Eb� �c`3s

� EbA �c`
bA

Es� �cA� '
Eb� �cA�3s

� EbA �cA�
bA

EsC�c` ' �
sCEbA �c`

bA
EsC�cA� '

EbC�cA�3s
CEbA �cA�

bA

+G16,
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dqg
Es`b��c` ' s` Eb��c` n s� Eb` �c` � s`s�EbA �c`
Es`b��cA� ' s` Eb��cA� � s`s�EbA �cA�
EsCb��c` ' sCEb� �c` � sCs�EbA �c`
EsCb��cA� ' sCEb� �cA� n s� EbC�cA� � sCs�EbA �cA�
Es`bC�c` ' EsCb` �c` ' sCEb` �c` � sCs` EbA �c`
Es`bC�cA� ' EsCb` �cA� ' s` EbC�cA� � sCs` EbA �cA�
EbA �c` ' Eb` �c` n Eb��c`
EbA �c` ' EbC�cA� n Eb��cA�

Wkh ghulydwlyh gh�qlwlrqv +G16, duh fkrvhq vxfk wkdw=

Es` �ck n Es� �ck n Es` �ck ' f / k ' `cA�

zklfk lv qhfhvvdu| lq rughu wkdw htxdwlrqv G14 dqg G15 vxp wr wkh QDSO edodqfh
htxdwlrq1 Lq dgglwlrq wkh ghulydwlyhv duh hydoxdwhg xvlqj qxphulfdo gl�huhqwldwlrq/
h1 j1/

Esk�cq �
skE7q�� skE7q n "�

"

zkhuh " lv d vpdoo srvlwlyh qxpehu ri rughu 433S1
Ilqdoo|/ wkh whupv E�SC` �c` dqg E�SC` �cA� duh frpsxwhg iurp htxdwlrq 7147

dv=

E�SC` �c` �'

�
jC`
j�`

�
E�S�` �c`

E�SC` �cA� �'

�
jC`
jC�

�
E�SC��cA�
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H1 VRXUFH ILOH GHVFULSWLRQ

Wkh iroorzlqj surylghv d olvw ri wkh IRUWUDQ surjudp urxwlqhv zklfk pdnh xs
wkh vlpxodwru dqg d eulhi ghvfulswlrq ri zkdw hdfk urxwlqh grhv1 Surjudpv duh
olvwhg lq doskdehwlfdo rughu

EDVLV1I= Vhw xs duud|v iru Khuplwh dqg Odjudqjh edvlv ixqfwlrqv hydoxdwhg dw
orfdo ruwkrjrqdo froorfdwlrq srlqwv1

Vxeurxwlqh EDVLVb6G= 60G Khuplwh dqg Odjudqjh edvlv ixqfwlrqv1

Vxeurxwlqh EDVLVb5G= 50G Khuplwh dqg Odjudqjh edvlv ixqfwlrqv1

EFVHW1I 0 Vhw xs erxqgdu| frqglwlrqv1

Vxeurxwlqh EFVHW= Vhw xs ghidxow Qhxpdqq frqglwlrqv iru doo ghshqghqw
yduldeohv1

Vxeurxwlqh EFbIORZ= Vhw xs Glulfkohw frqglwlrqv iru skdvh  rz htxd0
wlrqv1

Vxeurxwlqh EFbRD= Vhw xs Glulfkohw frqglwlrqv iru glvvroyhg QDSO vshflhv
frqwdplqdqw wudqvsruw htxdwlrqv1

Vxeurxwlqh EFbRJ= Vhw xs Glulfkohw frqglwlrqv iru QDSO ydsru vshflhv
frqwdplqdqw wudqvsruw htxdwlrqv1

Vxeurxwlqh EFbXS= Xsgdwh qrqolqhdu erxqgdu| frqglwlrqv diwhu hdfk wlph
vwhs1

Vxeurxwlqh SUbEF= Vhw  x{ whupv iru jdv dqg QDSO suhvvxuh frqglwlrqv
diwhu wrwdo  rz vroxwlrq1

Vxeurxwlqh SUbVDYH= iru  rz erxqgdu| frqglwlrqv 5 dqg 6 vdyh wkh �C

dqg �� ydoxhv dw wkh ehjlqqlqj ri hdfk wlph vwhs1

Vxeurxwlqh QRbIORZ= Iru qr  rz erxqgdu| qrghv/ vhw wkh 7 �� fxuyh
vorsh wr d kljk ydoxh wr plplf d olqhdu qr  rz frqglwlrq1
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GLUHFWbVROYH1I Wkh ODSDFN oleudu| urxwlqh gjevy1i +OX zlwk sduwldo sly0
rwlqj,

GVOXJP1I Wkh VODWHF oleudu| urxwlqh ri wkh vdph qdph +lqfrpsohwh OX
suhfrqglwlrqhg JPUHV,

HTbQXPEHU1I Qxpehu wkh qrq0erxqgdu| gdwd ghjuhhv ri iuhhgrp iru hdfk
ghshqghqw yduldeoh +froxpq ri wkh v|vwhp pdwul{,

Vxeurxwlqh GIbQXPbS= Ghjuhh ri iuhhgrp qxpehulqj iru �`

Vxeurxwlqh GIbQXPbV= Ghjuhh ri iuhhgrp qxpehulqj iru 7` dqg 7A�

Vxeurxwlqh GIbQXPbW= Ghjuhh ri iuhhgrp qxpehulqj iru wkh QDSO
vshflhv1

Vxeurxwlqh QXPEHU= Vhw wkh qxpehu iru wkh ghjuhhv ri iuhhgrp1

H[FKDQJH1I Frpsxwh wkh pdvv h{fkdqjh whupv iru wkh zdwhu dqg jdv skdvhv1

Vxeurxwlqh H[FKbZ= h{fkdqjh whupv iru wkh zdwhu0skdvh

Vxeurxwlqh H[FKbJ= h{fkdqjh whupv iru wkh jdv0skdvh

IXQFWLRQV1I Vhw qrgdo ydoxhv ri doo ixqfwlrqv ri wkh ghshqghqw yduldeohv

Vxeurxwlqh IORZbIXQ Vhw qrgdo ydoxhv ri doo ixqfwlrqv ri vdwxudwlrq

Vxeurxwlqh ZDWHUbSURS Frpsxwh zdwhu0skdvh surshuwlhv edvhg rq
frpsrvlwlrq1

Vxeurxwlqh JDVbSURS Frpsxwh jdv0skdvh surshuwlhv edvhg rq frpsr0
vlwlrq1

Vxeurxwlqh IXQbDWbQ Vhw qrgdo ydoxhv ri doo ixqfwlrqv gdwhg dw wkh
fxuuhqw wlph ohyho1

Vxeurxwlqh YHObZ Frpsxwh wkh qrgdo ydoxhv ri zdwhu yhorflw| iru wkh
wudqvsruw htxdwlrq

Vxeurxwlqh YHObJ Frpsxwh wkh qrgdo ydoxhv ri zdwhu yhorflw| iru wkh
wudqvsruw htxdwlrq

Vxeurxwlqh YHObQ Frpsxwh wkh qrgdo ydoxhv ri QDSO yhorflw| iru pdvv
edodqfh dqg rxwsxw
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Vxeurxwlqh YbWRW Frpsxwh wkh qrgdo ydoxhv ri wrwdo yhorflw| iru wkh
vdwxudwlrq htxdwlrqv

Vxeurxwlqh GLVSbZ Frpsxwh wkh glvshuvlrq whqvru iru wkh zdwhu wudqv0
sruw htxdwlrq

Vxeurxwlqh GLVSbJ Frpsxwh wkh glvshuvlrq whqvru iru wkh jdv wudqvsruw
htxdwlrq

Vxeurxwlqh GIGV6 Frpsxwh wkh whupv zklfk pdnh xs wkh Shfohw dqg
Frxudqw frqvwudlqwv1

K\VW1I Vhw qrgdo ydoxhv ri doo wkh k|vwhuhvlv yduldeohv

Vxeurxwlqh K\VWbLF Lqlwldol}h k|vwhuhvlv yduldeohv

Vxeurxwlqh WUDSbXS Xsgdwh qrgdo ydoxhv ri wudsslqj yduldeohv

Vxeurxwlqh VZbSF Xsgdwh qrgdo ydoxhv gh�qlqj 7` E�S�` � ixqfwlrqdov

Vxeurxwlqh VWbSF Xsgdwh qrgdo ydoxhv gh�qlqj 7A�E�SC�� ixqfwlrqdov

LFVHW1I= Vhw xs lqlwldo frqglwlrqv iru wkh vlpxodwlrq1

Vxeurxwlqh LFVHW Vhw wkh joredo lqlwldo frqglwlrqv iru doo wkh yduldeohv1

Vxeurxwlqh LFbVDW Vhw wkh qrgh0vshfl�f lqlwldo frqglwlrqv iru wkh vdwxud0
wlrq yduldeohv1

Vxeurxwlqh LFbURD Vhw wkh qrgh0vshfl�f lqlwldo frqglwlrqv iru wkh glv0
vroyhg QDSO vshflhv yduldeohv1

Vxeurxwlqh LFbURJ Vhw wkh qrgh0vshfl�f lqlwldo frqglwlrqv iru wkh QDSO
ydsru vshflhv yduldeohv1

LQFOXGH1I= Dffrxqw iru doo sdudphwhu gh�qlwlrq/ duud| glphqvlrqlqj/ dqg frp0
prq eorfn gh�qlwlrq1

PDLQ1I= Gulyhu surjudp wdnlqj fduh ri L2R iru wkh vlpxodwru1

PEDO1I= Pdvv edodqfh frpsxwdwlrqv1

Vxeurxwlqh PEDO Ghwhuplqh pdvv lq wkh v|vwhp edvhg rq Jdxvv txdgud0
wxuh lqwhjudwlrq ri wkh vroxwlrq1

4<7



Vxeurxwlqh PEDOE Ghwhuplqh wkh pdvv lq dqg rxw ri wkh v|vwhp dorqj
wkh erxqgdulhv ri wkh grpdlq1

Vxeurxwlqh SRUHbYRO Frpsxwh wkh sruh0yroxph ri wkh grpdlq1

SHbFR1I Frpsxwh wkh Shfohw dqg Frxudqw frqvwudlqwv1

Vxeurxwlqh PSbGLII Frpsxwh wkh Shfohw dqg Frxudqw frqvwudlqwv1

Vxeurxwlqh GWbFQWUO Wlph vwhs frqwuro1

SRLQWbVRXUFH1I= Gh�qlwlrq ri vrxufh dqg vlqn whupv1

Vxeurxwlqh SWbVUFH= Uhdg iurp lqsxw �oh dqg vhw lqlwldo qrgdo srlqw
vrxufh2vlqn gdwd

Vxeurxwlqh TRXW= Iru rxw rz zhoov/ glvwulexwh wkh udwh ehwzhhq skdvhv
edvhg rq wkh vdwxudwlrq vroxwlrq dw wkh qrgh zkhuh wkh zhoo lv lghdol}hg1

Vxeurxwlqh TRXWbDGM= Iru rxw rz zhoov gh�qhg iurp fdvh 5 dqg 6  rz
erxqgdu| frqglwlrqv1 Glvwulexwh wkh udwh ehwzhhq skdvhv edvhg rq wkh
vdwxudwlrq vroxwlrq dw wkh qrgh zkhuh wkh zhoo lv lghdol}hg1

Vxeurxwlqh ZHOObPDVV= Frpsxwh frqwulexwlrq wr pdvv edodqfh iurp
srlqw vrxufh2vlqn gdwd

SRLQWHU1I Jhqhudwhv srlqwhu yhfwruv wr pds ehwzhhq ghidxow qxpehulqj dqg
vkruwhvw0gluhfwlrq0 �uvw qxpehulqj

Vxeurxwlqh SRLQW Vhw wkh srlqwhu duud|v

Vxeurxwlqh UHOHP Jhqhudwh hohphqw lqgh{ olvw

SZbVRO1I= Gulyhu iru wkh wrwdo  rz htxdwlrq vroxwlrq dojrulwkp1

UHVWDUW1I= Vhwxs wr uhvwduw wkh wlph vwhs ehfdxvh ri qrq0frqyhujhqfh

VDWbVRO1I= Gulyhu iru wkh vdwxudwlrq htxdwlrq vroxwlrq dojrulwkp1

Vxeurxwlqh VDWbVRO= Wdnhv fduh ri L2R iru vdwxudwlrq vroxwlrq dqg frp0
sxwhv frqyhujhqfh

Vxeurxwlqh VZbVRO= Gulyhu iru wkh 7` htxdwlrq vroxwlrq dojrulwkp
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Vxeurxwlqh VWbVRO= Gulyhu iru wkh 7A� htxdwlrq vroxwlrq dojrulwkp

VDWSDU1I= Frpsxwh wkh ixqfwlrqv ri vdwxudwlrq= fdsloodu| suhvvxuh dqg uhodwlyh
shuphdelolw|

Vxeurxwlqh SFbJQ= Frpsxwh wkh 7` E�S�` � ixqfwlrqdo1

Vxeurxwlqh SFbQZ= Frpsxwh wkh 7A�E�SC�� ixqfwlrqdo1

Vxeurxwlqh VIXQNZ= Frpsxwh wkh &o` E7` � ixqfwlrqdo

Vxeurxwlqh VIXQNQ= Frpsxwh wkh &o�E7` c 7C� ixqfwlrqdo

Vxeurxwlqh VIXQNJ= Frpsxwh wkh &oCE7C� ixqfwlrqdo

Vxeurxwlqh OHYbVZbS= Lqwhuidfldo whqvlrq vfdolqj1

Vxeurxwlqh OHYbVWbS= Lqwhuidfldo whqvlrq vfdolqj1

V\VbRD1I Vhw xs dqg vroyh v|vwhp ri htxdwlrqv iru wkh glvvroyhg QDSO vshflhv
frqwdplqdqw wudqvsruw htxdwlrq1

Vxeurxwlqh V\VbRDbL= Yhuvlrq iru lwhudwlyh vroyhu1

Vxeurxwlqh V\VbRDbG= Yhuvlrq iru gluhfw vroyhu1

V\VbRJ1I Vhw xs dqg vroyh v|vwhp ri htxdwlrqv iru wkh QDSO ydsru vshflhv
frqwdplqdqw wudqvsruw htxdwlrq1

Vxeurxwlqh V\VbRJbL= Yhuvlrq iru wkh lwhudwlyh vroyhu1

Vxeurxwlqh V\VbRJbG= Yhuvlrq iru wkh gluhfw vroyhu1

V\VWHPbJ1I Vhw xs dqg vroyh wkh v|vwhp ri htxdwlrqv iru wkh olqhdul}hg 7A�
htxdwlrq1

Vxeurxwlqh V\VWHPbJL= Yhuvlrq iru wkh lwhudwlyh vroyhu1

Vxeurxwlqh V\VWHPbJG= Yhuvlrq iru wkh gluhfw vroyhu1

V\VWHPbS1I Vhw xs dqg vroyh wkh v|vwhp ri htxdwlrqv iru wkh wrwdo  rz htxd0
wlrq1

Vxeurxwlqh V\VWHPbSL= Yhuvlrq iru wkh lwhudwlyh vroyhu1
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Vxeurxwlqh V\VWHPbSG= Yhuvlrq iru wkh gluhfw vroyhu1

V\VWHPbZ1I Vhw xs dqg vroyh wkh v|vwhp ri htxdwlrqv iru wkh olqhdul}hg 7`
htxdwlrq1

Vxeurxwlqh V\VWHPbZL= Yhuvlrq iru wkh lwhudwlyh vroyhu1

Vxeurxwlqh V\VWHPbZG= Yhuvlrq iru wkh gluhfw vroyhu1

WUDQbVRO1I= Gulyhu iru wkh frqwdplqdqw wudqvsruw htxdwlrq vroxwlrq dojr0
ulwkp1

Vxeurxwlqh WUDQbVRO= Wdnhv fduh ri L2R iru wkh wudqvsruw vroxwlrq dqg
frpsxwhv frqyhujhqfh

Vxeurxwlqh URDbVRO= Gulyhu iru wkh 4`? htxdwlrq vroxwlrq dojrulwkp

Vxeurxwlqh URJbVRO= Gulyhu iru wkh 4C? htxdwlrq vroxwlrq dojrulwkp

ZULWHbRXW1I Wdnhv fduh ri prvw �oh L2R

Vxeurxwlqh UHDGbUV= Uhdg uhvwduw �ohv

Vxeurxwlqh ZULWHbUV= Zulwh uhvwduw �ohv

Vxeurxwlqh SULQW= Zulwh wr �ohv -1rxw

Vxeurxwlqh JUDSK= Zulwh wr �ohv iru dqlpdwhg judsklfdo glvsod|

Vxeurxwlqh MDTbVHW= Zulwh julg dqg vrlo gh�qlwlrq iru dqlpdwhg judsk0
lfdo glvsod|

Vxeurxwlqh HFKR= Hfkr gdwd lqsxw wr �oh hfkr1rxw
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I1 QDSO SURMHFW

I141 Sxusrvh

Wkh sxusrvh ri wklv surmhfw lv wr=

41 exlog dqg fdoleudwh d vlpxodwlrq prgho zklfk dssur{lpdwhv wkh wudqvlhqw
ehkdylru ri d wzr0glphqvlrqdo/ wkuhh0skdvh GQDSO  rrg h{shulphqw>

51 rewdlq d vhqvh ri krz fhuwdlq sk|vlfdo sdudphwhuv d�hfw wkh vroxwlrq>

61 rewdlq d vhqvh ri krz glvfuhwl}dwlrq huuruv d�hfw wkh vroxwlrq1

Lq dgglwlrq/ wkh dqdo|vlv wkxv frqgxfwhg fdq eh xvhg wr yhuli| zkhwkhu wkh
pdwkhpdwlfdo uhsuhvhqwdwlrq ri wkuhh0skdvh  rz wkurxjk srurxv phgld wkdw lv
xvhg lq wkh vlpxodwru uhsuhvhqwv uhdolw|1 Lq rwkhu zrugv/ lv wkh vlpxodwru d vxu0
urjdwh iru uhdolw| ru duh wkhuh dvshfwv ri wkh pdwkhpdwlfdo lqwhusuhwdwlrq ri wkh
sk|vlfv zklfk duh hlwkhu huurqhrxv ru vlpso| lqfrpsohwhB

I151 Vfrsh

Dq duwl�fldo dtxlihu h{shulphqw zdv frqgxfwhg e| Plnkdlo Ilvkpdq dw wkh HSD*v
Vxevxuidfh Surwhfwlrq dqg Uhphgldwlrq Glylvlrq ri wkh Qdwlrqdo Ulvn Pdqdjh0
phqw Uhvhdufk Oderudwru| lq Dgd/ RN +iruphuo| UVNHUO, wr jdwkhu txdqwlwdwlyh
dqg txdolwdwlyh gdwd rq GQDSO pljudwlrq wkurxjk d yduldeo| vdwxudwhg krpr0
jhqhrxv vdqg1 Wkh GQDSO xvhg lq wkh h{shulphqw lv fdoohg whwudfkorurhwk|ohqh
+SFH/ d frpprq fkorulqdwhg k|gurfduerq xvhg lq wkh gu| fohdqlqj lqgxvwu|,1 Dv
zloo eh ghwdlohg lq vxevhfwlrq I16/ wkh gdwd iurp wkh h{shulphqw frqvlvwv ri vhyhudo
w|shv=

� vrlo dqg  xlg surshuwlhv>

� prlvwxuh uhwhqwlrq gdwd iru wkh vdqg xvhg lq wkh h{shulphqw>
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� h{shulphqwdo lqlwldo dqg erxqgdu| frqglwlrqv>

� GQDSO lq x{ gdwd>

� ylghr lpdjhv ri wkh er{ dw ydulrxv srlqwv lq wlph vkrzlqj wkh duhdo h{whqw
ri wkh GDQSO zklfk lv g|hg wr pd{lpl}h frqwudvw1

Dw wklv srlqw lw pd| eh fohdu wkdw wklv lqirupdwlrq uhsuhvhqwv rqo| d vxevhw ri
wkdw uhtxluhg wr prgho wkh h{shulphqw1 Wkxv/ sduw ri wklv surmhfw lv wr lghqwli|
wkh gdwd uhtxluhphqwv iru wkh prgho/ wr jhqhudwh d fdxvh dqg h�hfw uhodwlrqvkls
ehwzhhq vshfl�f sdudphwhuv dqg vlpxodwlrq uhvxowv/ dqg wr txdqwli| wkh sk|vlfdo
olplwv ri vshfl�f sdudphwhuv1

Wkh ryhudoo surmhfw kdv ehhq vhsdudwhg lqwr d vhulhv ri Wdvnv/ zlwk hdfk vxe0
vhtxhqw Wdvn xvlqj lqirupdwlrq jhqhudwhg iurp wkh suhylrxv rqh1 Hdfk Wdvn
kljkoljkwv dq lpsruwdqw dvshfw ri prgho ghyhorsphqw/ dqg ohdgv wkh xvhu lq d
vhtxhqwldo pdqqhu wr ghyhorslqj wkh ixoo wkuhh0skdvh prgho1 Wkh Wdvnv duh vxp0
pdul}hg dv iroorzv=

Wdvn 4 Gh�qh wkh 7 � � prgho �wwlqj sdudphwhuv @_c # dqg 7`�1

Wdvn 5 Gh�qh dssursuldwh prgho glvfuhwl}dwlrqv +l1 h1/ qrgh vsdflqj dqg wlph
vwhs,1 Lghqwli| dqg txdqwli| wkrvh lqsxw sdudphwhuv zklfk duh xvhg wr hqvxuh
frpsdwlelolw| ehwzhhq wkh sk|vlfdo dqg wkh glvfuhwh sureohpv1

Wdvn 6 Vhw xs wkh wzr0glphqvlrqdo prgho iru wkh GQDSO  rrg1 Gh�qh dssur0
suldwh erxqgdu| frqglwlrqv1 Lghqwli| d vxevhw ri lqsxw sdudphwhuv zklfk
fdq eh xvhg wr �w wkh prgho wr wkh h{shulphqwdo gdwd1 Hvwlpdwh d sk|vl0
fdo udqjh ri dffhswdeoh ydoxhv iru wkhvh gdwd/ dqg txdoli| krz wkh vroxwlrq
vkrxog uhvsrqg wr d fkdqjh lq d sduwlfxodu sdudphwhu ru vhw ri sdudphwhuv1
Lghqwli| krz wkh h{shulphqwdo gdwd fdq eh xvhg wr fdoleudwh wkh prgho1

Wdvn 7 Prgho wkh h{shulphqw dqg fdoleudwh wkh prgho1

I161 H{shulphqwdo Vhwxs dqg Gdwd Edvh

D skrwrjudsk ri wkh dfwxdo h{shulphqwdo dssdudwxv lv surylghg lq Iljxuh I14/
dqg dq lghdol}dwlrq vkrzlqj glphqvlrqv lv surylghg lq Iljxuh I151 Wkh lqvlgh
glphqvlrqv ri wkh er{ +gh�qlqj wkh yroxph ri wkh vdqg, duh 9: fp ghhs/ 7< fp
zlgh/ dqg 5 fp wklfn1 Wkh wrs erxqgdu| lv rshq wr wkh dwprvskhuh dqg wkh erwwrp
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erxqgdu| lv lpshuphdeoh1 Wkh yhuwlfdo vlghv duh frqvwuxfwhg vxfk wkdw zdwhu fdq
 rz dfurvv wkh erxqgdu| exw qrw dlu1 D frqvwdqw skuhdwlf vxuidfh lv gh�qhg e|
vshfli|lqj dssursuldwh zdwhu vrxufh2vlqn sruwv dorqj wkh yhuwlfdo vlghv1 Wkh er{ lv
�oohg zlwk d xqlirup phglxp0judlqhg vdqg lq d pdqqhu zklfk lv dvvxphg wr uhvxow
lq d krprjhqhrxv/ lvrwurslf srurxv phglxp1 Wkh vrlo surshuwlhv duh uhsruwhg wr
eh=

shuphdelolw| ��D%�f3.S62

srurvlw| f��.

Wkh vdqg0�oohg er{ lv lpelehg zlwk zdwhu wr wkh wrs dqg doorzhg wr htxloleudwh wr
fuhdwh dq lqlwldo frqglwlrq zkhuh wkh v|vwhp lv lq vwdwlf htxloleulxp dqg 7` ' �
wkurxjkrxw1 Wkh iroorzlqj  xlg surshuwlhv duh surylghg=

zdwhu QDSO jdv
ghqvlw| E}*S6�� 413 41959 313345<
ylvfrvlw| ER� 3134 3133<6 313335

lqwhuidfldo whqvlrq E_+?er*S6� j�` ' �b�D jC� ' ���.e jC` ' .2�.D

Iurp wklv lqlwldo frqglwlrq/ wkuhh vhtxhqwldo glvsodfhphqw h{shulphqwv duh uxq=

41 Wkh skuhdwlf vxuidfh lv orzhuhg wr hohydwlrq 6818 fp iurp wkh wrs ri wkh er{
dqg/ wkh v|vwhp lv doorzhg wr uhwxuq wr htxloleulxp frqglwlrqv1 Wkh gdwd
uhsruwhg zklfk gh�qhv wkh prlvwxuh frqwhqw dv d ixqfwlrq ri ghswk lv jlyhq
lq Wdeoh I141

51 Jlyhq wkh lqlwldo frqglwlrq iurp Sduw 4/ wkh SFH vrxufh lv dssolhg dv vkrzq
lq Iljxuh I151 Wkdw lv/ d 318 fp khdg ri SFH lv dssolhg xqlirupo| ryhu
d 43 fp2 vxuidfh dw wkh fhqwhu2wrs ri wkh er{ xqwlo 533 fp� hqwhuv wkh
grpdlq1 Qrwh wkdw iru wkh h{shulphqw wklv wrrn 476 vhfrqgv1 Iru wklv
iruflqj frqglwlrq/ Wdeoh I15 surylghv wkh gdwd zklfk uhodwhv wkh fxpxodwlyh
yroxph ri SFH hqwhulqj wkh grpdlq wr wkh hodsvhg wlph1 Rwkhu lqirupdwlrq
txdoli|lqj wklv skdvh ri wkh h{shulphqw lv d vhulhv ri ylghr lpdjhv ri wkh iurqw
idfh ri wkh er{ vlplodu wr wkh rqh vkrzq lq Iljxuh I141 Ylghr lpdjhv duh
dydlodeoh iru wkh iroorzlqj wlphv +hodsvhg wlph lq vhfrqgv vlqfh wkh GQDSO
zdv dssolhg= 8/ 47/ 95/ 4761

61 Jlyhq wkh lqlwldo frqglwlrq iurp Sduw 5/ wkdw lv/ wkh gdwd dw wlph @ 476v/ wkh
SFH vrxufh lv uhpryhg dqg wkh v|vwhp lv doorzhg wr uhwxuq wr htxloleulxp iru
d shulrg ri 6785 vhfrqgv +wrwdo hodsvhg wlph vlqfh wkh GQDSO zdv dssolhg lv
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ghswk iurp wrs +fp, prlvwxuh frqwhqw
3 13847
518 1396
8 13:;;
:18 145:6
43 14;55
4518 15876
48 15<5:
4:18 163;;
53 164:4
5518 1656:
58 1655<
5:18 165<5
63 167:9
6518 1694<
68 16:
9: 16:

Wdeoh I14= H[SHULPHQWDO GDWD 0 PRLVWXUH FRQWHQW DV D IXQF0
WLRQ RI GHSWK

HODSVHG WLPH +v, FXPXODWLYH YROXPH LQ +fp�,
3 3

41;; 5513
431;7 9:18
56145 ;:18
64174 43413
9315< 47813
;617: 49818
4351:5 4:<18
446174 4;:13
47613 53313

: �e��f 53313

Wdeoh I15= H[SHULPHQWDO GDWD 0 SFH YROXPH HQWHULQJ WKH GR0
PDLQ DV D IXQFWLRQ RI WLPH
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Iljxuh I14= Skrwr ri wkh h{shulphqwdo dssdudwxv mxvw diwhu wkh SFH zdv uhpryhg/
vkrzlqj glphqvlrqv dqg yhuwlfdo frqvwdqw khdg erxqgdulhv1 Wkh SFH +gdun juh|,
kdv ehhq g|hg uhg wr pd{lpl}h frqwudvw1

68<8 vhfrqgv, 1 Lqirupdwlrq txdoli|lqj wklv skdvh ri wkh h{shulphqw frqvlvwv
ri d vhulhv ri ylghr lpdjhv iru wkh iroorzlqj wlphv +hodsvhg wlph lq vhfrqgv
vlqfh wkh GQDSO zdv dssolhg= 5;8/ 4;8/ 44<8/ 4:<8/ 68<81

I171 WDVN 4

I17141 Sxusrvh

Jlyhq wkh lqlwldo vwdwlf prlvwxuh sur�oh dv gh�qhg lq Wdeoh I14/ ghwhuplqh wkh
dssursuldwh 7 � � prgho sdudphwhuv= @_c #c 7`�1 Wkdw lv/ �w wkh ydq Jhqxfkwhq
7 � � prgho +htxdwlrq 8143, wr wkh h{shulphqwdo gdwd1
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Iljxuh I15= Lghdol}dwlrq ri wkh h{shulphqwdo vhwxs vxshulpsrvhg rq d ylghr lpdjh
ri wkh er{ +8 vhfrqgv diwhu wkh SFH vrxufh zdv dssolhg,1
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Iljxuh I16= Sorw ri wkh lqlwldo vwdwlf vdwxudwlrq sur�oh1 Wkh frpsxwhg fxuyh lv �w
wr wkh h{shulphqwdo gdwd e| dowhulqj wkh V0S prgho fxuyh �wwlqj sdudphwhuv1

I17151 Surfhgxuh

Xvh d wuldo0dqg0huuru vhtxhqwldo dssurdfk zkhuhlq |rx v|vwhpdwlfdoo| ydu| wkh
sdudphwhuv @_c #c dqg 7`� xqwlo d txdolwdwlyho| �jrrg� �w lv rewdlqhg1 Htxdwlrq
8143 lv xvhg ehfdxvh wkh h{shulphqw uhsuhvhqwv d xql0gluhfwlrqdo glvsodfhphqw
surfhvv1

Iru hdfk sdudphwhu vhw fkrvhq/ vxshulpsrvh wkh sorwv ri htxdwlrq 8143 dqg wkh
gdwd iurp Wdeoh I141 Dq h{dpsoh ri vxfk d sorw lv surylghg lq Iljxuh I161

Wklv lv d khxulvwlf dqdo|vlv/ wkdw lv/ |rx vkrxog wu| wr �w wkh prgho wr wkh
gdwd e| lwhudwlyho| fkrrvlqj gl�huhqw sdudphwhu vhwv dqg �h|h0edoolqj� wkh �w1
Jlyhq vrph nqrzohgjh ri krz wkh prgho lv d�hfwhg e| wkh wkuhh sdudphwhuv/
|rxu dqdo|vlv vkrxog frqyhujh txlfno|1 Lq dgglwlrq/ sohdvh qrwh wkdw wkhuh lv qr
*fruuhfw* dqvzhu/ dqg wkdw wklv gdwd uhsuhvhqwv rqo| d slhfh ri wkh fdoleudwlrq
sx}}oh1 Wkhuhiruh/ lw ehkrryhv |rx wr jhqhudwh d vxlwh ri sdudphwhu vhwv zklfk
jlyh d jrrg �w vr wkdw |rx fdq pdnh pruh phdqlqjixo ghflvlrqv zkhq wu|lqj wr
�w wkh prgho wr wkh wkuhh0skdvh  rz sureohp1
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I17161 Uhvxowv

Lq dgglwlrq wr surylglqj d sorw ri wkh �wwhg gdwd/ sohdvh dqvzhu wkh iroorzlqj
txhvwlrqv=

41 Zkdw w|sh ri 7 � � fxuyh lv gh�qhg e| wklv gdwdB

51 Iurp d txdolwdwlyh shuvshfwlyh/ krz lv wkh 7 � � fxuyh d�hfwhg e| wkh
sdudphwhuv @_ dqg #B

61 Zkdw duh wkh udqjhv ri wkh ydoxhv ri @_/ # dqg 7`� zklfk surylgh d txdol0
wdwlyho| jrrg �wB

71 Zkdw gdwd srlqwv duh zruwk �wwlqj dqg zk|B

81 Zkdw fdq |rx vd| derxw wkh judlq0 dqg sruh0vl}h glvwulexwlrq ri wkh vdqgB

I181 WDVN 5

I18141 Sxusrvh

Iurp Wdvn 4 |rx kdyh jhqhudwhg wkh sdudphwhuv zklfk gh�qh wkh sulpdu| gudlqdjh
fxuyh iru wkh vrlo1 Wklv fxuyh fdq eh xvhg wr gh�qh wkh uhvroxwlrq ohqjwk0vfdoh wkdw
pxvw eh xvhg wr vlpxodwh wkh h{shulphqw1 Vshfl�fdoo|/ wklv prlvwxuh uhwhqwlrq
fxuyh uhsuhvhqwv wkh fkdudfwhulvwlf vkdsh ri wkh lqwhuidfh ehwzhhq wzr  xlgv lq
vwdwlf htxloleulxp/ dqg lw lv wkh uhvxow ri wkh edodqfh ehwzhhq judylw| dqg fdsloodu|
irufhv1 Wkh qrgh vsdflqj pxvw eh fkrvhq vxfk wkdw wkh iurqw fdq eh uhvroyhg e|
wkh lqwhusrodwlrq ixqfwlrqv1

Lq dgglwlrq wr gh�qlqj dq dssursuldwh vsdwldo glvfuhwl}dwlrq/ dq dssursuldwh
g|qdplf wlph vwhsslqj vfkhph pxvw eh ghvljqhg zklfk edodqfhv h!flhqf| +wkh
ihzhvw qxpehu ri wrwdo lwhudwlrqv, dqg dffxudf| +plqlpl}h wlph wuxqfdwlrq huuru
dqg vroxwlrq lqvwdelolwlhv,1

I18151 Surfhgxuh

Xvh wkh vlpxodwru wr prgho wkh �uvw glvsodfhphqw h{shulphqw dv ghvfulehg lq
vxevhfwlrq I161 Vlqfh wklv lv h�hfwlyho| +dqg wkhruhwlfdoo|, d rqh0glphqvlrqdo
wzr0skdvh glvsodfhphqw h{shulphqw/ |rx fdq jhw wkh prvw lqirupdwlrq edqj iru
wkh frpsxwdwlrqdo exfn e| uxqqlqj wkh prgho lq rqh0glphqvlrqdo prgh1 Wkdw
lv/ vhw wkh prgho xs zlwk rqh hohphqw lq wkh krul}rqwdo gluhfwlrq dqg gh�qh dq
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Iljxuh I17= Looxvwudwlrq ri wkh rqh0glphqvlrqdo zdwhu0jdv glvsodfhphqw h{shulphqw
vkrzlqj erxqgdu| dqg lqlwldo frqglwlrqv dqg glphqvlrqv1 Wkh phvk kdv rqh 5 fp
hohphqw lq wkh krul}rqwdo gluhfwlrq/ dqg wkh yhuwlfdo gluhfwlrq lv glvfuhwl}hg lq dq
dssursulwdwh pdqqhu1

dssursuldwh glvfuhwl}dwlrq wr uhvroyh wkh yhuwlfdo gluhfwlrq1 Dq looxvwudwlrq ri wkh
frpsxwdwlrqdo grpdlq lqfoxglqj lqlwldo dqg erxqgdu| frqglwlrqv lv surylghg lq
Iljxuh I171 Uxq wkh vlpxodwlrq iru 8333 vhfrqgv +wklv vkrxog eh qhdu vwhdg|
vwdwh,1

Irfxv |rxu dwwhqwlrq rq wkh iroorzlqj dvshfwv ri prgho lqsxw=

41 Julg ghilqlwlrq 0 Wkh julg pxvw eh deoh wr uhvroyh qrw rqo| wkh vwhdg|0
vwdwh prlvwxuh sur�oh/ exw dovr wkh wudqvlhqw jdv0skdvh iurqw dv wkh zdwhu
gudlqv iurp wkh vrlo1 D jhqhudo uxoh ri wkxpe lv wkdw wkh iurqw vkrxog eh
uhvroyhg lq e| derxw irxu hohphqwv +dq lqfuhdvh lq uhvroxwlrq zloo kdyh olwwoh
h�hfw rq wkh vroxwlrq/ dqg d ghfuhdvh lq uhvroxwlrq zloo uhvxow lq rvfloodwlrqv,1
Dvvrfldwhg zlwk julg gh�qlwlrq lv wkh Shfohw qxpehu +�oh vp1lq lqsxw olqh
84,1 E| xvlqj d vpdoo hqrxjk ydoxh ri �eSo�| +h1 j1/ �eSo�| � 2,/ rqh dowhuv
wkh sureohp e| lqfuhdvlqj wkh dprxqw ri wkh fdsloodu| irufh/ wkhuhe| �wwlqj
wkh sk|vlfdo sureohp wr wkh �{hg julg1

51 Wlph vwhs frqwuro 0 Wkh vl}h ri wkh wlph vwhs lv gh�qhg lq �oh vp1lq/
lqsxw olqhv ; wkurxjk 481 Wlph vwhs gh�qlwlrq lv edvhg rq=
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wkh lqlwldo wlph vwhs 0 pxvw eh uhodwlyho| vpdoo lq rughu wr uhvroyh wkh xsshu
erxqgdu| frqglwlrq zklfk lv d vkrfn wr wkh v|vwhp1

wkh qxpehu ri lwhudwlrqv uhtxluhg iru frqyhujhqfh ryhu dq| jlyhq wlph vwhs 0 wkhuh
lv d gluhfw uhodwlrqvkls ehwzhhq wkh wlph vwhs vl}h dqg wkh qxpehu ri
lwhudwlrqv lw wdnhv wr frqyhujh rq wkh qrqolqhdu sureohp1

wkh Frxudqw frqvwudlqw 0 d fkhfn rq wkh wlph wuxqfdwlrq huuru1

wkh fkdqjh lq h�hfwlyh vdwxudwlrq ryhu wkh wlph vwhs 0 wkh h�hfwlyh vdwxudwlrq lv
d qrupdol}hg vdwxudwlrq/ dqg iru *wljkw* vfdqqlqj fxuyhv vpdoo fkdqjhv
lq vdwxudwlrq fdq ohdg wr odujh fkdqjhv lq h�hfwlyh vdwxudwlrq1

wkh pd{lpxp dqg plqlpxp vshfl�hg ydoxhv 0 wkh wlph vwhs fdqqrw eh wrr
odujh ru wrr vpdoo ehfdxvh dw wkhvh h{wuhphv urxqg0r� huuruv fdq grp0
lqdwh wkh vroxwlrq dqg fdxvh lqvwdelolwlhv1

61 n0V0S fxuyh ghilqlwlrq 0 \rx douhdg| kdyh wkh sdudphwhuv @_/ #/ dqg
7`� iurp Wdvn 41 Wkh uhpdlqlqj sdudphwhuv zklfk frqvwlwxwh wkh &�7��
prgho duh gh�qhg lq �oh vp1lq/ lqsxw olqhv 66 wkurxjk 831

I18161 Uhvxowv

Sohdvh uhvsrqg wr wkh iroorzlqj=

41 Iurp wkh vfuhhq rxwsxw/ qrwh wkh lqlwldo dqg �qdo wrwdo  x{ dfurvv wkh krul0
}rqwdo erxqgdulhv1

51 Uxq wkh prgho zlwk gl�huhqw xqlirup julgv xvlqj qr dgglwlrqdo gl�xvlrq
+l1h1/ vhw �eSo�| : �ff,/ xvh 75 ' �fS6/ 75 ' DS6 dqg 75 ' 2�DS61
Qrwh krz wkh prgho uhvroyhv wkh prlvwxuh sur�oh +li lw grhv,1 Lv wkh vroxwlrq
frqyhujlqj wr vrphwklqjB Krz gr wkhvh sur�ohv frpsduh wkh rqh gh�qhg lq
Wdvn 4B

61 Wu| uxqqlqj wkh prgho zlwk dgghg gl�xvlrq/ �eSo�| ' 2/ dqg 75 ' DS61
Vhh krz wkh vroxwlrq lv dowhuhg1

71 Zulwh Gduf|*v odz iru wkh zdwhu dqg jdv skdvhv iru wkh fdvh ri vwdwlf htxl0
oleulxp1

81 Zkdw uroh grhv wkh uhodwlyh shuphdelolw| sod| lq gh�qlqj wkh vwdwlf prlvwxuh
sur�ohB
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91 Zkdw uroh gr wkh iroorzlqj sdudphwhuv sod| lq wklv h{shulphqw= 7�?oc 7��oc 7Co
dqg @�B

:1 Iurp wkh vfuhhq rxwsxw/ zdwfk wkh  x{hv furvvlqj wkh erxqgdu| dv wkh vrox0
wlrq dssurdfkhv 8333v1 Qrwh wkdw wkh sk|vlfdo sureohp lqyroyhv prqrwrqlf
glvsodfhphqw/ vr wkh  x{hv vkrxog prqrwrqlfdoo| dssurdfk }hur dv wkh v|v0
whp dssurdfkhv vwhdg|0vwdwh1 Lv wkhuh d fulwlfdo wlph vwhs deryh zklfk wkh
vroxwlrq ehjlqv wr rvfloodwhB Zkdw lv wkh Frxudqw qxpehu dvvrfldwhg zlwk
wklv wlph vwhsB Zk| fdq*w wkh wlph vwhs lqfuhdvh xqerxqghg dv wkh vroxwlrq
dssurdfkhv vwhdg|0vwdwhB

I191 WDVN 6

I19141 Sxusrvh

Zlwk wkh uhvxowv rewdlqhg iurp Wdvnv 4 dqg 5 |rx vkrxog qrz kdyh d txdqwlwdwlyh
vhqvh ri wkh iroorzlqj sk|vlfdo sdudphwhuv=

41 wkh udqjhv ri wkh ydoxhv ri @_/ # dqg 7`� +dovr nqrzq dv 7`o, zklfk surylgh
d txdolwdwlyho| jrrg �w wr wkh h{shulphqwdo gdwd1

51 wkh dssursuldwh glvfuhwl}dwlrqv uhtxluhg iru wklv sk|vlfdo gdwd1 Vshfl�fdoo|/
dorqj zlwk wkh erxqgdu| frqglwlrqv fkrvhq/ wkh iroorzlqj sdudphwhuv h�hf0
wlyho| gh�qh wkh dssursuldwh vsdfh0 dqg wlph0vwhs vfdohv=

&/ @_/ # dqg 7`�

Iru wkh sxusrvh ri wklv h{huflvh ohw xv vhw wkh iroorzlqj k|vwhuhwlf & � 7 � �
prgho *fxuyh �{lqj* sdudphwhuv +l1 h1/ sdudphwhuv ghvljqhg wr hqvxuh wkdw wkh
hpslulfdo prgho lv dphqdeoh iru xvh lq wkh qxphulfdo prgho, wr wkh iroorzlqj
frqvwdqw ydoxhv +vhh �oh vp1lq/ lqsxw olqhv 77/ 78/ 7: wkurxjk 831,=

� 7 � � prgho fxuyh uhvwulfwlrq sdudphwhuv e ' �/ q ' f�2/ rR 4�? ' f�fD/
ro 4�? ' f�fD/ s@S|_ ' s@S|� ' f�ff�/ 7S

er ' f�f�/ 7S
eo ' f�ff�

� & � 7 prgho fxuyh uhvwulfwlrq sdudphwhu " ' f�f�

Wkh sxusrvh ri wklv Wdvn lv wkuhh irog=
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41 vhw xs wkh wzr0glphqvlrqdo prgho iru wkh GQDSO  rrg h{shulphqw1 Vshfli0
lfdoo|/ |rx qhhg wr gh�qh wkh iroorzlqj prgholqj sdudphwhuv=

� dssursuldwh erxqgdu| frqglwlrqv/

� glvfuhwl}dwlrq lq wkh krul}rqwdo glphqvlrq/

� wkh uhpdlqlqj sdudphwhuv zklfk gh�qh wkh k|vwhuhwlf &�7�� prgho4/
l1 h1/

@�/ 7�?o/ 7��o/ 7Co/ �/ 1/ dqg )

51 lghqwli| zklfk h{shulphqwdo gdwd fdq eh xvhg wr fdoleudwh wkh prgho dqg
krz lw fdq eh xvhg> dqg

61 lghqwli| d vxevhw ri sk|vlfdo sdudphwhuv iru zklfk wkh vroxwlrq lv prvw vhq0
vlwlyh dqg zlwk zklfk |rx fdq fdoleudwh wkh prgho1

I19151 Surfhgxuh

Dv lqwurgxfhg lq Vhfwlrq I16/ wklqn ri wkh GQDSO h{shulphqw prgho dv d vhulhv
ri wkuhh vhtxhqwldo vxe0prghov/ l1 h1/

41 Vwduwlqj zlwk wkh lqlwldo frqglwlrq ri ixoo zdwhu skdvh vdwxudwlrq/ gurs wkh
zdwhu wdeoh wr pdwfk wkh h{shulphqwdo frqglwlrq/ dqg doorz wkh v|vwhp wr
dssurdfk vwhdg|0vwdwh frqglwlrqv1 Wklv lv wkh 50G yhuvlrq ri wkh prgho |rx
vhw xs iru Wdvn 51

51 Jlyhq wkh lqlwldo frqglwlrqv iurp vxe0prgho 4/ dsso| wkh GQDSO vrxufh iru
wkh vshfl�hg wlph shulrg +l1 h1/ 476 vhfrqgv,1

61 Jlyhq wkh lqlwldo frqglwlrqv iurp vxe0prgho 5/ uhpryh wkh GQDSO vrxufh
dqg doorz wkh v|vwhp wr uh0htxloleudwh iru 6785 vhfrqgv1

Ohw xv lwhpl}h wkh surfhgxuh lqwr wkuhh vwhsv= +4, gh�qh wkh krul}rqwdo glv0
fuhwl}dwlrq/ +5, vhw xs wkh dssursuldwh erxqgdu| frqglwlrqv iru wkh wkuhh vxe0
h{shulphqwv/ dqg +6, jhw wkh ihho ri wkh sk|vlfv1

4Rqh vkrxog hvwlpdwh d sk|vlfdo udqjh ri dffhswdeoh ydoxhv iru wkhvh gdwd/ dqg txdoli| krz

wkh vroxwlrq vkrxog uhvsrqg wr d fkdqjh lq d sduwlfxodu sdudphwhu ru vhw ri sdudphwhuv1
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Iljxuh I18= Looxvwudwlrq ri wkh 50G prgho vhwxs iru wkh wkuhh vhtxhqwldo vlpx0
odwlrqv/ vkrzlqj erxqgdu| dqg lqlwldo frqglwlrqv dqg wkh wlph iudph iru hdfk
h{shulphqw1
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Krul}rqwdo Glvfuhwl}dwlrq

Wkhuh duh wzr lpsruwdqw lvvxhv wr frqvlghu zlwk uhvshfw wr vsdwldo glvfuhwl}dwlrq=
frpsxwdwlrqdo h!flhqf| dqg qxphulfdo dffxudf|1 Dv wkh qxpehu ri julg qrghv
lqfuhdvhv olqhduo|/ wkh frpsxwdwlrqdo h�ruw lqfuhdvhv h{srqhqwldoo|1 Wkhuhiruh/
zkhq ghvljqlqj wkh phvk frqvlghu wkh iroorzlqj=

41 Wkh h{shulphqwdo vhwxs lv v|pphwulfdo derxw wkh fhqwhu olqh/ dqg |rx vkrxog
wdnh dgydqwdjh ri wklv idfw iurp d frpsxwdwlrqdo h!flhqf| srlqw ri ylhz1

51 Wkh phvk vkrxog eh uh�qhg lq wkh ylflqlw| ri wkh QDSO vrxufh vr wkdw wkh
prgho fdq dffxudwho| uhsuhvhqw lw1 Wkh phvk fdq frduvhq dzd| iurp wkh
vrxufh1

61 Lq jhqhudo wkh phvk vfdoh lq wkh krul}rqwdo glphqvlrq fdq eh frduvhu wkdq
wkdw lq wkh yhuwlfdo glphqvlrq ehfdxvh judylwdwlrqdo irufhv duh devhqw dqg
fdsloodu| irufhv grplqdwh +l1 h1/ wkh vdwxudwlrq iurqw lv pruh gl�xvhg lq wkh
krul}rqwdo wkdw lq wkh yhuwlfdo ehfdxvh ri judylwdwlrqdo h�hfwv,1

Iljxuh I18 surylghv d gldjudppdwlf uhsuhvhqwdwlrq ri wkh �uvw wzr frqvlghud0
wlrqv/ zkhuh wkh wkuhh h{shulphqwv vkrzq uhihu wr wkh wkuhh vhtxhqwldo vxe0prghov
uhihuhqfhg deryh1

Wkh rqo| sk|vlfdo frqvwudlqw zlwk uhvshfw wr gh�qlqj wkh krul}rqwdo glvfuhwl}d0
wlrq/ dvlgh iurp gh�qlqj wkh dssursuldwh zlgwk ri wkh grpdlq/ lv wkdw uhodwlqj wr
wkh gh�qlwlrq ri wkh QDSO vrxufh duhd1 Li zh uhdol}h wkdw wkh 50G prgho kdv xqlw
ohqjwk lq wkh rplwwhg glphqvlrq/ wkhq wkh duhd ri wkh vxuidfh dvvrfldwhg zlwk d
qrgh qrupdo wr wkh gluhfwlrq iurp zklfk wkh frqglwlrq lv dssolhg lv htxdo wr 425
wkh ohqjwk ri wkh hohphqwv vxuurxqglqj wkh qrgh wlphv xqlw ohqjwk lq wkh rplwwhg
glphqvlrq1 Wr plplf wkh h{shulphqwdo frqglwlrqv wkhq/ wkh julg vsdflqj dw wkh
vrxufh pxvw eh vhw vxfk wkdw wkh QDSO lv dssolhg ryhu dq duhd htxdo wr 2�DS621
Dq h{dpsoh ri dq dssursuldwh krul}rqwdo phvk lv surylghg lq Iljxuh I191

Erxqgdu| Frqglwlrqv

Wkh prgho erxqgdu| frqglwlrqv vkrxog eh vhw xs wr plplf wkh h{shulphqwdo
erxqgdu| frqglwlrqv wr wkh h{whqw srvvleoh1 Wklv wdvn pd| qrw eh vr vwudljkw0
iruzdug hvshfldoo| zkhq wkh sk|vlfdo erxqgdu| frqglwlrqv gr qrw pdwfk wkh vlp0
xodwru fdsdelolwlhv1
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Iljxuh I19= Looxvwudwlrq ri wkh xqlirup glvwulexwlrq ri iruflqj frqglwlrqv derxw d
qrgh1 Iru wklv h{dpsoh/ QDSO lv srqghg zlwk khdg �� ryhu dq duhd htxdo wr 518
fp21

Iru wkh vhtxhqfh ri h{shulphqwdo frqglwlrqv ghvfulehg deryh/ frqvlghu wkh
h{dpsoh ri erxqgdu| frqglwlrq vshfl�fdwlrq vkrzq lq Iljxuh I181 Ohw xv orrn dw
hdfk h{shulphqw lq wxuq1 Lq H{shulphqw 4 wkh yhuwlfdo vlghv duh vhw dv qr  rz
erxqgdulhv5/ dqg iru wkh frqglwlrqv vshfl�hg rq wkh wrs dqg erwwrp vlghv/ wkh
sureohp ehfrphv hvvhqwldoo| 40G +lq idfw/ wkh vdph rqh |rx vroyhg lq Wdvn 5,1

Zlwk uhjdug wr wkh vhwxs iru H{shulphqw 5/ lq rughu wr pdnh wkh prgho frqgl0
wlrqv plplf wkh h{shulphqwdo frqglwlrqv/ �uvw wkh erwwrp vlgh lv vhw dv d qr  rz
erxqgdu|1 Vhfrqg/ wkh uljkw0yhuwlfdo vlgh lv rshqhg wr  rz e| dvvxplqj wkdw wkh
gdwd iru wkh ghshqghqw yduldeohv +�` c 7` c 7C, iurp H{shulphqw 4 dw hdfk ri wkhvh
erxqgdu| qrghv zloo qrw fkdqjh ryhu wkh frxuvh ri wkh vhfrqg vlpxodwlrq1 Wkdw lv/
wkh gdwd iurp H{shulphqw 4 dw hdfk ri wkhvh erxqgdu| qrghv ehfrphv Glulfkohw
gdwd1 Qrwh/ e| vshfli|lqj Glulfkohw gdwd dw d qrgh iru d jlyhq yduldeoh zh duh
h�hfwlyho| vroylqj iru wkh judglhqw qrupdo wr wkh erxqgdu| ri wkdw yduldeoh1 Xvlqj
Gduf|*v odz wr frpsxwh  rz/ wkh erxqgdu| lv wkhuhiruh rshq wr  rz ri wkh skdvh
li wkh skdvh lv preloh +l1 h1/ wkh uhodwlyh shuphdelolw| lv qrq}hur,1 E| pdnlqj wklv
vlgh d Glulfkohw erxqgdu|/ zh duh dvvxplqj wkdw lw lv idu hqrxjk dzd| iurp wkh
dfwlrq vr wkdw fkdqjhv lq 7` c 7C dqg 7� uhpdlq h�hfwlyho| }hur dqg wkdw fkdqjhv
lq yhuwlfdo judglhqwv duh qhjoljleoh11

Ilqdoo|/ zlwk uhvshfw wr H{shulphqw 5/ ohw xv frqvlghu wkh wrs erxqgdu|1 Dv

5Wkh idfw wkdw v|pphwu| lq wkh vroxwlrq lv xwlol}hg khuh uhtxluhv/ e| gh�qlwlrq/ wkdw wkh

ohiw0yhuwlfdo erxqgdu| eh vhw dv qr  rz1
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lqwurgxfhg lq wkh glvfxvvlrq rq wkh krul}rqwdo glvfuhwl}dwlrq/ lq rughu wr plplf wkh
QDSO vrxufh frqglwlrq6/ zh qhhg wr dsso| d 318 fp QDSO khdg xqlirupo| ryhu
518 fp21 Iljxuh I19 surylghv dq h{dpsoh ri dq dssursuldwh erxqgdu| frqglwlrq1
Qrwh/ wkdw wkhuh duh vhyhudo qrghv ehwzhhq wkh wzr gl�huhqw khdg frqglwlrqv zklfk
duh vhw wr qr  rz1 Wklv vhsdudwlrq lv hpsor|hg ehfdxvh wkh QDSO0 dqg jdv0skdvh
khdg frqglwlrqv duh qrqolqhdu7/ dqg qxphulfdo h{shulphqwv vxjjhvw wkdw/ iru wkh
xsgdwlqj dojrulwkp xvhg lq wkh vlpxodwru/ sxwwlqj d qr  rz ex�hu ehwzhhq wkhp
lv pruh frpsxwdwlrqdoo| urexvw1

Jlyhq wkh vhwxs iru H{shulphqw 5/ wkh vhwxs iru H{shulphqw 6 lv vwudljkw
iruzdug1 Dv vkrzq lq Iljxuh I19/ wkh QDSO khdg frqglwlrqv duh uhsodfhg e| qr
 rz frqglwlrqv1

Lw pxvw eh hpskdvl}hg wkdw wkh erxqgdu| frqglwlrq vhwxs xvhg lq Iljxuh I19
lv rqo| rqh ri vhyhudo dgplvvdeoh vwudwhjlhv1

Jhw wr nqrz wkh sk|vlfv

Hyhu|wklqj |rx qhhg wr nqrz uhjduglqj wkh fdxvh0dqg0h�hfw uhodwlrqvkls ehwzhhq
wkh prgho sdudphwhuv dqg wkh prgho vroxwlrq fdq eh irxqg lq wkh vlpxodwru grf0
xphqwdwlrq1 Vr e| doo phdqv/ uhdg uhohydqw vhfwlrqv1

I19161 Uhvxowv

Sohdvh uhvsrqg wr wkh iroorzlqj=

41 Gh�qh dq dssursuldwh krul}rqwdo glvfuhwl}dwlrq dqg vhw xs dqg uxq H{shu0
lphqw 4 lq Iljxuh I181 Wklv uhvxow lv |rxu lqlwldo frqglwlrq iru wkh qh{w
vlpxodwlrq1 Wkh �ohv zlwk wkh h{whqvlrq uv frqwdlq doo wkh gdwd qhfhvvdu|
iru wkh frgh wr uhvwduw wkh vlpxodwlrq +vhh vhh �oh vp1lq/ lqsxw olqh :3,1
Vlqfh wkhvh �ohv duh ryhu0zulwwhq dw hdfk sulqw lqwhuydo/ frs| wkhp lqwr dq0
rwkhu gluhfwru| vr wkdw/ li |rx kdyh wr/ |rx fdq jr edfn wr wklv vlpxodwlrq
wlph +h1 j1/ 8333v,1

51 Zkdw uroh gr wkh lqwhuidfldo whqvlrq sdudphwhuv sod| lq prgholqj wkh wkuhh0
skdvh  rz sureohpB Krz fdq |rx xvh wkhp dv fdoleudwlrq sdudphwhuvB

6Wkh h{shulphqwdo vrxufh duhd lv 8 fp e| 5 fp1 Wkh prgho lv dvvxplqj v|pphwu|/ dqg wkh

50G grpdlq kdv xqlw ohqjwk lq wkh rplwwhg glphqvlrq1 Wkhuhiruh/ wkh prgho vrxufh duhd lv 518

fp e| 4 fp1
7Dfwxdoo| wkh frgh frqyhuwv wkh frqglwlrqv wr SZ / l1 h1/ SZ @ SfQZ +VZ ,.SfJQ +VWz,.S

J

iru wkh jdv frqglwlrq/ dqg SZ @ SfQZ +VZ , . S
Q iru wkh QDSO frqglwlrq1
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61 Dvvxplqj wkdw |rxu glvfuhwl}dwlrq lv gh�qhg vxfk wkdw qxphulfdo huuruv duh
qrw vljql�fdqwo| d�hfwlqj wkh vroxwlrq/ irfxv |rxu dwwhqwlrq rq wkh iroorzlqj
*vkruw olvw* ri fdoleudwlrq sdudphwhuv=

� shuphdelolw|/ &

� uhvlgxdo vdwxudwlrqv=7`oc 7�?o/ 7��o/ 7Co

� 7 � � prgho �wwlqj sdudphwhuv= @_c @�c #

� & � 7 prgho �wwlqj sdudphwhuv= �/ 1/ dqg )

� lqwhuidfldo whqvlrq gdwd= jC` c jC� c j�`

Surylgh d eulhi ghvfulswlrq ri krz wkh wkuhh0skdvh vroxwlrq pljkw eh d�hfwhg
e| hdfk ri wkhvh sdudphwhuv1

71 Dq h{dpsoh ri dq dssursuldwh vhw ri erxqgdu| frqglwlrqv iur wklv h{shulphq0
wdo vhwxs zdv surylghg1 Surylgh d vhfrqg rswlrq iru wkh frqglwlrqv dssolhg
rq wkh erwwrp dqg uljkw0yhuwlfdo vlghv1 Qrwh/ wkhvh frqglwlrqv gr qrw qhf0
hvvdulo| kdyh wr uhsuhvhqw wkh sk|vlfdo h{shulphqwdo erxqgdu| frqglwlrqv/
wkh| mxvw qhhg wr eh vhw vxfk wkdw iru doo lqwhqwv dqg sxusrvhv wkh prgho
ihhov wkh vdph v|vwhp iruflqjv dv wkh h{shulphqw1 Gr |rx dqwlflsdwh wkdw
wkh prgho vroxwlrq vkrxog eh vhqvlwlyh wr wkh fkrlfh ri erxqgdu| frqglwlrqv
iru wklv h{shulphqwB

81 Zlwk uhvshfw wr sk|vlfdo h{shulphqwdo uhvxowv dydlodeoh iru prgho fdoleudwlrq
zh kdyh wkuhh pdlq w|shv=

l vwhdg|0vwdwh prlvwxuh sur�oh +Wdeoh I14,

ll yroxph ri SFH lq�owudwhg dv d ixqfwlrq ri wlph +Wdeoh I15,

lll ylghr iudphv dw vshfl�f wlphv +dv lq Iljxuh I14,

Surylgh d eulhi ghvfulswlrq ri krz wkh wkuhh gdwd0w|shv pljkw eh xvhixo iru
prgho fdoleudwlrq1
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I1:1 WDVN 7

I1:141 Sxusrvh

Wkh sxusrvh ri wklv Wdvn lv wr vlpxodwh wkh wzr0glphqvlrqdo GQDSO vsloo h{shu0
lphqw xvlqj wkh qxphulfdo prgho/ dqg diwhu frpsdulqj uhvxowv/ wr frqvlghu dowhu0
qdwlyh gdwd vhwv zklfk pd| surylgh d txdolwdwlyho| ehwwhu pdwfk wr wkh dydlodeoh
h{shulphqwdo gdwd1

I1:151 Surfhgxuh

Iurp Wdvn 6/ |rx vkrxog eh vhw xs wr uxq wkh GQDSO vsloo h{shulphqw1 Fkrrvh
dq dssursuldwh sdudphwhu vhw iru wkh wkuhh0skdvh  rz sureohp1 Uxq wkh prgho
dv d vhulhv ri vxe0prghov/ dv ghvfulehg lq Wdvn 6 dqg dv looxvwudwhg lq Iljxuh I18/
zkhuh |rx xvh wkh vlpxodwru*v uhvwduw idflolw| wr vhw wkh lqlwldo frqglwlrqv dv wkh
vroxwlrq ri wkh suhylrxv sureohp1 Lw lv vxjjhvwhg wkdw diwhu hdfk vxffhvvixo prgho
h{shulphqw |rx vdyh d frs| ri wkh uhvwduw �ohv lq dqrwkhu gluhfwru| vr wkdw |rx
fdq uhvwduw iurp wkdw srlqw li qhfhvvdu|11 Iru h{dpsoh/ pxfk ri |rxu fdoleudwlrq
h�ruwv zloo eh irfxvhg rq H{shulphqwv 5 dqg 6 lq Iljxuh I18/ wkhuhiruh/ ehlqj deoh
wr xvh wkh uhvwduw gdwd iurp H{shulphqw 4 vhyhudo wlphv lv dssursuldwh1

Jlyhq dq dssursuldwh vhw ri erxqgdu| frqglwlrqv/ frqvlghu wkh iroorzlqj sur0
fhgxudo vxppdu| iru fdoleudwlqj wkh prgho=

41 Fkrrvh dq dssursuldwh vhw ri ydoxhv iru wkh iroorzlqj *vkruw0olvw * sdudphwhuv=

� shuphdelolw|/ &

� uhvlgxdo vdwxudwlrqv=7`oc 7�?o/ 7��o/ 7Co

� 7 � � prgho �wwlqj sdudphwhuv= @_c @�c #

� & � 7 prgho �wwlqj sdudphwhuv= �/ 1/ dqg )

� lqwhuidfldo whqvlrq gdwd= jC` c jC� c j�`

51 Jhqhudwh d vroxwlrq iru H{shulphqw 41 Vdyh wkh uhvwduw �ohv1

61 Xvlqj wkh vroxwlrq wr H{shulphqw 4 dv lqlwldo frqglwlrqv/ jhqhudwh d vroxwlrq
iru H{shulphqw 51 \rx zloo qhhg wr vwduw zlwk d yhu| vpdoo wlph vwhs +�
f�f2r,/ ehfdxvh wkh lqlwldo SFH lq�owudwlrq udwh lv yhu| kljk +revhuyh wkh
vfuhhq rxwsxw ri wkh erxqgdu|  x{hv,1 Ohw wkh vlpxodwru lqfuhdvh wkh wlph
vwhs edvhg rq lwhudwlrq frxqw1 Vhw wkh Frxudqw qxpehu wr � f�D1 Ylvxdoo|
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frpsduh wkh frpsxwhg vroxwlrq zlwk wkh h{shulphqwdo uhvxow +l1 h1/ Iljxuh
I1:,1 Frpsduh wkh yroxphwulf udwh ri SFH lq�owudwlrq suhglfwhg e| wkh
prgho zlwk wkh h{shulphqwdo uhvxowv +l1 h1/ Wdeoh I15,1

71 Li wkh pdwfk lv qrw txdolwdwlyho| jrrg/ hvshfldoo| zlwk uhvshfw wr wkh lq�o0
wudwhg SFH yroxph/ wkhq dgmxvw rqh ru pruh ri wkh *vkruw0olvw * sdudphwhuv
dqg uh0uxq vwhs 6 xqwlo |rx wklqn wkh vroxwlrq lv dffhswdeoh1 Qrwh/ ghshqglqj
rq zklfk sdudphwhuv |rx fkdqjh |rx pd| kdyh wr uh0uxq H{shulphqw 4 wr
jhqhudwh dssursuldwh lqlwldo frqglwlrqv1

81 Diwhu fdswxulqj wkh SFH lq�owudwlrq skdvh ri wkh h{shulphqw +H{shulphqw
5,/ uxq wkh SFH uh0glvwulexwlrq skdvh ri wkh h{shulphqw +H{shulphqw 6,
xvlqj dv lqlwldo frqglwlrqv wkh vroxwlrq wr H{shulphqw 51 Ylvxdoo| frpsduh
wkh frpsxwhg vroxwlrq zlwk wkh h{shulphqwdo uhvxowv +l1 h1/ Iljxuhv I1;/ I1<
dqg I143,1

91 Li wkh pdwfk lv qrw txdolwdwlyho| jrrg/ hvshfldoo| zlwk uhvshfw wr wkh yhuwlfdo
glvwulexwlrq ri SFH/ wkhq dgmxvw rqh ru pruh ri wkh *vkruw0olvw * sdudphwhuv
dqg uh0uxq vwhs 8 xqwlo |rx wklqn wkh vroxwlrq lv dffhswdeoh1 Qrwh/ ghshqglqj
rq zklfk sdudphwhuv |rx fkdqjh |rx pd| kdyh wr uh0uxq H{shulphqwv 4 dqg
5 wr jhqhudwh dssursuldwh lqlwldo frqglwlrqv iru H{shulphqw 61

I1:161 Uhvxowv

Sohdvh uhvsrqg wr wkh iroorzlqj=

41 Zkdw duh wkh ydoxhv ri wkh *vkruw0olvw * sdudphwhuv zklfk jdyh wkh ehvw uh0
vxowvB

51 Sorw wkh prgho vroxwlrqv iru wkh iroorzlqj wlphv +zkhuh W @ 3 lv dvvxphg wr
uhsuhvhqw wkh lqlwldo frqglwlrqv iru H{shulphqw 5= 476/ 5;6/ 9;6/ 44<8/ 4:<8
dqg 68<8 vhfrqgv1

61 Iru zklfk *vkruw0olvw* sdudphwhuv lv wkh prgho prvw vhqvlwlyh zlwk uhjdug wr
wkh fxpxodwlyh yroxph ri SFH lq�owudwhgB Eulh | glvfxvv zk|1

71 Iru zklfk *vkruw0olvw* sdudphwhuv lv wkh prgho prvw vhqvlwlyh zlwk uhjdug wr
wkh duhdo glvwulexwlrq ri wkh SFH ryhu wlphB Eulh | glvfxvv zk|1
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81 Diwhu wkh GQDSO shqhwudwhv wkh fdsloodu| iulqjh/ wkh udwh ri yhuwlfdo pljud0
wlrq ri wkh prgho vroxwlrq vkrxog htxdo wkdw ri wkh h{shulphqwdo uhvxowv1 Iru
h{dpsoh/ hyhq li wkh prgho GQDSO iurqw lv dkhdg ri wkh h{shulphqwdo iurqw
lq wkh oltxlg vdwxudwhg }rqh/ wkh gl�huhqfh vkrxog qrw lqfuhdvh uhpdundeo|
dv wlph surjuhvvhv1 Zkdw sdudphwhuv gh�qh wkh GQDSO iurqw vshhg lq wkh
oltxlg vdwxudwhg }rqhB

91 Zkhq wu|lqj wr fdoleudwh wkh prgho wr H{shulphqw 5/ zklfk *vkruw0olvw * sd0
udphwhuv fdq |rx fkdqjh zlwkrxw qhfhvvdulo| kdylqj wr uh0uxq H{shulphqw
41

:1 Jlyhq |rxu xqghuvwdqglqj ri wkh pdwkhpdwlfdo prgho +l1 h1/ wkh sk|vlfdo
sureohp lv wudqvodwhg lqwr d vhulhv ri lqwhuuhodwhg pdvv edodqfh htxdwlrqv
dqg frqvwlwxwlyh uhodwlrqvklsv,/ dqg wkh uhvxowv iurp wkh prgho fdoleudwlrq
h{huflvh/ grhv lw vhhp wr |rx wkdw wkh prgho lv *plvvlqj* vrph ri wkh sk|vlfvB
Iru h{dpsoh/ qr pdwwhu krz |rx dgmxvw lw/ wkh prgho fdq qrw fdswxuh wkh
vkdsh ri wkh SFH iurqw dv lw pryhv wkurxjk wkh fdsloodu| iulqjh/ wkhuhiruh/
vrphwklqj pxvw eh plvvlqj1 Uhfdoo wkdw/ zkhq exloglqj wkh pdwkhpdwlfdo
prgho/ d vhulhv ri pdmru vlpsoli|lqj dvvxpswlrqv zhuh lqfrusrudwhg hlwkhu wr
pdnh wkh sk|vlfdo sureohp wudfwdeoh iurp d frpsxwdwlrqdo srlqw ri ylhz/ ru
wr h�hfwlyho| *�oo lq wkh eodqnv* zlwk uhvshfw wr gdwd zklfk fdq qrw fxuuhqwo|
eh phdvxuhg +h1 j1/ wkuhh0skdvh uhodwlyh shuphdelolw|,1 Eulh | glvfxvv zklfk
pdmru vlpsoli|lqj dvvxpswlrqv pd| frqwulexwh wr wkh wr wkh idfw wkdw wkh
prgho lv sk|vlfdoo|  dzhgB
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25 cm

67 cm

35.5 cm

13.5 cm

hW = 0

CF

5.5cm

5.5cm

Time = 143 seconds

Iljxuh I1:= Ylghr lpdjh dw wlph @ 476 vhfrqgv mxvw diwhu wkh GQDSO vrxufh
zdv uhpryhg +l1 h1/ dw wkh hqg ri H{shulphqw 5,/ vkrzlqj glphqvlrqv/ zkhuh wkh
vxshulpsrvhg julg lv iru uhihuhqfh sxusrvhv +hohphqwv duh 818fp e| 818 fp,
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Time = 683 secondsTime = 283 seconds

Iljxuh I1;= Ylghr lpdjhv dw wlph @ 5;6 dqg 9;6 vhfrqgv diwhu wkh GQDSO vsloo
ehjdq +l1 h1/ wdnh Wlph @ 3 dv wkh lqlwldo frqglwlrq iru H{shulphqw 5,1
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Time = 1795 secondsTime = 1195 seconds

Iljxuh I1<= Ylghr lpdjhv dw Wlph @ 44<8 dqg 4:<8 vhfrqgv diwhu wkh GQDSO
vsloo ehjdq1
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Time = 3595 seconds

Iljxuh I143= Ylghr lpdjh dw Wlph @ 68<8 vhfrqgv diwhu wkh GQDSO vsloo ehjdq1
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