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1. INTRODUCTION

Volume I of this report (prepared for the Environmental
Protection Agency in connection with EPA Contract No. 68-02~
0014) presented a detalled discussion of the method of invariant
modeling as it is applied to the problem of the computation of
turbulence in an-étmospheric shear layer and to the dispersal
‘of pollutants in such a layer. In Volume I, the basic equations
used are the familiar Boussinesq approximations. These
~equations are derived by considering the atmospheric motion to
‘be a small departure from an adiabatic atmosphere at rest and
further assuming that the extent of the shear layer being
investigated is small compared to the scale of the atmosphere -
this latter scale being of order po/(apo/aZ) where po is the
density of the undisturbed adiabatic atmosphere and z 1is the
altitude. Within the Boussinesq approximation, the divergence
of the velocity field of the motion under study may be neglected.
Since this divergence may not be considered zero for motions
whose scale is of the order of the atmosphere, i.e., 7000 meters,
we at A.R.A.P. have used equations for much of our work that are
approximate equations, akin to the Boussinesqg appreximation, but
which do not consider that the divergence of the velocity field
is zero. This set of equations was used in Reference_l and was
also used in A.R.A.P. Report No. 169 [Ref. 2], A.R.A.P.'s first
report to EPA on the application of invariant modeling to -the
dispersal of pollutants in the atmosphere.

~In this report (Volume II of A.R.A.P. Report No. 186),
the equations which represent a non-Boussinesq set of approxi-
mate equations for the motion of the atmosphere and which are

used in References 1 and. 2 are derived.



2. DERIVATION OF BASIC EQUATIONS

The equations which we shall take to govern the motion
of a compressible, nonchemically-reacting perfect gas are
given below. They are:

- the perfect gas law
B = BRT | - (2.1)
the continuity equation

9

O

+ %23 (3;) = 0 | | (2.2)

the momentum equation

Q
s

apu ~
i 9 o _ _ 9p 0 ~ ~ A
se— toaxy (PUyly) = - 3=+ g Ty - Py (2.3)
J 1 J
where the stress due to molecular diffusion is given by
| al,  all » 3
~ — -~ l ~ m
T = Jl=— + ~L| + 6, .0% =2 (2.4)
i3 <2§x‘j axi> , ij me
the energy equation
Oph , 8 sz oy o OB L, - 3B, 8 [p af
5t * ax. (PUyh) = gF 4 Uy o= 5 L K 3%
. J J J
aﬁi
+ Tij SX_ (2.5)
J
the species conservation equation
d ~% 3 e~ O _ 9 e Y
3T (pca) + 5‘% (pujca) = W(Dﬂﬁ}' Ca> . (2.6)

In what follows, we will be interested in the development
of turbulence and the transport of matter in the atmosphere.
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We will assume that thé matter to be transported in the atmos-
phere 1s not too highly concentrated, so that it makes no
first-order effect upon the heat capacity or gas constant of
the air in which it is carried. 1In this case, if we designate
the heat capaclty as CpO and the gas c0nstant'és RO , We may
write (2.1) as

P =pPR.T (2.7)

énd (2.5) as

B xxm .8 e omn| 85 . ~ 8P L, 8 & T
Cpq [at PT +'3xj (PujT%] 36 T Y ekt kK 3%,

+ T,., = (2.8)

Since the Mach number of the flow in which we are interested is
small, we mayvneglect the last term on the right-hand side of
(2.8) since this term represents the heat generated by the
dissipation of the motion and is of order M2 compared with
the other terms in the equation. The final form of the energy
equation is, thén, 

= 3BT , 3 ixxmy| o 8B 4, ~ 23B d ~ 3T '
Coo [at * 3%, (pU,T) 50 t U4y x0Tt %, k ox, (2.9)

J

Following the usual practlice for obtaining the equations
for the motion of‘an étmospheric shear layer [Refs. 3 and by,
we will consider the atmosphere to be in a state slightly
removed from an adlabatic atmosphere at rest. We consider then

an.expansion of the equations presented above according to the
following scheme: ’

B =p,+rp G, = C, *C,

p = Py *t P go= By *ou

T=rp  +T i = p¥ 4 oy (2.10)
Uy = 0 +uy o | k'=k, +k
b = P, + L, + o O+ pdr
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If we expand the gas law (2.7) according to this scheme, we have

Po

and

P

R T

o (2.11)

P

o o

Ro(poT + pTO + pT) (2.12)

If we heglect the second-order term on the right-hand side of

(2.12), we have

p =R (p T + oT)) (2.13)
The continuity equation (2.2) yields
3p
o _
== = 0 (2.14)
which agrees with our assumption of a steady state, and
ap ) -
which, to first-order, can be written
ap , 3 ) =
t * 5% (pOuJ) 0 (2.16)
J |
The momentum equation (2.3) yields
apo
-———ax = - pogi (2-17)
5 .
and
) d - 9p.
37 (Pg * Pluy —;E [(po + p)uiujj T axg T -9
du, au ou
9 1, ¥iy¥) M
¥ 3%, [}“o t ) (axj * 8x1> + 8,y (ugtuk) a%_
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To first order, this may be written

3 3 W o
5t (PoUy) ¥ %, (puyuy) ax; ~ P8y
3' aui u. Bum] (
+ =¥— iy —= 4+ —dL )+ 5, u¥ = 2.19)
: ij [ o ax'j axi ijo ?xm

Expansion of the energy equation (2.9) yields'

- 9p T ap T
0 0 _ 0 3 0
Cpo 38— "~ 3t o, (ko 3% (2.20)

J

which, according to our assumption of steady base flow, requires

3 E)To .
'é-x—j" kO _BX—J =0 . (2.21)

and

+
o)'o)
~\

p o)

+
©
N
=
S

)
Cpo{ﬁ (pTO)

+

ax

oT
|k +x) L& L 0o (2.22)
3 © j

To first order, this may be written

9 9 9p . 9
Cpo{at (pOT) ‘+ axj (pouj’I‘)} + CpOTO{ T+ axj (pouj)}
ap aT ”
= O _ 0 9p ap
Uy ( x. =~ PoCp, 3x.> T3ttt Yy ax
J J J
/ 3T
P T o\
+ =— |k =— + k =2 (2.23)
-9 . .
%7 | Fo 7 %5 |
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In view of the continuity equation (2.16),we:may neglect the
second term on the left-hand side of (2.23). Also, because of
our assumption that the undisturbed atmosphere is .adiabatic, i.e.,

ST 3T |
o, PoCpy 3%, (2.24)

we may neglect the first term on the right-hand Sidé of (2.23).
Finally, the terms 23dp/dt and uj Bp/axj taken together repre-
sent the compressional heating due to the disturbed motion
.considered apart from gravitational effects, are of order M2 .
and may be neglected. Therefore, (2.23) may be written

oT
9 : 0 _ 0 oT ) :
| Cpo{ﬁ (0T + 35 <po“JT)} - 5x—j<k_o ax, T K a.xj> (2.25)

Substitution of the expansion (2.10) in the species conservation -

equation (2.6) yields

op C ' oC .
0% _ 9 0o
3T © o, (Do‘ﬁo 3% ) | | (2.26)

which is satisfied since we have assumed a steady base atmos-
pheric condition in which Cq, 1s a constant, and

3 » d '
3t (Po T PICy * ﬁ-j— (pg + PIuyCy
5 3C,, ac,
= 55 [ (pg + ) 5=+ (o, + o) 55—
J J _ J |
To first order, this equation becomes (2.27)
ap C Yo : :
oo d _ 3 a
t + 3XJ_ (poujca) = _axj (pooac') -—-—axj) | (2.28)

We return now to the equations that result from the perfect
gas law, namely, (2.11) and (2.13). If we divide (2.11) by (2.13),
we obtain
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g_ = %_ + %— (2.29)
o

Now we note that the changes in p will be of order pou§ , SO
that

2 :
T - u?f ) N
i+ 2 =0l )= o0(ym (2.30)
TO P <ROTO' ( ) .

We will, therefore, néglect the effects of motion-induced
pressure changes on the variation of density and temperature and
take ‘

p = - 2 | (2.31)

This assumption is related to, and entirely consistent with, our
neglect of the pressure work terms in the energy equation.

We may now derive an equation for the divergénée of the
velocity field. If (2.31) is substituted into the continuity
equation (2.15), the result is, after some manipulation,

op T - u, T\ _
o° _ & @ 3 J
ot To 3% (pouj) - To 3%, (po T ) ,(2'32)
J J o _ o
The energy equation (2.25) may be written
ap T : aT
0 -3 1l 2 aT o)
=———(pu.T)+————-(k ——+k——>
ot T 90X, o] C 3 ax, X
h / Po “*3\ % %% h
(2.33)
Equating (2.32) and (2.33) results in
oT aT
) T 1 3 oT o
=— (pu,) = - pu, = + K =— + k —
axJ 0 J 07J Tg 9X CpOTO axJ 0 xj ax.j
(2.34)
or
i T T e B S S kéz_+k?_'r_o)
axJ po_SXJ TO TO 90X CpopQ ij o} XJ axj



Since (l/po)(apo/ax

is of the same order as (l/TO)(aTg/ax
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32

that 1s, of the order of an 1nverse atmospheric scale La s, We

may, by virtue of the

T/TO in the second term on the right-

hand side of (2.35), neglect this term relative to the first.
Resort to a high Reynolds number argumeht [Ref. 5] shows that we

may also neglect the third term on the right-hand side of (2.35)

in comparison with the first. Thus, the equation for the

divergence of the velocity field may be written

]
|
ol ©
o b
Q2
O
o

5;;' o (2.36)

This equation may now be used to replace the continuity equation .

(2.16) .-



3. DISCUSSION OF

THE STEADY ATMOSPHERE

In the previous section, the equations that were obtained -

for the basic atmosphere, which we wish to be adiabatic and in

a steady state, were:

the perfect gas law

Py = PR.T, (3.1)
continuity -
apo :
3 T 0 - (3.2)
momentum
apo
energy
c apoTo _ apo _ 9 K EEQ (3.4)
Py 9t ot ,ij 0 axJ )
or, in view of (3.1) and (3.2)
BTO 3 BTO
Popy 3T T Yo Bx, Ko Tx, (3.5)

where vy, = Cpo/CvO
tion
°Po
3xj

In addition we had

the adiabatic condi-

Substitution of (3.3) into (3.6) establishes the adiabatic

lapse rate

or, if gj
(x,y,2)

= 63jg = constant

BTO
= C o (3.6
o Py axj 3.6)
g .
= - g (3.7)
Po
and (xl,xz,x3) is defined as
aTo
=-a—y—= 0
(3.8)
= - & __
C



Substitution of (3.8) into (3.5) yields

3T N kog) S

PCp w7 = - Y, ol - (3.9)

o Py ot o 9z Cpo
Since the thermal conductivity is a function of the téemperature
TO , we see from (3.9) that the basic atmosphere we have assumed
cannot be in true equilibrium. However, an order-of-magnitude
analysis shows that the time constant for the rise in T4 with
time is so long compared to most motions in which we. are inter-
ested that for all practical purposes it is legitimate to

consider aTo/at = 0.
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4, DERIVATION OF THE EQUATIONS FOR A TURBULENT SHEAR LAYER

Collection of the equations for an atmospheric motion that
were derived in Section 2 results in the following set:

Continuity
' ou u, ap :
sgl El 3;9 (4.1)
J o "7 '
Momentum
3_ 3__ (o - -3 _
ot (poui) * axJ (pouiuj) -7 Xy ;P
au au ou
__ 1, 3 ¢ 1
* ox [uo<8xj * axi> * 81540 3% ]
| (4.2)
Energy
' aT
9 d _ 0 aT 0
at (poT) * X (poujT) T dx, (ko 90X, tk ax.> (4.3
J J o\ J
Specles Mass Fraction
aC :
39 ) _ 9 ]
3t (poca) + X, (e uJC ) = X (pde X ) ‘ (4.4)
* J J
where p 1s given by
. 0 .
o}

The set of equations used in A.R.A.P. Report No. 169 [Ref. 2] was
derived from this set as follows.
First, 1t was assumed that the molecular tranéport coeffi-

' *
cients Mos WE ko , and poég were constant.



Second, it was assumed that the Prandtl and Schmidt
numbers, uono/ko and uo/potg , of the medium were close
enough to one so that we could write

k= uono and k =0 - (4.6)

and
.ooxg = M, l(4.7)

Equations (4.2), (4.3), and (4.4) then simplify to

3 3 ; _ 3 »
3% (Pouy) * ij (pouiuj) T 89Xy - 4P
82ui oy aum‘ 5
+ U + (p_ + p¥) == =— (4.8)
o} ax? o} o axi axm
J
% o i puy =y T (4.9)
t ‘FPo 9X °o J Mo 2 . ' :
J . X
g J
8 _(pc)+2&— (pu.c) = 3200‘ | | - (4.10)
3t Po”a axj _po J o Mo ax2' : :

We now assume the velocity, pressure, temperéture, density,
and species mass fraction fields to be composed of mean and
flUctuating-parts according to the following scheme:

u, = ﬁi + ui

p=p+p'

T =T + T! (4.11)
o =p+p'
c.=C_+ ¢!
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Substitution of this scheme into (4.1) yields

du,  du! U, 9 u! 3p
“‘a'J'+_ia =__J____kapo__sl__.a O (4.12)
. X, X . X
*3 J Po 5 Po %y
Averaging this equations yields
du, u, 9p
J - __d_2° (4.13)
X p_ 39X, _
_ J o 7
or, alternatively,
8 _(pu,) =0 (4.14)
axj 0’ J )
Subtracting (4.13) from (4.12) gives
aul” u! a9p
—d - _ 41 _°
X, p 93X, . (4.15)
J o J
or, alternatively,'
0X’ 0] )
j .
Substituting the scheme (4.11) in (4.5) results in
P —
5 = 9
p = - T T (’4.17)
o
and ' s ' .
pr o= - F T (4.18)
o . .
When (4.11) is substituted in (4.8), the result is
3 (p u,) + a_ (p_u!) + §~—~<p u.u, + p.u,u! + p ulu., + p ulu!
ot o i at o 1 ij o i’j o17j 0"’17j  To'i j)
2- 2
- d u 9 -u!
= EL .B_E_'_ A ' i ) i
= - - - Pgy; - P'g, t U tou
axi Bxi i i 0 3X§ o) BXJ

‘ 3 aﬁm aué
*
+ (“o + uo) axi axm * 3xm . (4.19)
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Averaging this result yilelds

9p _u, '
o1 ) - =
3t * ox (puyuy)
o
- . 3 u,
- 3
= - gx - gyt 2l T 3x (pou'u')
i ax. j
J
) aam
%y & ___ [ _1
* (“o T ug) ax, | o, (4.20)
i m

Subtracting (4.20) from (4.19) yields an equation for the
fluctuating velocity uj , namely,

3 : d__ /. = ' v —r—r)
3t (PoUy) ¥ % (Polil¥y * Pouguy *+ pujus = pusug )
ST 2% o o (2,
- T - B P 5t (uo * “o) ax 9X (4.21)
J 90X i m

If this equation i1s multiplied by u& and the. resulting équation

written again with the indices i and k reversed and then the
two equations added together and averaged, the result is

9_ 1 é___ TRRTRETW
t (pouiu&) * axj (poujuiuk)
du, du SR
= _ 07— — T K _ 9 TR
poujuk axj pOuJul Xj axJ (poulujuk)

i k 1 k i
3%y 320
_ p'ulg - p'u'g + ut! 1 + u! k
k=i i®k o) k 5 2 2
xj axj

. 3 5 Bué
¥ v 2 v 9 i
+ (“o + uo) ui 9X + uk 90X me ' (4.22)
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We may modify (4.20) by using (4.13) and (4.17) and write

dp _u, - P —
o7i ., 9 - = ap "o
3t +‘axj (pouguy) = = 55 ¥ 85

=
O

u_ 3p :
- (p + u¥) L(_@ﬁg) | (4.23)

In the same way, we may modify (4.22) through use of (4.15) and
(4.18) to obtain, after noting that

2 2 2
3 u! a~u, d ulu! su! au,
i kK _ ik i k
Upy T3t 4 T T T3 C 2 3%, 3% (4.24)
X, 90X, 9X J J
J J J
& (p UTUr) + 2— (p U, uTu)
ot o i7k axj ToTj 717k
du du
= _ T1p i _ =T _k _ 9 ETRETI
pouJuk X pOuJul X, oX (pouiujuk)
J J J
: au! au.!
3 ) i k
————-(p'u')-—(p'u') + p! —  —
Bxi k axk X, xi
P P
O Fr O Fmig
+ 0 T uk gl + o T ui gk
o) 0
82u'u‘ au! asu!
i k i k
+ u - 2y == =
o) 2 0 dX. dX,
axj J 7
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The momentum and Reynolds stress equations, (4.23) and (4.25),
given above are the same as Egs. (30) and (34) of Reference 2.
We ndw‘derive equations for the mean temperature field
and the variance of the temperature fluctuations from (4.9).
Substitution of the scheme (4.11) into (4.9) yields

9 T 9_ ' S _ /(.57 Somro4 ' ' i)
5T (ooT) iy (pOT )'+ BXJ \ponf + poujT poujT + poujT
em 2y
0X 90X
J
Averaging this equation gives
9_ (p T) + a__ (p U.T) = éii . 1ITY) (4.27)
3t o ax. Po J Mo j _ '

J

If we subtract (4.27) from (4.26), we obtain an equation for

the temperature fluctuation, namely,

2. (p T') + 8 (p u,T' + p u!T + p ulT! ; P u'T') = il
ot o axj 0] 07j "o 07 J o) ax2
J

(4.28)

To obtain an equation for T'g, (4.28) may be multiplied by 2T
and the resulting equation averaged, with the resu1t that

3 2 3 N B P p— 'a(,,z)
ot (poT' ) 3% <poujT' )_ 'Cpol'uj 30X,  oXx, poujT
Jo . J J
3712 3T BT 4
+ - 20 = == (4.29)
o) 8X2 0 99X, BXJ
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The mean temperatufe equation and the variance equation, (4.27)
and (4.29) are the same as Egs. (31) and (36) of Reference 2.

An equation for the heat transport correlation EITT can
be obtained from (4.21) and (4.28). First, multiply (4.21) by
T' and then multiply (4.28) by wu! . The resulting two

i
equations are then added and averaged; the result is

.3__ T 3_.. IRt
5t (PouyT') *+ a%, (puyujT")
ouy 3T 2 S
= = poWTT 3% - PoUIUE 3xT < awy (PoliviTh)
J J -
- 9 __ (rITTp_v) + p! aT! + 29. T'2 g
X 9x T i
J J 0
2
31T 3T
oy, 21 - 2“o x1 az
axJ J J
. BT
9 um o)
- #* | B —_— ——
(ug t uo) T 3%, (po X > (4.30)

This equation is identical to Eq. (35) of Reference 2.

To summarize the relatiohship between the basic equations
given in Reference 2 and the equatilons derived here; one may
refer to Table 4.1 below:

Table 4.1
Equation Number Equation Number
Reference 2 This Report
30 - = = = = = = = = = - - h.23
3] = = = = - = = = = - - - 4,27
32 = = = = = = = = = = - = 4,13
33 - = = = = = = = - - - - 4.15
3 m o e - e m - m - - - 4.25
35 = = =~ = - - - - - - - - 4,30
36 - = ~ = = = = = = = - - .29
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We now derive a set of equations consistent with those Jjust
presented for the mean species mass fraction 5& , for the
. NY LR 3 cimr
transport correlation uiCa , and for the correlat;ons QaT

2
1]
and Ca

If the scheme (4.11) is substituted in (4.10), one obtains

§__ c _3__ ' L e b 1 el ' t)
at (poca) * ot (poC&) * axJ (poujca * pouJCa * poujca * poujca
2°T 2°c)
= u + 1y (4.31)
o) 2 o] 2
) 3
xJ x'j

Averaging this equation yields

— _ 2
ap C _ 9 C :

0o a 0 - - a _ 3 o] (4.3
T + axj (pouJCa) o 33? (p uJC ) , (4.32)

Subtracting this ekpression from (U.31) ylelds an equation for

C& , hamely,

_3_ t _3__ n Ot e (Nl I T
at (poca) * BxJ (poujca * poujca * poujca poujca)

2%y
= ¥o 2 (4.33)
, J .
Multiplying this equation by 20& and averaging yields
. "_ 5C
d ,2 d = 2 —T o _ 3 1o1@
— + ' )= - 1C! —= - +— ulcC
dt (poca ) 5xj ( oujca ) 2P Jca 8Xj QXJ(QO J o )
3c12 ac. 8CY
Yuo T3 T Y5 3%, X (h.34)
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To obtain an equation for uiC& , we multiply (4.33) by ui

and (4.21) by . and add the two equations. If the resulting

equation is averaged, one obtains

E._.» tevt L n tert
ot <pouica) * xj (poujulca)
aal 36& N :
= - toY - Yyt % tiyy10 1t
poujca X . poujui X 9X . (pouiujca)
J J J
: aC'! o}
L 1 1 |__9’._ ..2 1 1
T O3X (Cap ) +p x. t F T Ca g4
i i o
5 .
a-ulc! au! aC!
+u i7a 2u i o
o} ax? o} axj axj
J
: au!
9 m :
, ¥yor o __ I
+ (ug uo)Ca axi(ax > (4.35)

The equation for T'C! is obtained by multiplying (4.33) by T
and (4.28) by C! and adding the two equations. The resulting
equation, when averaged, yields

_a__ Myt 3 I trHt
ot (poT Ca) * BXj (poujT Ca)
aC =
= - '__G’__ 1 ?_'.I‘__._a___. torme
poujT X, poujC& X, 9X, (pouquT )
- J J J
82T'C' 3 aC!
o o4
T T 2U, 3%, 3X. . | (4.36)
Xj J J

Equations (4.32), (4.34), (4.35), and (4.36) are the equations
necessary to descfibe the dispersal of a passive pollutant in
an atmospheric shear layer governed by the equations given in
Reference 2. These equations are the basic equations from

which those discussed in A.R.A.P. Report No. 169 were derived

by invariant modeling.
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We will now turn to a discussion of the modeling of the
terms in the equations derived above that must be modeled to

form a closed set of equations.
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5. MODELING OF TERMS IN BASIC EQUATIONS TO ACHIEVE CLOSURE

First let us list the basic equations derived in the previous
section which we will need to enable us to calculate the genera-
fion of turbﬁlence in an atmospheric shear layer and the dispersal

of a passive pollutant in this layer. In rewriting these
‘equations, the forms of scme will be slightly changed by use of
the two continuity equations [(4.13) and (4.15)] and the condi-
tion that dp_/3t = 0. |

du U, - o T
_1 = _i_ _3dp , "o
Po 3t T PoYy 3% 5x. T T 84
J i o
a2ai
+ u - (p_ulut)
o 8x2 0"17]
u_ 9p
9 m o}
_ ¥y &__ [ _Mm __©O
(g + u¥) 5% (O - ) (5.1)
i 0 m
3T - T 3°T 9
e —— = — tmt
o 9t * poug 90X uo 2 9X ., (pouJT ) (5.2)
J 9x J
J
Ju u, 9p ,
—d - _ 4 _0° : (5.3)
IX p_ 9X, ' :
J o J .
au! u! 3p
~—L =42 (5.4)
ax. p_ 9Xx :



Qo
<
=

u'!T!
i

po ot
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. Buiu& aul a‘k
u = ! L [] []
Po J 9%, poujuk X, poujui 90X ,
J J J
2 u'u! __-—a tult ____3 11, !
X (oouiuJuk) B X (p uk) B Bxk (p ui)

axk Bxl i R i
2 1 1 [ 1
y a-u uk ~ o aui Buk
o) ax2 e} ij xJ
ap dp
3 1 o} ) 1 o}
(u_ + u¥) [u'u' (—— —f—> + utu! ———‘(—— ———)
m Bxk po xm k”'m axi Po Xm
ap au'! u'!
1 0 , m m
o X (ul X Uy x.)] (5.5)
o} m k i
ou'!T!' oU. _
u = = - mr T ! EI_
pouj axj poujT ij poujui 99X
%__'(p wlu!T') - 9-— (T'p') + p! a_T_.'_.*.;—o— T'Zg.
X304 9%y X3 o 1
82u£T' Suy 9T
uO.8X2 - 2“0 9Xx. 09X
- ap 3p ou!
(uo ¥ “é) [T'uﬁ gx (l_ axo> e axo T a;n:
i po m po m
(5.6)
G 8‘1”2 = - 2p Tu! _-T—._ - _a_.__<p U'T'2>
0"j oOX. 3% . .
2.2
9o T! aT' BT
H - 2u (5.7)
0 ax2 o) xj xJ
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3T _ oG, 5T,
—_— ——— = - 1 1
Po 3t * pOuJ 9X, Yo 2 9X , (poujca) A (5.8)
J 90X J
J
dusCl . 8ufct 3y aC,
= - 1 1 e 1 r =
Po 3t * pouj X . poujccx 9X, poujui X,
_ J J J
1
- (p umuTch) - S (T + p ot . T'Cle
X . 017 j a oX. o X, T o=1
d 1 i o)
2
3 u!C& ou! oC'
+ g ——— - 2y = o
o] 3x2 0 9X, 09X
3 J
ap ap ou'!
3 1 0 1 m
- (u, *+ u¥) [C'u' = (—— ———) + = c! J
o) o} o m Bxi po axm po ax axl
(5.9)
ac'T " aC'T! aC =
3 - o o T
+ = - tpy tor 9
o 3T poug 90X, pOuJT oX pouJCa X,
J J A J
o —
s T'C! aC'!
_ % (o TToTT a ar' g
X (poujCaT )+ uo.a 2 - 2U, 3% A% (5.10)
- J X, J
3¢, _ac® T, .
—— = _ tpy M Y 1
Po 3T * pouj X . 2poujcoc X, 9X (poujC& )
J J J
320&2 367 807
F¥o s T Mo B, B, (5.11)
X7 J
_ J
and, finally,
p
- _ __2._.
P == T (5.12)
o
and
Po
1 = . = !
p 7 T (5.13)
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It will be noted that Egs. (5.1) through (5.7) do not
depend on the passive scalar Cu . Thus one can, in principle,
solve for the turbulence in an atmospheric shear layer using
(5.1) through (5.7) and with this information in hand solve for
the dispersal of the pollutant field given by 6& . To do this,
(5.8) through (5.10), which are independent of (5.11), may be
solved for Ea . PFinally, (5.11) may be solved for the vari-
ance 0&2 . The mean density field and the variance of the
density fluctuations may be obtained from (5.12) and (5.13) from
the previous solutions for T and T'°.

What‘is needed to perform these calculations is a closure
of the correlation equations given above. We give next a 1list
of the terms that must be modeled, ordered according to the
type of term.

a. Tendency-to-isotropy terms

In the equation for ujuy (5.5)

1 1
o (aui N auk)

Bxk X

In the equation for uiT' , (5.6)

_T_ETT
P
‘In the equation for uiC& s (5.95
oC!
r U
paxi

b. Velocity diffusion terms

In the equation for ujul , (5.5)

N e
pouiujuk

In the equation for uiT' , (5.6)

alu'p'
pouiujT



c.

a.

3

b

J

>

| 1
u
k

b

(5.

(5.

(5.

(5

(5

(5

(5

In the. equation for T'2
‘ 2
' 1
poujT
" In the equation for uiC&
YIS
pouiujca
In the equation for T'C& , (5
DOuJ o
In the equation for 0&2
2
1 1
poujca
Pressure diffusion terms
In the equation for uiu&
1 1
P ui and p
In the equation for uiT'
oI
In the equation for uJ g
1 !
p'Cs
Dissipatioﬁ terms
In the equation for uiu&
Bui 3uk
90X, 9X
J J
In the equation for uiT'
] '
Bui oT
9X, 00X

(5.7)

9)

.10)

11)

6)

.9)

.5)

.6)
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In the equation for T'® , (5.7)

oT' aT!
90X, 9X,
J J
In the equation for u
ou! 93C'’
1 __a
dX, 9X,

J J
In the equation for T'C' , (5.10)

aT' oC!

dX, 090X
J

In the equation for C&

(o34
(@]
Q-
Qo
Q

9X, 90X,
J J

e. Divergence/strain terms

In the equation for ulu! , (5.5)

Bur Sul
! 1
Uy 3%, and  up 32—

In the equation for uwjT' , (5.6)

ou'

m
| Il
T Bxi

In the equation for wuiC'! , (5.9)

v
Ca axi
The modeling we will adopt for these terms follows the
detailed discussion of modeling presented in Ref. 5. We will
start with the tendency-towards-isotropy terms. .

The model used in Ref. 5 in the uiui equation was

au! ou' 2
p' _—i+ —l'{. - &_q_.. u'u' _ 6
'axk BXi Al i“k ik 3
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This equation satisfies the condition for incompressible flows
that when 1 = k the model vanishes as it must, since the basic
expression vanishes as a result of the velocity fields being
nondivergent. In the case considered here, the divergence of
the turbulent velocity field does not vanish, but is given by
(5.4), namely, ' .

su! u! ap
— = - 0 (5.04)
9X, p_ 99X, '

J o J

We may change the model so as to agree with this result in two
simple ways. We may write

1 ]
ptili_i_+_ail£ _—__ggc_l.uvuv_(g‘gi
Bxk Bxi Al i’k ik 3 .
pru'! dp
- 28 mn_9 (5.14)
ik po me
or
1
Bxk BXi Al i7k ik 3
1
pcul'{ apo _ p'ui .aoo (5.15)
T op X 0 90X it
o) i o) k

The first model above allows the divergence'of the turbu-
lence field to contribute only to turbulent energy directly;
while the second model allows contribution of the divergence
only to tefms in an actual atmosphere which contains the verti-
cal fluctuation since only apo/az exists. The second expression
(5.15) is the modeling given in Ref. 2. After considerable
thought, it is now felt that (5.14) might have been a more appro-
priate choice since a simple divergencevof a fluid element will
affect all velocitles equally. ' |

Following the model.for the tendency towards isotropy in the

uiu& equation, we choose



and

p'&:—
Bxi
aC!
p'—g-=_
X,
1

©
le]

=

©
e}

|

=
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(5.16)

(5.17)

The models for the velocity diffusion terms can be taken

over directly from our previous work.

p ululty!

0 177k

p ulu!lmT!

o0'1i7j

o ulu!ll!

o i7j7a

p ulT!

p ulC!'m

o0 j a

2
1 1
poujca

The pressure diffusion terms may also be taken over
our previous work.

aulu! sulu'!  sulu
o h.q i73 . i’k | Jj 'k
o 2 axk ij axi
_ auiT' aujT'
poAZq X, 09X,
J i
(auiC& aujC&
p_ A.q +
o 2 axj_ axi
2
oT '™,
poA2q}8x.
BC&T'
poA2q 9X .
J
3c 12
o
Pohaa o

We write,

Ty =
u.
P 1

therefore,

- pOA3q

sulu!

J

—t
9X .

We choose

|

(5.18)

(5.19)

(5.20)

(5.21)

(5.22)

(5.23)

from

(5.24)



3T 'u!
tpr o=
p'T poA3q 3%,
J
BC&u!
¢ = o
p'CY Pohsa %
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(5.25)

(5.26)

If we follow our previous work on incompressible turbulent

shear flows, the modeling of the dissipation terms need ndt be

changed. We have, therefore,

- 1] ]
duj duy i%k

oX, 90X, 2
J J A

Jul! aT! ul!T?
i i

9X. 90X 2
i %% A

3T T _ 1'°

dX. aX, 2
J A

Ju! aC! ulc!

i o

90X, 90X
J

oT' 3C' T'C!
o

c'=
dX. 39X, 2
J J A
56T 30T !9
[0 0L= [0
dX. 90X, 2
J J A

(5.27)

(5.28)

(5.29)

(5.30)

(5.31)

(5.32)

The divergence/strain terms did not appear at all in the

case of an incompressible shear layer. They are new and must

be modeled for the first time. Consider the term ui(aué/axk).
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There are two simple ways in which it might be modeled.

P R L (5.3
i agk mk o ij
and
i axk po Bxk '

Both of these models satisfy the continuity equation (5.4). At
the present time, (5.33) is preferred; however, (5.34) was the
modeling used in A.R.A.P. Report No. 169 [Ref. 2].

Following thé-modeling given above, we may give two models

for T'(Bui/axi),’namely,

8u$ T'u! apo

t e = J_____
T' 5%, Spi o X, (5.35)

i o) J

and
au’! T'u! 3p
y MM _ _ __m __O :
T 5, ekl - (5.36)
. i .

and two models for C&(Bué/axi), namely, -

aué C&u! apo :
V— = ——ll._____
Ca ax, dmi P 09X, : (5.37)
i o 7]
aué C&uﬁ apo
C! o = = —— = (5.38)
a Bxi QO Bxi

Here again, the models presently preferred are (5.35) and (5.37)
while those used iﬁ A.R.A.P. Report No. 169 [Ref. 2] were
(5.36) and (5.38). |

With the modelings given above, we are in a position to
write a closed set of equations for the generation of turbulence
in atmospheric shear layers and the dispersal of passive pollu-
" tants in these layers.



6. AN INVARIANT MODEL OF THE ATMOSPHERE

If the models given in Section 5 are placed in the set of
equations (%5.1) through (5.13), a set of closed equations for
the motion of the atmosphere and the dispersal of pollutants in
this atmosphere 1s obtained. The equations are not the usual
Boussinesq equations, for we have retained the divergence of the
mean and turbulent velocity fields, and we have not made the
thin layer assumption that is necessary to obtain the Boussinesg
"approximation. The assumptions that have been made are that the
molecular transport coefficients are constant, that the Prandtil
and Schmidt numbers are one, and that the departure of the
atmosphere from an adiabatic state at rest is small. Since we
wish to exhibit the equations used in A.R.A.P. Report No. 169,
we will adopt the modelings that were used in that report in
the rest of this section. If (5.15) through (5.32), (5.34),
(5.36), and (5.38) are substituted into the basic set [(5.1)

through (5.13)], one obtains

3l _ Bﬁi 35 pOT
o3t * P j 9%, T 3x T8y
o i o)
27U,
T ¥, 552 T odX. (pou'uj '
X' J
J P
u_ dp . :
3 m 0
- xy S__ (.M __©O
(“o ¥ uo) X, (p X ) : (6.1)
i o “"m
aT + p U 3T = éii -3 (p GIT") (6.2)
Po 3t o%j 3x. Mo T2 T 3x. ‘PoY :
J 9X’ J
J
du, u, 9p
— = - d _0° (6.3)
39X, P 9X :
J o J
qu! u! 9p
=t = - 5t e (6.4)
“9X., p_ 93X )



sulu

ot

.p _ ko
o) 9X .
J 0%
oU. ou o o
! '__i 1 l_._.l_/{_ __Q. ! 1 _2 1 1]
PUIUE 35— PoUiuE gx, T T'Uk By T op T By
J o) o)
r dulu! sutu/ Su!u'\'
g___, o Mg ( 17d ko, J 'k
X. o2 \ 90X ax ax !
- d l_ \ k 1
suu!l dulu!
3 k™j d i
= | p A + =— | p_ ALq
Bxi < o 3* 9x > Xy ( 0 37 39X >
e 2 3 ' du'lu'
ORI qa_ +§_o Aq_a_i__l‘_\
1 k ik 3 Xi 3 XJ /
9p du'tu! Bgu!u' ulu!
o (4 q i ¥ ik ou ik
Bxk 3% 989X o] ax? 0 A2
J .
B 9 9 d
o | "1 m Laxk p_ 9x 2 9x_ 09X
{ o) m po k-
9p ap_ 9p
3 1 o) 1 0 0
Ul [Bx <5~ X ) T T2 9x_ 9x J (6.5)
i o) m s m i
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uiT' _ auiT'
£t PoYy ax.
) J
du, P 5
1 0 2
- poujT' ax poujui 3%, T T T By
J o)
' aulT! aulT! qu!T!
9 1 J 3
* 9X . [90A2q (ax 90X, >]+ ax.[}oA3q X ]
J i - i :
P4 82uiT' ' uiT'
- — ul!T" + u - 2u
At © 3x° °
J ,
- p dp _ 9p
. a 1 0 1 -0 0
- * gt | = = a2 92
(uo * uo) r Um ’BX. (p 3x > 2 90X Bx.]
: 01 o m 5 m i
(6.6)
2 2 = 2
aT! - oT'™ _ — dT ) : oT'
5t~ T Po%y ax - 2p Thus 53T AR, (poAzq T >
J J o\ J
2my 2 2
o~ T! T!
tUu, T3 - AUy T (6.7)
9X A
J
aT _ T, 0T,
A —_— = _ ——— ! 1
o ot * pouj,axj Mo 8x2 Bx_‘j (poujca) (6.8)



u!c! aulc!
1o . 0 i o _
Po 3t 0 J ox
ou. oC P
- pUCT —= - pulu! %+ 2 T'Cig,
0 o 9X. i 9%, T a=1
J _ j 0 J j o
— REETRE
. 3 A BC&ui QC&uj N 3 - BCau.
aXx po 2q 9X, aX. ax. '} 3q X,
J J 1 - ‘ i J
2____.__
p_.q a~ull! u!lc!
o) i o . i o
- — ul!lC!' + - 21
A1 h o) ax? AQ
i ; ap 0p . 0§
0 1 1 0 0
- (u_+u*)qcCctu! L———-(——-——— - = = == | (6.9)
o} e} am axl po ax g me axi
QC&T' BC&T' 85& o
0 = 1] 1 - . [} 1 v
Po ot * °y J axj poujT ax‘j oujca ax
, IRy a2c&f'1“' cie
*oax. pOA2q X t Mg - 2 2 (6.10)
J _ aX
2c,° _oec? 2T, ac)
e —_— = 1 1 — —_—
Po 3t * Po J ij 2poujca Xj * ij poA2q X
820'2 C&
+ “o 2OL - 2”0 > (6.11)
oX AT
and, finally,
P
— o —
5= - 2T (6.12)
To
d
an po
p' = - o T (6.13)
o

Equations (6.1) through (6.

6-4

13) are the starting point for the

model equations given in A.R.A.P. Report No. 169.



7. EQUATIONS USED IN A.R.A.P. REPORT NO. 169

In A.R.A.P. Report No. 169, the equations used in the
previous section were written out for a special case of atmos-
pheric motion. If we adopt the convention that (xl > X5 x3)
is (x, y, z) and (ul > Uy u3) is (u, v, w) and take the
direction =2z as perpendicular to the earth's surface so that
gy = 6i3g , we may express this special case of atmospheric

motion as

u = u(z,t) , v=w=0

T = T(z,t)
utu' = u'u'(z,t)
viv! = v'v'(z,t)
w'w' = w'w'(z,t)
u'w! =‘u'w'(z,t)
(7.1)

viw' = 0

u'v' = 0

u'T' = u'T'(z,t)

viT' = 0

w'T! ='w'T'(z,t)

T'" = T'2(z,t)

Equations (6.1) through (6.7) of the previous section may then
be written

<%
jol|
Q
Q
no
!

p) - _ : .
S22 - 35 (pou w') (7.2)

©
Q
ct
n
|
@
+
=

vl
c<}'CJI
"
o

(7.3)



§..§. = ._O_ m —- 9__ t ' :
37 .To gT 97 (pow w') : (7.&)
o _, 0T _ 3 (, g (7.5)
Po 3t ~ Yo 3z 3z Po ' )
aal :
> 0 o , (7.6)
i
ou! op
i _ w' "o
9% -7 P, 32 (7.7)
ou'u' _ — 9u 0 su'u'
o 9t 2o ulw 9Z + 9Z (po 2% 9z )
2
- E u'u' — 9._
Al 3
' Bgu‘u' u'u! 8
+ UO 3Z2 - 2110 )\2 (70 )
gv'v' _ 3 av'v! Pod gi
o3t - 3z (poAzq 37 ) "X (V'V' "3
‘ 82V'v' viv!
+ UO 2 - 2110 2 (7-9)
32 A
ow'w!' 2P, TTwT + 3 J A ow'w' 5 9 ow'w'
Po 3t T, & 3z | Po"2% 3z 3z | o392 3z
P _q 2 b ap
e R ey e S sw'w! "o
Al (w W 3 ) + 2A3q Nz 7
3 w'w! w'w!
oy 5 2 - 2u 2
Z A
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o w24
0 9z

|2

Q
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P

ll\ ) t_’;l’l "'I“ !

0

3 Ju'w!' 9 / \ du'w!'

° 3z (pOAaq 37 ) t 3z &DOABQ 3z )
pq —— 90

0 7 oou'w 0
KI— u'w' + qu 7 T

y 82u'w' ou u'tw!

- - -~
o} 322 o 3 E

Po
(7.11)
o
Yot 2
pou w 9%
Tt p_q
9 du'T! o) e
9z (poA2q 3z )" Al u'l
82u'T' u'T?
Mo A (7.12)
3z AT
p ———
0 2
T_ &l
o)
3 aw ' 9 ow'T?
c 3z <pOA2q 3z > * 3z (poABq 02 )
p_.q 3271 TT
1 LR A
_ 2
ap ap
2 1 e} 1 o}
¥ t g ! —_— ] —— ——_——T - ———
(UO'HJ NKT'w Laz (p p > _2(32 )J
) po



2 )
T e 9T 9 o'
Po 3t = -2 w5ty <poA2q 27 >
2y 2 w1l
g C £ - 2ug (. (
dz° A
In addition, we have
' P
- _2—‘-
p = - T 1 (
o]
and
p
0
1 = o —
o} T ! (
: o)
so that p ,_p'ui , and p‘2 may be found from T , T'ui
and T'2 '

The equations given above are the same as those used
A.R.A.P. Report No. 169 if one places Al = A2 = A3 = A
Table 7.1 below, the equation numbers of the two reports
compared.

Table 7.1

Equation Number Equation Number
A.R.A.P. 169 This Report

16 ~ = = = = = = = - = 7.2

17 -~ = = = = = = = - - 7.5

18 = = = = — - m - o 7.8

19 -~ - - - - =- - - - - 7.9

20 -~ = = = = = - - - - 7.10

21 = = = = = = = = = = 7.11

22 =~ = = = = = - - - - 7.12

23 = - = = = = - - - - 7.13 '

24 - - - - - - - - - - 7.14

7.14)

7.15)

7.16)

in
In

are

In A.R.A.P. Report No. 169, the turbulent structure of

an atmospheric shear layer having given time-independent

distributions u(z) and T(z) was found by solving (7.8)

through (7.14) simultaneously for the distributions of uiu'

uiT' , and T'2 in 2 which came to equilibrium with the

k
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given profiles u(z) and T(z). Once these distributions were
known, the transport of a pollutant speciles Ca in such a layer
from a steady line or point source was discussed in terms of
Egs. (6.8) through (6.11).

To get the equations used in A.R.A.P. Report No. 169, the

mean fields u = u(z), T = T(z), u'u'(z), v'v'(z), w'w'(z) ,

u'w'(z), u'T'(z), w'T'(z), and T'2(z) were assumed given.

In addition, u'v' , v'w' , and V'T' were equal to zero. The
source was assumed to be steady; therefore, one sought Ea(x,y,z).
To simplify the problem, the thin layer approximation was used
so that the derivative of a quantity in the streamwise direction
X could be neglected compared to the derivative of that same
quantity with respect to y and =z . Under this assumption,
(6.8) through (6.11) can be written

_ 3C, 5 [93C, 5 [3C,
—_— = —— — 1 1 - —_— 1] t
pu u PV'CL] Mo 37 | 337 p w'C (7.17)

_ 8CIvT 3C, 4 9C v
= - tyt 2~ —_—
Pt 3% PoV'V 3y + oy p0(2A2 * A3)q oy
3 : aC'v! 3 oC'w!
* 37 | Poho 37 * 3z poA2q 3y
aC'w! P QqQ
9 a O moa
* dy (poA3q 0z ) - 1 CoV
32C&v' BZC&V' CTv
+ T3 + 5 -2 5 (7.18)
dy 9z A
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5 ac v ; 36357
3z | Pot3? 3y * 3y | Polol 37

%cﬁc,w,
1 e
32C'w' BZC'W' Clw!
o a a
u + -2 25
°\ay 92 A
2
ap oap \
= 1 93 1 o) 1 o)
% or | (2 0oy _ i _(__O
(“o+uo> Caw [Bz (p z ) 2 (Bz ) }
o Pq /
(7.19)
T
L ] il
P Ca Z
3 BC&T' 3 BC&T'
3y pohna dy * 3z | Pohot 37
3eCTTT  goCTT crT
a + a o la
Ho 2 (7.20)



_acy® T, ac®\ 4 ac;
= ! | . —_— s
Pok 3% 2pow Ca Z * oy poA2q oy * 92 (poA2q 0z
32C&2 32C&2 'C&2
+ u + -2 — (7.21)
o) ay2 822 A2

We note here that (7.17) through (7.20) are exactly the
same equations as given in A.R.A.P. Report No. 169 (Egs. (12)
through (15)),1f one writes Al = A, = A3 = A



8. DISCUSSION

The equations given in the previous section, and which were
used in A.R.A.P. Report No. 169, may be simplified by considering
high Reynolds number arguments. Normally, all terms containing
the viscosities H, or ug can be dropped ffom the equations,

except for the dissipation term which is of the form

da' ob' _ a'b'
5;; 5;; = - 2uo 2 (8.1)

This term may not be dropped because the equation for the
dissipative scale A 1is viscosity- or Reynolds number-dependent
and is of the form [see Ref. 5] '

+
a b(poqu/uo)

= ‘ (8.2)-
2 2 :
A AS

Thus, at high Reynolds numbers, the dissipation (8.1) is of the

|l—‘

form

a'b! (8.3)

and may not be dropped from the equations.

In our work we have chosen to retain the viscous terms to
enable a shear layer solution to be extended all the way to a
smooth solid boundary. It is necessary to retain most of the
viscous terms if such a solution is to be obtained, because
one must extend the solution through the viscous sublayer near
the surface where the viscous terms are the dominant ones in
the equations.

A simplification is possible, however. Since the terms
which appear in the equations that are multiplied by the sum
(uo + “é) are caused by the inclusion of the divergence of
the velocity field (which may certainly be neglected in the
sublayer), these terms may, for atmospheric flows, be dropped
from the equations.



. If the terms contalning (uo + ug) are dropped, it is
evident (since these terms were the ones that contained the
divergence/strain effects) that the problem of modeling such
terms is eliminated. Thus, the only new term that one 1is
required to model in considering these non-Boussinesq atmos-
pheric equations compared with the Boussinesq model is the
divergence that shqws up in the tendency-towards-isotropy term
in the equation for E;EE . As mentioned in Section 5 where
modeling was discussed 1n some detall, we are considering the
.replacement of the model used in Ref. 1 and in A.R.A.P. Report

No. 169, i.e., (5.15)

au! Ju o} 2
p'(EEl‘+ 3§£) = - KQE'(uiuﬁ - Sy g?)'
k i 1 -2
1] ) | 1]
_ p'up 3p, ) p'uj 3p
po axi po axk
" with the simpler model (5.14)
au! su/ p q 2
P'(sx—i + 'a‘i'lﬁ) = - /Tg'(ui‘uxk - 8y %3
k i 1 .
1 1
- 28 ? 'm 339
ik Po 3xm

Since the effect of including the extra term

T17? 'll
_ <p ur e N p'uy Boo>

or

o}

9x

o}
3

in the model for the tendency towards 1sotropy does not, in
most cases, have a significant effect upon the turbulent
velocity field, we do not iIntend to modify the equations in
Section 7 (which are currently programmed on the computer
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at A.R.A.P.) until such time as a detalled reéxamination of
the entire invariant model that is in use at the present time

is made.
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