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ABSTRACT

The temperature distribution induced in an ambient body of water by 2
surface discharge of heated condenser cooling water must be determined for eval-
uation of thermal effects upon the natural environment, for prevention of recircu~
lation of the heated discharge into the cooling water intake, for improved design

of laboratory scale models and for insuring that discharge configurations meet
legal temperature regulations.

An analytical and experimental study of discharges of heated water is
conducted. The discharge is a horizontal, rectangular open channel at the sur-
face of a large ambient body of water which may have a bottom slope or a cross
flow at right angles to the discharge. Of interest is the dependence of the
temperature distribution in the receiving water as a function of the initial
temperature difference between the heated discharge and the ambient water, the
initial discharge velocity, the geometry of the discharge channel, the bottom

slope, the ambient cross flow, and the transfer of heat to the atmosphere through
the water surface.

The theoretical development assumes that the discharge is a three-
dimensional turbulent jet with an unsheared initial core and a turbulent region
in which the velocity and temperature distributions are related to centerline
values by similarity functions. Horizontal and vertical entrainment of ambient
water into the jet is proportional to the jet centerline velocity by an entrain-
ment coefficient. The vertical entrainment is a function of the local vertical
stability of the jet and th: buoyancy of the discharge increases lateral spreading.
A cross flow deflects the jet by entrainment of lateral momentum and a bottom slope
inhibits vertical entrainment and buoyant lateral spreading.

Experiments are performed in a laboratory basin in which all of the rele-
vant parameters, including the cross flow and the bottom slope, are varied and
three-dimensional temperature measurements are taken in the heated discharge.

The experiments verify that the theoretical model predicts the behavior
of heated discharges. The theory contains no undetermined parameters and the
comparison of the experimental and theoretical results does not involve any fitt-
ing of the theory to data. The rate of temperature decrease in the jet and the
vertical and lateral spreading are controlled by the initial densimetric Froude
number, the ratio of channel depth to width, and the bottom slope. A cross flow
deflects the jet but does not greatly affect the temperature distribution. Heat

loss does not significantly affect the temperature distribution in the heated
discharge within the region treated by the theory.

Application of the theory to prediction of temperatures in an actual
heated discharge is possible if the temperatures, velocities, and the geometry

of the discharge may be schematized by representative steady state temperatures



and velocities and by an equivalent rectangular channel. If a model study is
necessary the theory indicates that temperature similarity requires an undistor-
ted model.

The theoretical model developed in this study may be extended by treating
a stratified ambient condition, by considering recirculation of the heated jet in
a finite enclosure and by development of a theory for the transition of the heated
discharge jet into a buoyant plume.

This report was submitted in fulfillment of Research Grant No. 16130 DJU
between the Water Quality Office, Environmental Protection Agency and the Massachusetts

Institute of Technology. I

Key words: thermal pollution; turbulent, buoyant jets; stratified flow; temperature
prediction; heated surface discharges.



ACKNOWLEDGEMENT

This investigation was supported by the Water Quality Office,
Environmental Protection Agency, under Research Grant No. 16130 DJU as part
of a research program entitled "Prediction and Control of Thermal Pollution".

The project officer was Mr. Frank Rainwater, Chief, National Thermal Pollution
Research Program, Pacific Northwest Water Laboratory, at Corvallis, Oregon.
The cooperation of Mr. Rainwater is gratefully acknowledged.

Stone and Webster Engineering Corporation of Boston, Massachusetts, sup-
ported the purchase of experimental equipment in conjunction with another research
project.

The research program was administered at M.I.T. under DSR 71335 and 72324,
The staff and students at the Ralph M. Parsons Laboratory for Water Resources and
Hydrodynamics gave valuable suggestions throughout the study. The experimental
work could not have been performed without the particular help of Mr. Umit Unluata,
Miss Alician Quinlan, Mr. Edward McCaffrey and Mr. Roy Milley. Typing was done
by Miss Kathleen Emperor. All computer work was done at the M.I.T. Information
Processing Center.

The material contained in this report was submitted by Mr. Stolzenbach
in partial fulfillment of the requirements for the degree of Doctor of Philosophy

at M.I.T.



ABSTRACT

TABLE OF CONTENTS

ACKNOWLEDGEMENT

TABLE OF CONTENTS

I'

INTRODUCTION

II.

1.1

1.2

1.3

1.4

1.5

Why Heated Discharges?
Effects of Heated Discharges
Temperature Prediction
Objectives of this Study

Summary of the Study

REVIEW OF PREVIOUS INVESTIGATIONS

2.1

2.2

2.3

2.4

2.5

Scope of the Review

Turbulent Jets

2.2.1 Physical Properties
2.2.2 Analytical Solutions
2.2.3 Deflected Jets

2.2.4 Confined Jets

Turbulent Flows with Density Gradients
2.3.1 Reduction of Turbulence
2.3.2 Submerged Buoyant Jets
2.3.3 Two Layer Flow

Surface Heat Exchange

Surface Discharge of Heated Water

Page

10
12
14
17
18
18
18
18
22
27
27
28
28
32
32
33

35



III. THEORETICAL CONSIDERATIONS

3.1 Statement of the Problem

3.2

3.3

3.4

3.5

3.6

3.7

The Governing Equations

3.2.1
3.2.2
3.2.3
3.2.4
3.2.5
3.2.6

3.2.7

Basic Equations

Steady, Turbulent Flow Equations
Hydrostatic Pressure

Scale Variables

Large Reynolds Numbers

Small Density Differences

Basic Scale Relationships

Non-Buoyant Surface Jets

3.3.1
3.3.2
3.3.3
3.3.4

3.3.5

Governing Equations
Structure of the Jet
Boundary Conditions
Integration of the Equations

The Solution for Non-Buoyant Jets

Buoyant Jets

3.4.1
3.4.2
3.4.3
3.4.4

3.4.5

Governing Equations
Structure of the Jet
The y Momentum Equation
Vertical Entrainment

Integration of the Equations

The Deflected Jet

3.5.1 The Governing Equations

Bottom Slopes

Solution Methods

Page
42
42
44
44
45
47
48
49
50
51
52
52
54
58
61
65
71
71
73
75
78
80
80
80
90

96



Page

IV. EXPERIMENTAL EQUIPMENT AND PROCEDURE 97
4.1 Previous Experiments 97
4.2 Experimental Set-up 101
4.3 Experimental Procedure 105
4.4 Data Analysis 106
V. DISCUSSION OF RESULTS 112
5.1 The Controlling Parameters 112
5.2 An Example of a Theoretical Computation 114
5.3 Comparison of Theory and Experiment 118
5.4 Comparison of Theory with Experimental Data 135

by other Investigators

5.5 Summary of Jet Properties 143
VI. APPLYING THE THEORY 152
6.1 Prototype Temperature Prediction 152
6.2 Modeling Heated Discharges 158
6.3 A Scale Model Case Study 162
VII. SUMMARY AND CONCLUSIONS 169
7.1 Objectives 169
7.2 Theory and Experiments 169
7.3 Results 171
7.4 Future Work 174
BIBLIOGRAPHY 176
LIST OF FIGURES AND TABLES 179

LIST OF SYMBOLS 182




APPENDIN 1.

ARPEXDIX I1.

Page
The Computer Program for Theoretical 187

Calculation of Heated Discharge Behavior
Deflected Jet in a Cross Flow: Integration 208
of the X and ¥ Momentum Equations Over the

Entire Jet

-8-



I. Introduction

1.1 Why Heated Discharges?

The discharge of heated water into rivers, lakes and coastal
regions has its roots in the growth of demand for electric power and
in the economics of power production. The demand for power generating
capacity in the United States is expected to continue doubling each
decade. As hydro power plant sites are developed to their full capa-
city, the demand will be met increasingly by fossil fuel and nuclear
steam plants. Regional economics and economics of scale result in an
increase in plant size; often fuel costs make nuclear plants more econ-
omic than coal or oil facilities (6 ).

The heat rejected by a steam power plant is related to the
thermodynamic efficiency of the power production process. Present lev-
els of efficiency are about 40% for coal and oil plants and about 307%
for nuclear plants. The nuclear plants reject significantly larger
amounts of heat: 10,000 BTU/kwh vs. 6,000 BTU/kwh (10). Present lev-
els of efficiency are determined by the economics of power plant design
and are mostly a function of the cost of capital items such as turbines
and condensers. Water is the only economic cooling fluid for large
power plants and at present the costs >f its supply and of the heat dis-
posal system do not greatly influence the choice of economic efficiency.
Significant technological improvements in the efficiency of convention-
al steam cycles or tne development of more efficient thermal power gen-
erating methods are not foreseen in the near future (6 ).

The total volume of cooling water used for all industries in



the United States is fifty percent of all water use; the power industry
accounts for all but ten of that fifty percent (9). The large volumes
are dictated by the economic design of the cooling systems which require
low operating temperatures and high flows.

Thus the amount of heat rejected, the volume of water required,
and the temperature rise inthe cooling system necessary to satisfy the
demand for power are determined largely by in-plant technological and
economic considerations not related to the ultimate heat disposal pro-
cess or its effect upon the environment.

The choice of heat disposal systems for a given power plant site
reflects the relatively fixed constraints on temperatures and flows.
Economic re-use of waste heat for domestic or industrial purposes is
inhibited by the low temperature uses and the large flows dictated by
the plant design. The rejected heat must in most cases be returned to
the natural environment. The present methods for heat disposal are
cooling towers, cooling ponds, and once-through cooling. For a 1000 MW
power plant unit the cost of cooling towers may be $10,000,000 and the
cost cf purchasing land for a cooling pond as high as $5,000,000. The
once-through cooling method, in which water is withdrawn from an adja-
cent waterway and returned after being heated, is the most economical
assuming the availability of the natural water (6 ).

1.2 Effects of Heated Discharges

Balancing the economic benefits of once-through cooling is the
impact which the discharge has upon the natural environment and how

this in turn affects the power plant directly and the users of the
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power plant indirectly.

The most immediate undesirable effect of the heated discharge
upon the power plant is the recirculation of the heated water into the
intake, creating a feedback of heat which significantly raises the temp-
erature of the cooling water. The resulting reduction in plant effic-
iency is considered as a cost to the power company. Prevention of re-
circulation was the major concern in the design of a discharge system
before the era of large nuclear plants and public concern over thermal
effects. Separation of the intake and discharge structures or the de-
sign of the intake as a selective withdrawal device are the most common

techniques of preventing recirculation. A knowledge of the flow and

temperature distribution in the receiving waters near the heated dis-

charge is necessary for proper location and design of the intake for

the prevention of recirculation.

The indirect effects of heated discharges are related to the
ciianges in physical and chemical properties of water resulting from a
temperature rise. As the temperature of water increases the demsity,
viscosity and ability to dissolve gases decrease while the vapor pres-~
sure of water increases. The effects of these changes may be striking:
density differences, although small, may produce stable stratified flows
which differ markedly from natural flow patterns; and evaporative water
losses are increased as vapor pressure rises. Dissolved oxygen, a prime
indicator of water quality, may decrease. Biochemical reactions which
consume oxygen and produce undesirable tastes and odors are promoted by

increases in water temperature. Higher level species such as fish or

-11-



shellfish may not survive exposure to high temperatures or may have
vital life cycles inhibited by temperature rises (19).

The above effects have been lumped together under the title of
"“thermal pollution'" since the undesirable changes in the environment
are the result of discharges of heat. Prediction of the response of
the environment to increases in temperature is still at a very basic

level; a fundamental requirement for such an evaluation is always a

knowledge of the temperature distribution induced in the receiving

water by the heated discharge.

1.3 Temperature Prediction

Once-through cooling systems are characterized by an intake and
a discharge structure. The water velocity at the intake, for a given
pumping rate, is a function of intake design since converging flow
structures are not complicated by extreme flow separation. The minimum
possible discharge velocity, however, is usually closely related to the
in-plant velocity since special efforts must be made to de—accelerate
a water flow. Economic power plant design velocities are typically of
the order of 5 to 10 ft. per second. Thus even for a designed area
increase of ten times the discharge velocity is near 1 ft. per second.
This is in general higher than many ambient flow velocities in rivers
and coastal areas. At the point of discharge the momentum of the dis-
charge is significantly greater than that of the receiving fluid and
jet-like mixing of the heated and ambient water occurs. Ambient water
is entrained into the discharge jet and the average temperature and

velocity of the heated flow are reduced. Further from the discharge

-12-



point the jet velocity is reduced to the magnitude of the ambient cur-
rents. In this region, entrainment does not occur and the temperature
distribution is determined by natural turbulent diffusion and convec~-
tion. Ultimately, all of the rejected heat is passed to the atmosphere
through the water surface, a process driven by the elevation °f the
water surface temperature. The density difference between the heated
discharge and the ambient water may inhibit mixing in the initial jet
region and may promote spreading of the discharge as a heated layer.
The temperature distribution induced by a heated discharge is
thus determined near the outlet by jet-like diffusion and in an outer
region by natural processes. Surface heat loss and density effects
occur throughout the flow. The interrelationship of these processes
is very complex. Some basic understanding of each phenomena alone
has been achieved: turbulent jet theory and solutions to convective
diffusion equations are well established and predictions of surface
heat loss rates are now possible. The effects of stratification are
the least understood. Analytical predictions of temperatures in the
vicinity of heated discharges are possible under the assumption that
the flow is either a pure jet, a plume, or a stagnant cooling region.
Often it is not possible to isclate the dominant physical pro-
cess and the flow may be significantly affected by demsity gradients
or the presence of solid boundaries. 1t is customary in such cases to
construct a physical model of the discharge and ambient waterway. Un-
fortunately model scaling laws must be based on an understanding of

the very process which the model is supposed to reproduce. It is

-13-



often impossible, at the present level of knowledge about heated dis-—

charges, to build a model which accurately replicates all of the import-

ant features of the temperature distribution.

For a given cooling water flow the performance of the discharge
structure is a function of its location, size and shape. Submerged
jets achieve greater mixing than surface discharges. The presence of
an ambient cross current increases natural heat dispersion while solid
boundaries inhibit mixing. Several small orifices of high velocity
produce more mixing than a single large one. The cost of the discharge
structure varies widely from the case of a simple pipe ending at the
water surface to a deeply submerged multiple port diffuser. Economical
design of the discharge requires the least expensive configuration which
will meet the restrictions imposed on the temperature distribution for
prevention of recirculation and thermal pollution. In particular fed-
eral and state standards are presently expressed in terms of the per-
missible area in which a certain temperature rise, usually from 1.5 to
5°F, is permitted. The power company must prove before construction
permits are granted that the design of the discharge structure will

meet the legal standard. The pressing demand for new power facilities

requires that accurate methods for relating discharge design to the

temperature distribution induced by the heated discharge be developed.

1.4 Objectives of this Study

This investigation is motivated by the need, as discussed in
previous sections, for accurate temperature prediction techniques which
consider the effect of power plant condenser water discharge design

upon the temperature distribution in the ambient water. Prevention
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of recirculation, evaluation of thermal effects, construction of reli-
able scale models, and economical design of discharge structures re-
quire an understanding of the physics of heated discharges.

The following general problem is considered: A horizontal sur-

face discharge of heated water from a rectangular open channel of arbi-

trary width and depth into a large unstratified body of water which

may be stagnant or flowing with an arbitrary velocity distribution at

right angles to the direction of discharge and which may be infinitely

deep or may have a sloping bottom. The temperature and velocity dis-

tribution in the discharge are considered as functions of the discharge

channel geometry, the initial velocity and temperature rise, the mag-

nitude of the ambient cross flow and bottom slope, and the surface

heat transfer rate. The discharge is considered only to the point

where jet-like behavior ceases and natural turbulence and convection

dominate the temperature and velocity distributions.

Figure 1-1 shows a schematic of the discharge scheme and the
relevant parameters. This problem is chosen because:

1) Often the allowable mixing zone, as defined by temperature
standards, is within the initial jet region.

2) Turbulent diffusion, density gradients, and surface
heat loss may be studied within the defined region.

3) The number of controlling factors is relatively few.

4) The discharge may be studied on a laboratory scale,
thereby allowing accurate measurements and close

control of all parameters.

-15-
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The region dominated by natuyxal processes, commonly called the
"far field", is excluded because of the infinite number of possible
conditions and because of the difficulty in modeling natural phenomena
on a laboratory scale.

1.5 Summary of the Study

A guiding principle of this investigation is that an increased
understanding of the problem as defined is to be found in a synthesis
of existing knowledge of the physical phenomena of turbulent jets,
stratified flows, and surface heat loss. A review of the scientific
literature in these fields provides the framework for a three-dimen-
sional theory based on a turbulent jet model with modifications intro-
duced to include density gradients and surface heat loss. The theory
is developed carefully from the basic governing equations to a set of
integrated equations which may be solved numerically.

The discharge is modeled in a laboratory basin. All of the
parameters of interest are varied and three-dimensional temperature
measurements are taken. Comparisons of theory and experiment verify
the validity of the theoretical model.

The application of the theory to temperature prediction in actual
power plant discharges is discussed. The implications of the theoreti-
cal results for the design of scale models are illustrated by a case

study. Finally, some suggestions for future work are made.
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II. Review of Previous Investigations

2.1 Scope of the Review

The literature in the fields of turbulence and flows of non-
homogeneous fluids is vast. This review discusses those works which
are the major contributors to the theoretical analysis of this study.
Analytical and experimental investigations of turbulent jetrs, flows
with stable density gradients, and heat transfer in turbulent fluids
are examined. Whenever possible reference is made to the best avail-
able summary rather than to original publications.

Several recent investigations treat horizontal surface discharg-
es of heated water. These efforts are examined.

2.2 Turbulent Jets

2.2.1 Physical Properties

Abramovich (1 ) and Townsend (34) discuss the general character-~
istics of various kinds of submerged turbulent jets: (see Figure 2-1)
1) A turbulent shear flow region which increases in size away
from the jet origin. There is a distinct boundary between
the turbulent flow and a potential flow outside the jet.
The jet width, b, is defined as the mean distance from
the jet centerline to this boundary. 1In practice, however,

a half width b is often defined as the point where the

1/2

mean x velocity, u, is one half the centerline mean velo-

city, u.- For isolated submerged jets both b and bl/2 are
observed to grow linearly with x. In plane and axisymmetric

jets, b = .22 x.

~18~
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2) An initial core region of unsheared fluid which is gradually
engulfed by the spread of the turbulent region.

3) Entrainment of ambient fluid into the turbulent region. The
entrainment process is characterized by small scale eddies
near the jet boundary uader the overall control of larger
scale features such as the mean shear. The entrained fluid
velocity normal to the jet is Vg e

4) Heat, mass, momentum and kinetic energy are transported
within the jet by convective and diffusive processes. The
nature of the transport is different for each quantity.

5) Similarity of lateral profiles of velocity in the turbulent

region. The velocity may be expressed by:

u = u f(y/b) (2.1)

where u. is the centerline velocity and f is a similarity
function.

In heated jets, the lateral temperature profiles are similar
to each other but have a shape different from the velocity

profiles.

AT = AT_ t(y/b) (2.2)

where ATC is the centerline temperature difference and t is
a similarity function.
Pearce (26) investigates the dependence of the jet characteris-

tics on the Reyuolds number of the jet. For circular jets the Reynolds

=20~



number is

R = (2.3)

where u_ = initial velocity
do = initial diameter
v = kinematic viscosity

Pearce summarizes the changes in the structure of a circular water jet
as Rincreases:
R < 500 - A long laminar cylindrical column, expanding

slightly. Some small stable wave instability but no

turbulence for x/do < 100.

500<IR< 1500 - Instability of the wave disturbances at some

point distant from the orifice.

1500 < R < 2500 - Complete breakdown into turbulence beyond

a point which approaches the origin as R increases.

2500 < IR< 3000 - The whole jet is turbulent. The spread

of the turbulent zone decreases with increasing IR.

3000 <R - The fully turbulent jet structure is maintained

for all higher values of R. No further change in the angle

of spread of the turbulent zone occurs.

Abramovich (1), Pai (24), and Hinze (17) discuss the turbulent
properties of jets. The significant findings are:

1) The turbulent fluctuations in the shear regions are nearly

isotropic. The fluctuating components of velocity are
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the same magnitude in all directions.
2) The magnitudes of the turbulent fluctuations are small
compared to the maximum mean velocity at any section.

2.2.2 Analytical Solutions

The equations governing free turbulent jets are derived by
Schlichting (29). 7The assumptions common to all the cases considered
are:

1) Molecular transport terms are negligible.

2) Longitudinal diffusion is negligible with respect to

longitudinal advection.

3) Constant pressure throughout the jet.

The equations expressing conservation of mass, momentum, and heat ener-—

gy for a steady state, two-dimensional flow are:

du L By

™ 3y = 0 (2.4)
‘auz Juv au'v'

= T 3y 3y (2.5)
aTu 3Tv av'T!

—— 4 —_— =

3% Y 3y (2.6)

where the quantities u'v' and v'T' are the time averazed fluxes of mom-
entum and heat in the y direction due to turbulent motions. A similar
set of equations may be formulated for axisymmetric flow.

The analytical solution of Equations 2.4 - 2,6 procecds as

follows:

-22-



1) The velocity and temperature distributions are assumed to
be given by similarity functions f and t as in Equations
2.1 and 2.2. The functions f and t are not specified, but
boundary conditions are stated. The most common boundary
conditions are that the jet is symmetrical about the center-
line axis, that the velocity is zero, the temperature con-
stant, and all turbulent transfer is zero at the jet boun-
dary.

2) The turbulent terms are related to the mean variables.
Abramovich (1), Pai @4), Schlichting (29), and Hinze (17)

discuss the well-known assumptions:

Prandtl's mixing length

2 du | 3u

T 2 3T Ju
Tot - ot - o | 2= 2,
u'v 3 | 3y u'T 5y ‘ %y ' (2.7)
Taylor's vorticity transfer
o'y = 2 _?E Ql_l_ T = 29‘2 _a.tl ?1 (2.8)
ay 9y oy 9y
Reichardt's inductive theory
——r_ , 3
u'vl = ——+ (2.9)
oy
Prandtl's new theory
o = 3u T = T 2.10
u'v e, 3y u'T eT 3y (2.10)

In the above relationships the quantities g, e, and er are functions

-23-



3)

of x only. The x dependence of these parameters is related

to the jet structure on dimensional grounds:

e -e.-ub (2.11)

Careful experimental investigation has shown that none of

the local relationships between turbulent transfer and

mean gradients (Equations 2.7 - 2.10) are valid (34). For
many cases, however, the solutions based on these assumptions
do predict the gross behavior of the jet reasonably well.

The similarity functions (2.1 & 2.2) and the turbulent
hypotheses (one of Equations 2.7 - 2.10) are substituted
into the equations of motion (2.4 - 2.6). For jets, the
sufficient criteria that unique equations for the similarity

functions f and t exist, is found to be (34):

Q-b- = const. = € (2‘12)

where e is determined later by comparison of the solution
with experimental data. The functions f and t are determined
subject to the stated boundary conditions. A particular
failing of the mixing length hypothesis is that it results

in the same similarity function for both velocity and temp-
erature. Taylor's theory predicts that heat is diffused

“2m



laterally faster than momentum and that:

t = Jf (2.13)

Prandtl's new theory gives the same result if er = 2ev (see
Figure 2.2) (29).

4) The behavior of U, and ATC is determined by integrating the
equations of motion (2.4 -~ 2.6) over the jet cross section
to yield expressions of constant momentum and heat flux in

the x direction. This completes the analytical solutiom.

A property of the solutions for plane and axisymmetric jets

is that

Ve = auc (2.14)

i,e. the entrainment velocity is proportional to the center-
line velocity with the coefficient of proportionality called
an entrainment coefficient.

Analytical solutions which describe the jet behavior as accurat-
ely as those derived by the above process may be obtained by a consid-
erably less complicated procedure (24):

1) A specific form for the similarity functions, f and t, is

assumed.

2) Either the jet is assumed to spread linearly (Equation 2.12)
or the entrainment relationship (2.14) is assumed. The
appropriate constant, sor a, is determined empirically.

3) The integrated equations of motion are used as in (4) above.

=252
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2.2.3 Deflected Jets

The case of turbulent jets discharged into a cross flow is dis-~
cussed by Abramovich. The literature on the subject is well reviewed
by Fan (11). 1In all the cases considered the jet is deflected by two
processes:

1) Entrainment of the lateral cross flow momentum. The result-

ing force per unit length on the jet in the direction of

the cross flow is:

F = pVq (2.15)

where V is the cross flow velocity and 9 is the total en-
trainment per unit length of jet.

2) A net pressure force caused by eddying of the ambient fluid
in the lee of the jet and by the distortion of the jet boun-

daries. This force per unit length is:
D (2.16)

where CD is a drag coefficient and D is the jet diameter.

2.2.4 Confined Jets

The problem of jets discharging over a solid boundary is re-
lated to diffuser flow as discussed by Schlichting (29). Abramovich
(1) also discusses the confined half jet. The effects of the boun-
dary are:

1) Pressure gradients in the lateral and longitudinal direc-

tion. Adverse longitudinal pressure gradients result in
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separation and eddying. For turbulent flows the point of
separation is determined only empirically.

2) A viscous bouﬁdary layer near the solid boundary. Longi-
tudinal momentum is decreased by wall shear.

2.3 Turbulent Flows with Density Gradients

.2.3.1 Reduction of Turbulence

A discussion of turbulence in the presence of stable density
gradients is given by Phillips (27). Deissler (7 ) formulates a sim-
plified model of initially isotropic turbulence in the presence of a
vertical density gradient. Experimental work with turbulent, density-
stratified flow is reported by Webster (36). 1In all discussions the
parameter controlling the effect of the denéity gradient upon the flow

is the Richardson number given by:

A
z : '
R = d (2.17)
i 2

Iau

az]
As Ri increases from O to 1 the vertical turbulent fluctuations dimin-
ish; vertical transfer of mass, heat and momentum decrease, mass and
heat transfer more so than momentum transfer. The region of maximum
density gradient becomes an "interface" between two layers of differ-
ent densities. Kato and Phillips (22) investigate the entrainment of
mass across such an interface, using a surface shear to generate tur-
bulence. They find the entrainment to be inversely proportional to the
Richardson number. Ippen and Harleman (20) report that viscous under-

flows are stable for TF<1l.0 where IFis the densimetric Froude number
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given by

F = (2.18)

\i
A
o
V is the avérage flow velocity, h is the flow depth and pp is the den-
sity difference across the interface. Underflows of moderate turbulen-
ce are expefimEntally evaluated by Lofquist (23). Experiments over a
large range of Richardson numbers for fully turbulent shear flows are
treated by Ellison and Turner (9 ). Their determination of entrainment
as a fynction of a gross Richardson number expressed as Ri = l/IIF2 is
giﬁen in Figure 2.3. The entrainment coefficient & is defined as the
ratio.of the velocity across the interface, Vs to the average velo-
city parallel to the interface, u. For Ri = (0 the entrainment coeffi-
cient is equal to a s the value observed in homogeneous fluids.

— Phillips (27) proposes a model for vertical transport of momen-

tum in a shear flow, u(z). The model is based upon a wind wave genera-

tion theory; after considerable manipulation the eddy viscosity, e,

defined by
T =p e %& (2.19)
is given by
'2
e ~ w G0 (2.20)
where
(=) T T - o
G, = f w () ét 8 g - [ R(E)dE (2.21)
o w' (e}
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is the integral time scale of the turbulent vertical velocity fluctua-
tions. The more persistent the vertical turbulent fluctuations, the
greater the vertical momentum transfer. Phillips suggests that in a
stratified flow the vertical velocity spectrum reflects the frequency
of the natural oscillation associated with the density gradient, the
Brunt-Vaisala frequency, N:

1/2
N = [—% %J (2.22)

and that in the stratified flow.
6, = { R cos Nedr <o (2.23)
(o)

Assuming that the Richardson number is not so large that vertical tur-
bulence has been completely damped i.e. that w' is still the same mag-
nitude as the other components of the turbulent velocity fluctuations,

then the ratio of stratified shear to unstratified shear.

£ - 5 - 8 (2.24)

The vertical shear is related to the vertical entrainment by
2
T~Uu ve ~ Qqu (2.25)

Thus it must be that for a given shear flow u,

[e0]

f R(&) cos N&Ed&
= 2 <1 (2.26)

«© —

J R(Z) di
(o)

Q,Q
w

(o]

-31-



providing a relationship between the reduction in entrainment and the
vertical density gradient.

2.3.2 Submerged Buoyant Jets

A number of analytical and experimental investigations have been
done for the case of submerged jets in which buoyancy acts on the jet
as a wihole, producing a vertical acceleration but in which the turbu-
lent structure of the jet is not significantly altered by the density
gradients. Fan (11) gives a review of the investigations which include
stratified and non-stratified enviromments, cross flows, and plane or
axisymmetric jets.

A major difference between the analysis of the buoyant and the
non-buoyant jets is that the linear spread of the turbulent region is
no longer generally valid because of the addition of buoyant forces.

In place of a linear spread assumption it is usually assumed that the
entrainment coefficient is constant along the jet. This assumption is
correct for non-buoyant jets as previously discussed, and gives gener-
ally good results for the buoyant jets considered. The value of the
entrainment coefficient is determined by comparison with experiment.

2.3.3 Two Layer Flow

If the local Richardson number is high or the overall densimetric
Froude number low, two layer flows of different densities may exist.
Harleman (12) discusses the equations of motion governing two layer
flow in open channels. Of particular interest is the case of a flow
issuing from a channel into a large body of denser fluid. If the den-

simetric Froude number based on the upstream depth, ho’ and velocity,
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us is less than one, a ''stagnant wedge'" of dense water extends upstream
from the end of the channel beneath the flow of lighter fluid (see Fig.

2-4). The length of the wedge is given by:

2h
L = -2 _l__l_.—2+3]F2/3--§-IF4/3 (2.27)
P 5 .2 5
I
i
u_ -
where F= ——— and fi is a friction factor for interfacial shear
L
Dgo

stress, averaged over the length L. Harleman and Stolzenbach (13) es-
timate the friction factor by using smooth turbulent friction laws in
which Ei is a function only of the Reynolds number of the flow. At
the junction of the channel and the reservoir the interface rises
rapidly. The upper flow densimetric Froude number, based on the act-
ual layer depth and velocity, is unity at this point.

2.4 Surface Heat Exchange

A comprehensive review of surface heat exchange processes and
predictive equations is given by Brady (3 ). The prediction of natur-
al water temperatures requires a determination of all the natural heat
inputs to the water body. The steady state natural water temperature
for fixed heat inputs is referred to as the equilibrium temperature,
Te. In a large body of water the response time for temperature changes
is longer than the characteristic oscillations in heat inputs. The
actual water temperature is never exactly equal to Te for this reason.
In rivers, lakes, and reservoirs the difference between the actual and
equilibrium temperatures is usually less than 5°F. In the ocean it

may be as high as 10° - 20°F.
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The "excess' temperature rise induced by the addition of power
plant heat rejection may be calculated by assuming that the “excess"
heat flux through the surface, qg» is proportional to the difference
between the heated water surface temperature, TS and the equilibrium

temperature, Te.

q ' = pey K (Ts - Te) (2.28)

where the coefficient of proportionality is a function of the water
surface temperature and meteorological conditions. Brady gives form-
ulas and graphs for determining the value of K given wind speed and

dewpoint temperature.

2.5 Surface Discharge of Heated Water

Experimental studies of three-dimensional surface discharges
of heated water have been done by Hayashi (16), Wiegel (37), Jen (21),
Stefan (31) and Tamai (32). Discussion of the experiments is presented
in Chapter 4 and some of the results given in Chapter 5. Previous
attempts to treat the problem analytically are presented in this sec-
tion. Figure 2-5 shows the physical problem considered by each study.

Edinger and Polk present analytical solutions which assume that
the heated discharge is a point source of heat at the water surface on
the boundary of a uniform stream which is infinitely wide and deep. (8)
No lateral or vertical convection occurs, the temperature distribution
being determined entirely by vertical and lateral eddy diffusivities

and by convection in the direction of the uniform stream. Buoyant
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effects are not considered. The results are fitted to field data by
adjusting the value of the vertical and horizontal diffusivities. No
correlation between the fitted values of the diffusivities and values
estimated a priori is found. This treatment is clearly valid only for
the region dominated by ambient turbulence as discussed in Chapter 1.
The difficulty in determining natural turbulent diffusivities is a sev-
ere limitation on the practical use of Edinger and Polk's theory.

Carter treats the case of a heated discharge from a channel into
an infinitely long and wide basin whose depth is uniformly the same as
that of the discharge channel and in which a uniform cross current is
flowing at right angles to the discharge. The jet velocity and tempera-
ture are assumed to be uniform across the width and depth of the jet,
varying only along the centerline coordinate. The jet is deflected by
pressure drag and entrainment of lateral momentum as expressed in inte~-
gral momentum equations. Laboratory experiments are performed in which
the temperature field is measured. The entrainment into the jet is
determined from the experimental data and is input to the theory to ob-
tain predictions of the centerline trajectory which are compared with
the data. The scatter of the data is large but the points are near
the theoretical curves on the average. The neglect of buoyancy and
surface heat loss seems justified for this physical situation although
the spreading of the jet is not measured and may be dependent on buoy-
ant forces. Extrapolation of Carter's results to a deep receiving basin
are not possible since his measured entrainment curves would not be

valid. (5)
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Hoopes treats a physical problem very sSimilar to Carter's. He
assumes that the effect of buoyancy is to make the vertical entrainment
zero and that the jet is vertically uniform and of constant depth even
though the receiving basin is infinitely deep. Hoopes assumes Gaussian
similarity functions for velocity and temperature and accounts for lat-
eral entrainment by defining a lateral entrainment coefficient. Inte-
grated continuity, momentum, and heat equations yield expressions for
jet deflection, width, and centerline temperature and velocity. The
theoretical model is compared with field measurements. Uncertainty in
the values of the ambient cross flows makes comparison of the theoreti-
cal and actual jet trajectories difficult. Also most of the temperature
data is taken far from the discharge where the temperature is nearly
the ambient value. This study illustrates the extreme difficulty in
using field data to check a theoretical model. (18)

Hayashi proposes a theory for a discharge from a channel of
finite width into a large, stagnant receiving body of water. He assumes
that the buoyant stability is so great that vertical entrainment is zero
and that all of the convective terms in the governing equations are neg-
ligible. The equations are integrated over the jet depth using a simi-
larity function to describe vertical temperature and velocity distribu-
tions. Analytical solutions for temperature and velocity are obtained
by assuming that horizontal eddy diffusivities are not functions of
space and taking into account heat loss from the water surface. Experi-
ments done by Hayashi do not agree with the theory and show a large

amount of scatter. The discrepancy between data and theory is a result
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of initial mixing near the discharge point which the theory does not
account for. As discussed in Chapter 1, initial mixing is important
in most heated discharges. Also, the formation of stagnant cold water
wedges in discharge channels of low densimetric Froude number, IF, pre-
vents the local value of IF at the discharge point from being less than
unity. Thus Hayashi's theory, which is valid for F= 0, will not apply
to actual heated discharges. (15)

Wada considers a two-dimensional flow (vertical and longitud-
inal) of heated water and treats the full equations of motion in which
turbulent terms are represented by eddy coefficients. The vertical

eddy coefficients for heat and momentum have the form

= e -
e o + elexp( cRi) (2.29)

where e s e and ¢ are constants which are different for heat and
momentum and Ri is the local Richardson number. (35)

The equations of motion are transformed into a vorticity equa-
tion and solved numerically. The results are physically reasonable,
indicating an initial entrainment near the discharge and a stable two
layer system farther from the discharge. Wada states that the theory
is valid for discharges in which the ambient turbulence controls the

diffusion processes, making e, and e, relatively constant in space.

1
The details of Wada's numerical scheme are not given in his
papers and a calculation for only one case is shown. It is doubtful

that many field conditions correspond to Wada's problem. If the dis-
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charge channel is wide, the jet may behave initially like a two-dimen-
sional flow with little lateral yariations in temperature and yvelocity,
but the turbulent structure close to the discharge origin is jet-like
and is not constant in space as Wada assumes.

Table 2-1 summarizes the studies from the point of view of the
processes affecting the temperature distribution and the number of phys-
ical dimensions considered. Each of the authors presents a satisfact-
ory theory based on the physical situation he assumes. None of the
theories consider all of the factors discussed in Chapter 1 as being
important for the prediction of temperatures in the vicinity of a heat-

ed discharge.
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Direction of Factors Affecting Temperature Distribution

Temperature
Variation Discharge
Initial Channel Bot tom Surface Ambient Ambient

Investigator x y 2z Mixing Buoyancy Geometry Slope Heat Loss Cross Flow Turbulence
Edinger yes yes yes no no no no no yes yes
(8)

Carter yes yes no yes no yes no no yes no
(5)

Hoopes yes yes no  yes no yes no no yes no
(18)

Hayashi yes yes yes no yes yes no yes no no
(15)

Wada yes no yes yes yes yes yes no no yes
(35)

g:lixfly yes yes yes yes yes yes yes yes yes no

Table 2-1. Summary of Previous Theoretical Investigations



I1I. Theoretical Considerations

3.1 Statement of the Problem

The preceding chapter reviews earlier theoretical investigations
of heated surface discharges. Each is severely limited: only Hayashi
considers surface heat loss. There is no attempt to include buoyant
convective motions and none of the theories reproduce the initial core
region in a turbulent jet. There is a need for a three-dimensional
theoretical development which considers all these factors.

This study treats a horizontal discharge of heated water at the
surface of a large body of ambient water. Figure 3-1 shows the rele-
vant geometrical characteristics of the discharge and the definition
of a Cartesian coordinate system. A theory for predicting the three-
dimensional velocity and temperature distribution within the discharge
jet is developed in the following sections. The initial temperature
difference between discharge and ambient water, the discharge velocity,
the channel geometry, surface heat transfer, the ambient cross flow,
and the bottom slope will determine the temperature and velocities in
the jet.

The theory is limited to the region of flow where jet turbulence
dominates ambient turbulence. The ambient cross flow is not necessar-
ily uniform but far from the jet the free surface is uniformly at z = Q
and the temperature is Ta.

The basic hydrodynamic and thermodynamic equations governing the
flow are first transformed into usable form for the case of a non-buoy-

ant discharge into deep, stagnant ambient water. The effects of an
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initial temperature difference are then included in the theoretical
model, Finally, a buoyant jet discharged over a bottom slope or into
a cross flow is considered.

3.2 The Governing Equations

3.2.1 Basic Equations

A fluid flow is characterized by its velocity, density, pres-
sure, and temperature, all of which may be a function of space and
time. These four variables are related by equations expressing con-
servation of mass, momentum, and heat energy and an equation of state
which relates density, pressure, and temperature. In Cartesian coor-
dinates the complete equations for water flow, incorporating the Bouss-

inesq approximation, are:

o 4 3pu 4 3oV 4 3w _
ot X 3y L} G.1)
2 2 2 2
Ju Ju Juv Juw 1 ap 3 u 3 u ) u]
— + + + = - = + v + + (3.2)
2
ot X 3y 3z p ax sz syz 3z

2 2 2 2
3V duv av avw _ _ 1 3p 3V 3 Vv, 2 v]
= + + + = - = + v + + (3.3)
ot X oy 2z p 3y [Bx2 8y2 az2
2 2 2
w o, duw avw+aw=__]:_p__.g [aw aw+aw (3.4)
at ax 3y 3z p 23z l_ax 2z
2., 2 2
Zoam oz, L AL, gy
X y ax Yy 3z
3T a (3.6)
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where u,v,w = velocity components in the x,y,z direction

p = density

P = pressure

T = temperature

v = viscosity

g = gravitational acceleration

k = thermal conductivity
a = thermal expansion coefficient

$ = viscous generation of heat

In conjunction with initial and boundary conditions the fluid
flow is determined by these equations. There is no closed form solu-
tion to the governing equations. Approximations must be introduced
which simplify the equations to the point where solutions may be ob-
tained. The transformation of the governing equations will consist of
dropping certain negligible terms, of assuming the form of certain
variables, and of integrating the equations over a region in space.

3.2.2 Steady, Turbulent Flow Equations

In accordance with standard practice when dealing with turbulent

flows the velocity, pressure, density, and temperature are separated

into mean and fluctuating parts:

< ¢
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In general the mean values may be functions of time when con-
sidered over periods longer than the periods of the turbulent fluctua-

tions. This study considers only steady mean flows.

The result of substituting Equatiouns 3.7 into Equations 3.1 -
3.6 and taking a time average of each terw 5 the well known set of

turbulent mass, momentum, and heal equations.

- ,?,E _Q_-\__’_ —81—7' — _§:p: - 8_5 - _B_E_;_ ap'ul aplv' aplw( _
0 [ax oyt az] U et VoW ot S S+ S = 0
(3-8)
3w’ ouw . duw . 13 225 %0 d%] a'? v e
ax Ty T3z T paax V| 2t 2t T2l T T T sy T ez
Ix dy 9z
(3.9)
3oy . 9ve  avw 1 9 325 9% 0% stV av'l v
x T3y Tz otV t 2t T2 T Tk T ey T ez
y 3x dy 3
(3.10)
duw | Ovw . owl 19 3%%  0%w . 8w u'w'  ov'w'
% Ty Tz T T oaz &tV 2t 2t T2l T Tax T Ty
Y X ay oz
2
ow'
3uT , 3T , owl 227 | 2°T | 2°T]  aw'm' _ ov'TT  aw'T' |, -
) * 9 * az k 2t 2t T2 - ox 3y 0z e
X y X oy 9z y
(3.12)
3p
— + a =0 (3.13)
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Henceforth the mean variables are written without the bar. Fluctuating
qualities are still designated by a prime.

3.2.3 Hydrostatic Pressure

The mean pressure is considered to be the sum of two parts:

P=rp, t Py (3.14)

where the hydrostatic pressure,ph, satisfies the equation

op
-1 _h _
0= > 3z g (3.15)

The remaining component, Py> is a dynamic pressure resulting from fluid

acceleration.

Equation 3.15 may be integrated:

z
P, =~ S pgdz + p_ (3.16)

V4
o

where z, is a point at which Py = Py In this case the elevation of

the water surface, n, is a point where Py = 0. Thus

z
P, T - g pgdz (3.17)

where p 1is the density of the ambient water and is not a function of
a

space. The deviation from the ambient density is -~Ap and in a heated
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jet results from a temperature difference as defined by the equation

of state. If Ta is the ambient temperature corresponding to 0> then

T
o =, - j adr (3.19)
T
a
and
T
bp = g adT (3.20)
T
a

If Equation 3.18 is substituted into the pressure Equation 3.17:

Z z
P, = - S pagdz + g Apgdz (3.21)

n n

The pressure terms in the momentum equations are then:

- z ap

1 sp_ _ _3n__8 o98p dz - 1 74

p  9x & 3x pa-Ap S x CZ Py -Ap 93X 3.22)

1 %P4
p 9y ay oa-Ap y pa-Ap ay
op
18 _ o __1 ’d
L 2 —= 5 (3.24)

3.2.4 Scale Variables

The dominant terms in each equation are identified by estimating
the scale of each variable and the magnitude of spatial changes in each

variable. For this purpose the following ''characteristic" or "scale"
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variables are defined:

x*,y*,z%x = scale of changes in the x,y,z directions
n* = scale of changes in the water surface elevation
u*,v¥ w* = gcale of the mean velocity components
ph* = scale of hydrostatic pressure changes
pd* = scale of dynamic pressure changes
AT* = scale of mean temperature changes
Ap* = scale of mean density changes
u'* v'* w'* = scale of the velocity fluctuations u',v',w'
AT'* = scale of the temperature fluctuations
bp'* = scale of the density fluctuations

¢* = scale of the viscous heat production

In discussing relative magnitudes it is useful to define a quan-

tity § such that the following sequence of terms:

is increasing and each term is an order of magnitude different from

adjacent terms. The symbols << and >> are stronger statements of rela-

tive magnitude.

3.2.5 Large Reynolds Numbers

The ratio of any of the momentum terms to the viscous terms is:

(u¥, vk, w¥) (x*,y*,2%)
A\

R (3.25)
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where the appropriate choice of length and velocity scale is made.
This ratio is the Reynolds number, R. A condition for fully developed
turbulence is that the Reynolds number be very large i.e. R >>1. The
viscous terms are then negligible with respect to the convective terms.
Since k is the same order as v, the molecular heat transfer terms are
also negligible.

In the heat energy equation, the ratio of viscous heat produc-

tion to heat convection is

Q% . 1 (u*z,v*zw*z)

Heat Convection R cp AT*

(3.26)

(U*Z,V*Z’w*Z)
c_AT
P

where cp is the specific heat of water. The quantity
is at most of order 1 in the jet. The viscous production of heat is
therefore neglected.

3.2.6 Small Density Differences

The deviations from the ambient temperature, Ta’ under consider-
ation are of the order 0 - 30°F. The coefficient of thermal expansion

is considered a constant over such a range and Equation 3.20 becomes

Ap = a (T - Ta) = aAT (3.27)

For Ta from 40°F to 100°F the value of ?-varies from 0 to .0002°F‘1.

Thus the maximum value of Ap is .006 for AT = 30°F and T, = 100°F. It
Y

may be said that a
%
807 1 (3.28)
Pa



The pressure lquations 3.22 - 3.24 are simplified by noting that

1. 1 (3.29)

Since AL'* can be no greater than AT*, it must be that Ap'* is
less than or equal to Ap*. The mass conservation equation is simplif-
ied by dropping all terms scaled by Ap* or Ap'* since these are negli-
gible compared to terms scaled by Py The mass conservation then be-

comes the familiar continuity equation for incompressible fluids.

§__L}_+1Y_+3w

T y T 3. = O (3.30)

3.2.7 Basic Scale Relationships

The continuity Equation 3.30 implies that:

*
vk ~ L=y and w* -~ i-— u* (3.31)

The scale for free surface changes, p*, may be determined by
considering the momentum equations at very large depths i.e. as z » -=.
The effect of the jet is negligible and there is no motion at such

depths. Equations 3.22 and 3.23 become:

0=-g0 - & Mo gy - L dappew (3.32)
ax Pa /g ax Pa 3X
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- - 1 apd

0__g%ﬂ-_g_g Mog, - L Larz- - (3.33)

yoopaly Y Pa
It must be that

. Py*
®

nk -~ éﬂ_.z* + — (3.34)

Pa pag

In a fully turbulent shear flow the turbulence is locally iso-
tropic. The scale of the fluctuating components, (u'*,v'*,w'*), are
the same order of magnitude. Furthermore the mean velocity in the dir-
ection of the flow is an order of magnitude greater than the fluctuat-

ing velocities:

'k ' v
LS AR AR (3.35)

3.3 Non-Buoyant Surface Jets

3.3.1 Governing Equations

This section considers the case of a discharge of water horizon-
tally from a rectangular open channel into a large body of water at the
same temperature as the discharge. There is no bottom slope and no
ambient cross flow. With these conditions the equation of mass conser-
vation 3.30 is exact and the heat and state equations are not needed
since p and T are not variables.

The momentum equations with all negligible terms dropped are
shown below. The scale of each term is divided by i;— for convenience

in comparison of terms:
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du duv . duw 3n _ 1 9P u! du'v'  ju'w'
9x oy a9z ox Py ox 90X oy 8z
(3.36)
P * P * x* x*
1 1 1 —A 55 s s X%
* *
p Y p U
2
Juv + v + ovw  _ _ g an _ 1 BPd _ u'v' 3V'2 _ v !
X oy 0z y 0, Yy X ay oz
(3.37)
* * * Pg* yx P *
oy yr P4 oxx P4 x N
a a
duw . VW o> 1 Py au'w wv'w' ' 2
b ay 9z Pa 9z X Ay 2z
(3.38)
z* z* zx Pa*  xx x* x*
x* x* x* 2 z* S 6 y* 6 z*
pur”

If the turbulent terms in the x equation are to be the same

order as the convective terms it must be that:

* *
Y. <5 and Z_ - (3.39)

The first turbulent term is then negligible in all the momentum equa-
tions.

In the y and z equations the turbulent terms are of order 1 if
3.39 is true. The pressure term must also be of order 1 since the con-

vective terms are of order &:
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- 6 (3.40)

The pressure term in the x equation is then negligible. The approxi-

mate equations become:

Ju v w
—a;{- + -a—y + 3z = 0 (3.41)
3u° duv duw du'v' su'w'
W Yyt e T T T T (3.42)
ap 12 1t

e - o,2n __1 d _ av _ v'w

0 g 3y 0. 3y 3y 5z (3.43)
ap 2
_ 1 d _ av'vw' ow'

0 N > — (3.44)

3.3.2 Structure of the Jet

The set of equations is a well known result for turbulent shear
flows. Further assumptions about the nature of the jet are takern from
established experimental and theoretical results in Chapter 2.

The gross features of the jet are defined in Figure 3-2. The
core region has a half-width s and depth r. The turbulent shear region
expanding horizontally has width b; the vertical shear region is of

depth h. Section A-A in Figure 3-2 shows four regions in the jet cross
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sect..on:
(#2): a horizontally sheared region
directions (#4).

0. Thus only half the width of

y =
theoretical development.
The core regions are
bulent zones. The distance
X respectively. If X, <X <X
two regions. For x greater
sheared in both directions.
Figure 3-3 shows the assumed

various regions of the jet:

ua =

u, Fy(y) Fz(z)

where u, is the centerline velocity

by:

Fy = 1.0 0 <y <
F = f
y (gy) § <y <
Fy = 0 b«<y
F = 1.0 -r < Z <
z
FZ = f(cz) -h <z <
F = 0 z <
z

an unsheared core region (#1); a vertically sheared region

(#3); and a region sheared in both

The jet is assumed to be symmetric about the plane

the jet will be considered in the

eventually engulfed by the spreading tur-

at which r and s become zero are xr and

X, <X <x the jet will have only

or x_ a single region (#4) exists,

velocity distributions in the

(3.45)

aty = 0,z = n.F} and Fz are given

s
= X8
b ;y 5
(3.46)
n
-h
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The form of the siwrilarity function, f, is a basic assumpticn of this
theory. A function introduced by Abramovich (1 ) for the main region

of plane and axisymmetric jets is used

2

22 (3.47)

£ = Q-

Abramovich uses a different function for the core region. The reason

for using 3.47 throughout the jet in this theory is discussed in a

later section.

3.3.3 Boundary Conditions

The conditions at x = 0 are assumed to be:

(3.48)

These conditions imply that there is no significant turbulent boundary
layer in the discharge channel.

The theoretical developmsnt treats each of the four jet regions.
Thus boundary conditions nust be specified on the boundaries between
regions. In the following development use will be made of the kine-
matic boundary condition which states that particles of fluid on an
impermeable flow boundary remain at the boundary.

2z = n: The kinematic boundary cendition holds on the free surface:
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u— + v— = y at z = n (3.49)

w'S=u'w' = viw' = 0 at z = n (3.50)

y = 0: The jet is symmetrical about this plane. There is no net flux

of mass or momentum across y = 0.

v=y = u'v' = v¥' = 0 at y =0 (3.51)

z = -r: The boundary of the vertical shear region is not a rigid sur-

face but there is no momentum transfer across this boundary:

w''= u'w' = v'w' = 0 at z = -r (3.52)

It is assumed that the vertical velocity at z = -r is given by:

wo=ow 0 <y<s
w o= whf(gy) s <y<b at z = -r (3.53)
w = 0 b <y

where w_ and wy are variables to be determined by the theory. If r = 0
the above conditions are not relevant and the free surface conditions

hold at the upper boundary of the vertical shear region.
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y = s: This boundary is analogous to z = -r. The conditions are:

u'v' = y'w' = V'2 =0

vo= v -r<z<n (3.54)
v = vbf( gz) -h<z<-r at y = s

v = 0

where the new variables are v and Vye If s = 0 the above conditions
are replaced by those for y = 0.

z = -r-h: The outer boundary of the vertical shear region is assumed
to be a surface with a normal velocity specified. This velocity is

tne entrainment velocity induced by the jet. The distribution of en-

trainment velocity is assumed to be:

LA O<yc<s
w o= wef(;y) s<y<b z = -r~-h (3.55)
w = 0 b<y

where we is to be determined. There is also no momentum transfer at

this boundary

u'w! = W' = w'v! = 0 at z = ~r-h (3.56)
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y = s + b: This surface is analogous to z = -r-h. The conditions are:

v=v, -r <z <N
v = Vef( CZ) -h <z < -r at y =s + b (3-57)
v=20 z < =h

V'Z = u'v' = v'w' = 0

3.3.4 Integration of the Equations

To solve the equation set (3.41 - 3.49) it is necessary to inte-
grate the equations over certain portions of the yz plane such that the
contributions of the turbulent transfer terms, about which no assump-
tion has been made, are zero.

If the y and z equations (3.43 and 3.44) are integrated over

the entire yz plane of the half jet the result is:

n P
Py d
0 = g(r+h) (n,_ = n,_o) - — - — dz (3.58)
y y _(r+h) pa y=b pa y=0

s+b p P
i, S —d - d dy (3.59)

Pa|z= - (x+h)

Using Equation 3.40 it must be that

S e (2.60)

It is assumed that the discharge channel flow is subcritical so

that the water level at x = 0 is contrclled by the level of the ambient
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u

fluid. This is true if the charrel Froude number, I = — s 1s
Jgho
less than unity. 1t then must be that
n*
T < s (3.61)

2%k =

and water surface elevations are negligible in comparison to the scale
of vertical changes in the jet. Integration over the jet in the ver-
tical direction may begin at z = 0 without significant error.

Equations 3.58 and 3.59 imply that the total pressure within
the jet is constant from the interior to the boundary. This pressure
may be estimated by Equation 3.40.

2

ph* <+ pd* ~ 6 ou* (3.62)

Consider the flow of fluid outside the jet. Entrained fluid is trans-
ported from rest far from the jetr, where the pressure difference in-
duced by the jet is zero, to the boundary of the jet where it has
velocity We OT V. The flow outside the jet is nearly irrotational and

Bernoulli's theorem may be applied along a streamline.

(3.63)

or using 3.62
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v~ Qu*
e

(3.64)
w_ -~ Su*
e

The entrainment velocities are proportional to the local longi-
tudinal velocity scale and are an order of magnitude less. This rela-

tionship is formalized by introducing entrainment coefficients:

(3.65)

where ay and a, are variables to be determined by the theory.

The x momentum and the continuity equations are integrated over
each region of the jet using (3.41 and 3.42) the similarity forms for
velocities, the boundary conditions, and the entrainment definition:
Region # 1 - continuity

du

c
rs — +rv - sw =0
dx s r

Region # 2 - continuity

du h

c dr
Ils Ix + SU. Ix + vthl + s [wr U,

(]
o

] (3.66)

Region # 3 - continuity

ducb ds
Lr——+ru = ~ wthl -r [vs - ayuc]

L]
o
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Region # 4 =~ continuity

I 2 dUChE +ul [b dr + h ds + [w,~o u JI.b - (v,-a u )I.h =0
1 dx Yt [ dx dx ] h "z c 1 b yc'7l
Region # 1 - momentum
duc
2rs i + r vy T s wr = 0
Region # 2 - momentum
du 2h 2 dr
s 12 i + s v + ucvth2 + u sw_ = 0
Region # 3 - momentum (3.66)
2 cont'd
duc b 2 ds
r 12 Ix + r U dx ucwth2 -—urv =0
Region # 4 - momentum
2
du “hb
2 ¢ 2 ds dr
————————— ——— — - = O.
12 an + u, I, [h i T b dx] + ucI2 (whb vbh)

1 1 2
where I, = f f(z) dg I, = S £ () dg
0

These eight equations are not sufficient to determine the eleven
variables. The following experimentally observed relationships are

assumed (1 ):

'gf = %f? (3.67)
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dh db
Ix = ix = g (3.68)

Abramovich (1 ) notes that the value of ¢ is different in the
core regions from that in the outer jet. He also uses a different
similarity function for the core regions and matches the inner and
outer regions by allowing h and b to change over a transition region.
This difficulty is bypassed by allowing ¢ and f to be the same every-
where. The results for the outer region are the same as in Abramovich's
work and the differencesin the core region are small. It is assumed
that € = .22 for all values of x.

3.3.5 The Solution for Non-Buovant Jets

The solution of the Equations 3.66 - 3.68 is:

For all x,

h b
, o o
Initial Region X < o1 ’ X < el s
2 2
u = u
c o
r = h - elzx
s = bo - slzx
—ay = o, = e(I1 - 12)
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For h <«
o]

b
o

o] ® < o
<
612 612
h
u o)
fo) XEIZ
0
bo - asz
-e(Il - 12)
Ile
2
b h
512 12
b
u _°_
(o} 2@12
0
ho- s%x
—Ile
2
E(Il - 12)

2 ?

—66-

(3.69)



Defining the dimensionless variables:

cl
[]

o
[]

(o]
L]

"
]

m
fl

and the constants:

h
- - "o
Xr b
o
b
- - %o
xs h
o
ho
A = B-
o
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the solution for velocity and jet dimensions is:

b = h = ex x >0
u = 1.0 )
r=/A (- &) L )
X X < X and x
T s
s =2 (- X)
/ =
s
- x. )
u =J -—7—
X
s = 0 ? i o<n<x
s T
r = /Al - X))
Xr J
(3.72)
u
r = 0
s = L a-=X) X <X <X
YA Xs
XX
- rs - _
- X >x and x
x r
r = s = 0
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For the assumed similarity function:

Il = .450
(3.73)
12 = 316
and thus since € = .22;
§r = 14.4 /A
(3.74)
- 14.4
x =
S YA

A plot of these solutions is shown in Figure 3-4. The data
ghown is from experiments by Yevdjevich (38) for turbulent air slot
jets with values of A from 1.0 to 94.0. Scaling x by vﬁzg; allows all
of Yevdjevich's data to be plotted on a single line, where he presents
separate curves for each value of ho/bo and scales x by‘bo.

This section has considered a non-buoyant horizontal discharge.
The solution is obtained by proposing similarity forms for velocity
and temperature and by assuming linear jet spreading as discussed in
Chapter 2. The definition and determination of entrainment coefficients
are not necessary for the solution of the equations. However, in the
following section, which treats buoyant discharges, the linear spread
assumption is not valid and the entrainment coefficients determined

for non-buoyant jets will be used to give information about entrainment
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in the buoyant case.

3.4 Buoyant Jets

3.4.1 Governing Equations

This section considers the horizontal surface discharge of water

from a rectangular open channel into a large body of water.

The temp-

erature of the discharge is greater than that of the ambient water.

There is no bottom slope and no ambient cross current, these effects

will be included later.

led with the mass and momentum conservation equations.

The scaled momentum and heat equations (3.9 - 3.12) are:

The heat energy and state equations are coup-

u” | duv . duw _ -2 an_ g ( Taap dz - = Py _ou'v' _ qu'w'
9X oy 0z X p X p. oX 3y 9z
n
T~ — (3.75)
Ap* )
1 1 1 5 ~3—~§—— 8 vF oF
pau* u*
—w 2
suv , av” , dwe _ _an_ g (7 3l0 4, - L Pg N VAR VA &
X 3y 3z 3y Pa n 9y py OY 3y 3z
——— e (3.76)
L™
y* y* y* Pq" Pa BZ*  yx x* x*
x* x* x* 7 2 y* y* S Zx
p_u* u*
a
quw | avw QW _ 1 0Py ju'w' v'w' Qw'z
X 3y 9z Pa 92 X ay a2
(3.77)
= 2% L U x* x*
x* x% x* pu*z z% § y* § 2k



auT avT+ wT ju'T' _ v'T sw'T!

x ay 9z 9x oy 0z
(3.78)

* *

1 1 1 5 f; 3;

If, in the x equation (3.75), the pressure term related to the

density difference is to be significant, it must be that:

-1 (3.79)

The y equation (3.76) indicates that if y*/x* -~ §, there is no term of
sufficient magnitude to balance the y pressure terms which would be of

order 1/8 . The conclusion is that

y*/x* .1 (3.80)

and as in the non-buoyant jet, for some turbulent term to be important

in the x equation,

z*/x* - & (3.81)

The z equation (3.77) implies that:

- & (3.82)
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The equations may now be written without the negligible terms.

The progression from the non-buoyant jet to the buoyant case is of in-

terest.

equations are retained.

are eliminated by using Equations 3.22 and 3.23.

For this reason all the terms appearing in the non-buoyant
In addition the free surface variation terms

The density differ-

ence is replaced by the temperature difference using Equation 3.27.

oy v ™ o9
90X oy 9z
]
gu guv g:w - ag S gAT d au;v' au;z
x 9y p, ), °x y
- 2
duv _ dv duv _ ag S anT 4 ;L_apd _av'T _ av'w!
X dy dz Pa /t, oy Pa 3y Ay 2z
0 = - Py av'v' g 2
oz 2y 9z
duAT 3vAT wAT _  _ 3v'AT' _ sw'aT!
X Yy 92 Yy k4

3.4.2 Structure of the Jet

(3.83)

(3.84)

(3.85)

(3.86)

(3.87)

A comparison of the non-buoyant governing equations (3.41 - 3.44)

and those derived for buoyant jets (3.83 - 3.87) indicates the effects

of adding an initial temperature difference to the non-buoyant case:
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1) Buoyant forces in the x direction tending to accelerate
the jet.
2) Buoyant forces in the y direction which increase the lateral

convection.

These effects are incorporated into the jet structure as defined for the
non-buoyznt jet. All the definitions of initial channel geometry, jet
regions, velocity distributioms, and velocity boundary conditions are
assumed to be the same as those defined for the non-buoyant jet as in

Sections 3.3.2 and 3.3.3.

The temperature is assumed to be distributed as follows:

AT = AT, Ty(y) TZ(Z) (3.88)

where ATC is the centerline temperature difference. The similarity
function for temperature is related to the similarity function for velo-

city by Equation 2.13:

T = 1.0 0 < < s

y y
T = t S < <b :EE—
y (cy) y Ly o
T = 0 b <

y Yy

(3.89)
Tz = 1.0 -r <z < n
= . - - - Zz-r

T, = t(sz) h<z<-r g, h
T = (0 2 < -h

z
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where

¢ =/F = 1-7/2 (3.90)

The boundary conditions on the turbulent transfer of heat are

as follows:

w'T'" = 0 z = -r -h
(3.91)

<
L=
]
o
«
]

Candy = s+ b

i.e. no transfer of heat is allowed from the jet into the ambient fluid.

w'T" = K(T - Ta) at z =n (3.92)

where K is the surface heat transfer coefficient as defined in Equation
2.28. It is assumed that the ambient temperature Ta is nearly the eq-

uilibrium temperature Te'

3.4.3 The y Momentum Equation

The y momentum equation (3.43) formulated for a non-buoyant dis-
charge expresses a balance between turbulent momentum transfer and the
dynamic pressure gradient. The integrated form of Equation (3.43) im-
plies a relationship between the centerline jet velocity and the en-
trainment velocity which is formalized by defining a lateral entrain-
ment coefficient, ay, as in Equation 3.65. The y equation in the case

of a buoyant discharge (3.85) contains lateral convective terms and a
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pressure gradient resulting from a lateral temperature gradient. It is
assumed that the non-buoyant balance between lateral turbulent entrain-
ment and the dynamic pressure as expressed in Equation 3.34 holds for
the buoyant jets and that the discussion in Section 3.3.4 is valid for

horizontal entrainment:
v, T aoJu (3.93)

where o 1is assumed to be the same for each jet region as determined
for the non-buoyant jet (Equations 3.69).
Subtracting Equation (3.43) from Equation (3.85) yields a rela-

tionship between the lateral temperature gradient and the lateral con-

vective terms

2 ~w
uv v VW g
S el g 24 4, (3.94)
pa z

+
X oy 02 a3y

'This equation may be integrated over the entire yz plane of the

half jet:
bsco s+b /o )
d 3AT
HS [ uv dzdy = ?5 f ( oy dedz dy (3.95)
o ’=h-r a /o -(r+h) ) ,

where ¢ 1s a dummy variable for z in the integration. In (3.94) a
lateral velocity, v, appears for which there is no previously assumed

distribution which will make the integration possible. This lateral
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velocity is a consequence of lateral pressure gradients and causes the

lateral jet spread to be greater than the non-buoyant linear spread,

f%ﬂ . It is assumed that the lateral spreading velocity is related
NB

to the difference in the buoyant and non-buoyant spreading.

db db]
v - 1€ - u (3.96)
[dx dx NB]

Since the spreading is induced by the lateral temperature difference in
the jet, the distribution of v is assumed to be proportional to the tem—

perature gradient in the y direction which is:

AMT
2y 0 0 <y <s
UT . »r t(r) dt(ﬁ) 1__ Al a 3/2y 3 1/2
oy Sz d;y b b z 2
s <y<b
(3.97)
AT
248t o b
5y 0 <y

Using only the y dependent part of (3.97) the lateral spreading velo-

city is:

v = 0 0<y«<s
o= | [d_b} T P T XN Vi N
dx dx nel © C by ¢ s<y=<b
v = 0 b < y (3-98)



3.4.4 Vertical Entrainment

In Section 3.3.5 the solution of the non-buoyant jet equations
included vertical and horizontal entrainment coefficients, ay and o,
In the previous Section 3.4.3 it is assumed that for buoyant jets the
lateral entrainment is not affect~” Ly the . oyancy and that the lat-
eral entrainment coefficicnt, uy’ is the same as derived for the non-
buoyant jet. As discussed in Chapter 2, vertical entrainment is re-
duced in the presence of a vertical density gradient. In this section
a relationship expressing the reduction of entrainment as a function of
the local Richardson number (2.17) or alternately the local densimetric
Froude number (2.18) is formulated. It is assumed that the entrainment
for zero density gradient is, a s the value derived for non-buoyant
jets.

The theory by Phillips presented in Chapter 2 is used to relate
the vertical entrainment to the local temperature gradient. Hinze indi-
cates that a reasonable form for double correlation functions such as
R in Equation 2.24 is:

2.2
R(E) -~ e © (3.99)

Then it is true that:

Y
Go = e (3.100)
and using (2.26) with 6, = oat
a 2 2
=2 - e N"/4e (3.101)

-78-



where G, is the reduced vertical entrainment coefficient.

Hinze points out that for flow advected in the x direction with
velocity u, the integral time scale G is G = \A/u where A is the inte-

gral space scale of the turbulence. Furthermore in free turbulent jets

A 1is proportional to the width of the turbulent region (34).

It must
then be true that for vertical turbulent motions:
¢ -3 - n/u (3.102)
o c c
since N2 (see Equation 2.22) may be approximated by
No- B 2 g f2 2 (3.103)
Da Yy Oa
the entrainment relationship becomes:
Lo on
- B 2
o
asz = e e = e B/Hi (3.104)

where Hi is a local densimetric Froude number which corresponds very
closely to that defined by Ellison and Turner. Their data, see Figure

2-2, indicates that 8 : 5.0. Thus it is assumed that in the buoyant

jet:

R

"
R
g
e

]
w
o

—_—c (3.105)
Sz z 2
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3.4.5 Integration of the Equations

The momentum and continuity equations are integrated separately
over the four jet regions shown in Figure 3-2 as in the case of the
non-buoyant jet. The heat equation is integrated over the entire jet.

The free surface elevation is estimated as

* *
":? ~ §+ AQ‘—‘ << 1 (3-106)

Pa

and may be neglected in the integration. The complete set of equations
are given in Table 3-1.

The equations governing the non-buoyant jet are a system of
non-linear first order differential equations. There is in general
more than one solution curve, the correct choice being determined by
the conditions at x = 0. Physically a jump from one solution to another
is possible as long as momentum, mass, and heat are conserved without
a gain in mechanical energy. The system of equations may also have
singular points where some or all of the derivitives are infinite.

This study will not treat the possibility of jumps in the jet solution
since downstream conditions must be specified.

3.5 The Deflected Jet

3.5.1 The Governing Equations

This section treats a jet discharging into an ambient cross
flow. Figure 3-5 defines a coordinate system (X, ¥, Z) which is orien-
ted along the centerline of the jet. The angle between the X andy

axis is 6, the jet being discharged with an initial angle 80. The
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Region # 1 - continuity

du

rs S %+ v -sw. = 0
dx s r
Region # 2 - continuity
du h
I.s €+ su dr +vhl +sfw =-a_.u] = 0
1 dx c dx b1 T Sz27¢c
Region # 3 - continuity
ducb ds
Ilr & T ru, o= - wth1 -T [vS - qyuc] = 0
Region # 4 - continuity
du hb
2 c dr ds -
1 o tul [b = +h dx]+ [w,-% g JI;b - (v,—aqu)Ih =0
Region # 1 - momentum
du 2
c d r d ]
—< - Sar T+ < AT b} =
uc[er dx tr Ve 7 8 wr]+—§g§-[dxATc 2 131: dx & c 0
a
Region # 2 - momentum
duczh 2 dr dATCh2 dr
s, —g tsu &t ucvth2 + u sw +,§§§ [I4 4 1 I34T h E?]-()
a
Region # 3 - momentum
2 2
duc b 2 ds 13 dAchr 2 dAchh
Lt T T Ny T e | F g+ I

a
Table 3~1. Integrated Equations for Buoyant Jets
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2

r ds] _
+ T 2+I3hr)a-x—] = 0
Region # 4 ~ momentum
2 2
du_“hb daT h%b
2 "¢ 2 ds dr, - c
Iy —a o Tl g T g oDy (b o ovh) +35[I314 T
pa
2 ds "2 dr| _
+1, aT h° 22+ 1% a1 md dx] = 0
z—momentum
2
d [db _ dbyr,2 i 2 2
A R o) | SSRGS R ATC[ A SR ] =0
NB a
heat:
d
3 [ am ( + nIp) (s +b1)] + Kar_ (s +b1) = 0
where
1 1 2
L, = g £(z) dr = S 1 -22/%"ar = L4500
[s) [0}
1 1 4
1, =S £2(0)de =§ a- 7% 4 = 3160
(o (o]
1 1
3/2
13 = S t(g)dg = J 1-¢ / Jdz = .6000
(o] o]

Table 3-1. Integrated Equations for Buoyant Jets (cont'd)
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db
dx

£ =

1 /1 1 3/2
= g ( t(g) dgdrg = I I A - "% )dgdy = .2143
(o] C o 4
1 1l 2
1/2
=S F(zg) ;/ dg = a- 2% ;1/2 dg = .2222
o ‘o
1 1 4
2 1/2 ( 3 1
=If(c)g/dg= a - /2) c/Zd;= .1333
o ‘o
_ 1 1 3/2 3 _
=) £(Qt(g) dg = (1-7"% dr = .3680
o o
= nonbuoyant spreading rate calculated from the
NB
above equation set with AT = 0.
- (Il - 12)6 s >0
SN s=0
(I, - 1I.)e r >0
b2 agAT h
. a,, = @, exp [—5.0 2]
1° r=0 Palc
2
spreading rate of a free turbulent region = .22
Table 3-1. Integrated Equations for Buoyant Jets (cont'd)
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o
s = b

o
h = b =
b
dx
u = u

o
AT = AT

o

Table 3-1.

Integrated Equations for Buoyant Jets (cont'd)
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cross flow velocity, V, may be a function of x but not y.

It is assumed that the deflection of the jet is

sufficiently

gradual that locally a cylindrical coordinate system may be defined in

20 7

x

which rde = d%, dr = -dy, and r = -

The governing equations for buoyant jets, (3.92 - 3.96) then
contain extra terms which account for the jet curvature:
34 IV W ~ 96
-— _— by + - = .
3% T 35 | a2 v o% 0 (3.107)
aﬁz UV, oW 36 ag YN aa'v' u'w' 58
— + S~ + 2 i 2 = 282 g5 - i RYL LA
P 55 Y + 2uv % 0. (2 % dz oY 33 2u'v AT
(3.108)
-- ~ - 3 -
duv 8V2 VW .2 386 ~2 36 _ ag AT . _ 1 Pg  a%'2
R + 35 + s 4 3% tv 5= = 5 ). dz o 3y 3y
a’‘z a
av'w' 12 386 _ =42 38
B 55 TY 0 wm TV (3.109)
3p ~1t ~|2
d W'w' v
0 = - i %5 55 (3.110)
9uAT oV AT ow AT ov' AT ow' AT
5% 5 T ez - T (3.111)

In the following treatment the effect of the cross flow on the

jet will be expressed in terms of integrations of the equations of
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motion over the entire jet. These results will be incorporated into

the structure of the theory for the undeflected buoyant jet. A major
assumption of the following development is that the cross flow velo-
cities are small compared with the jet centerline velocities i.e. defin-

ing a cross flow scale velocity yx;

¥ (3.112)

If the % and § equations (3.108 and 3.109) are integrated over

the entire jet (see AppendixID,

0 s+b 2 og o] s+b -
dx -=(r+h) /-(s+b) a /=(r+h) 7-(s+b)/z dx
+ q, V cos 8 (3.113)
+b
d o s
E% g ( ﬁ2 dydz = - q_ V sin o (3.114)
-(r+h) ? - (s+b) €

where 9 is the EEEil entrainment into the jet per unit distance along
the X axis. The derivation in AppendixII assumes 1) symmetry of the
jet about the y = 0 plane and 2) a potential flow outside the jet which
is equivalent to assuming that there is no pressure drag force on the
jet.

Equations 3.113 and 3.114 are valid for the whole jet. The
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effect of the cross flow is 1) to introduce an additional term in the
¥ momentum equation to account for entrainment of cross flow X momen-
tum and 2) a bending of the jet so as to balance the entrainment of
cross flow y momentum. The cross flow has the result of making the
boundary conditions on velocity unsymmetrical around the jet boundary
so that strictly speaking Equations 3.113 and 3.114 do not hold for
any separate region of the jet. The jet will no longer be symmetrical
and the analysis of the preceding sections on buoyant and non-buoyant
Jjets cannot be applied.

It has been assumed, however, that for small cross flow velo-
cities relative to the jet velocity the distortion of the jet is small,
To apply the governing equations to the four separate jet regions the
following is assumed also:

1) Equation 3.113 which holds for the entire jet is assumed

to hold for each of the four jet regions separately,

i.e. the effect of the cross flow on the integrated %
momentum equation (3.108) is to add a term which is

the product of Vcos8 and the entrainment per unit length
into the jet region being considered.

2) The similarity functions for velocity and temperature

within the jet are all the same as for the undeflected

jet except for u which is given by:
i = ucFsz + V cos B (3.115)

where Fy and Fz are as defined in (3.46).
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3) The boundary conditions are the same as for the undeflected

jet except the conditions on the velocity at the jet boun-

dary which are:

. dh
W= V cos 6 FEy 0<y=<s

z = -r-h
. o~ dh
W= wef(cy) V cos 8 e s <y<b

(3.116)

v = v, 4+ V cos 6 %% -r <z < n

y = s+b
vV=v f(z)+V cos()gh -h <z < -r

e z dx

where v, and v, are related to the centerline velocity, us by the
entrainment coefficients aszand ay as defined for the undeflected jet.
4) Equation 3.114 which holds for the entire jet is assumed
to hold for each half of the jet on either side of the
surface y = 0. If the y momentum equation (3.109) is then
integrated over the half jet as in Section 3.4.3, and 3.114
is used, the result is a lateral spreading equation iden-
tical with (3.95) in the deflected coordinate system. The
lateral spreading velocity is assumed to be distributed
as in Section 3.4.3 taking into account the different dis-

tribution for u i.e. for s<y<b
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2
- db db 1/2 5 3/2 .3/2
(3.117)

and v = 0 elsewhere.

For deflected jets, the non-buoyant spreading rate, 32] ,

NB
is no louger a constant but is defined by the assumption that the en-
trainment coefficients o and aszare the same. in the deflected non-
buoyant jet as in the non-deflected, non-buoyant jet. It is also as-
sumed that JL {Q& is negligible i.e. that a non-buoyant, deflected
dx dx NB
N

jet boundary will not have a large curvature.

5) In the continuity Equation (3.107), the curvature term

is negligible with respect to the other terms. Equation

3.114 implies that:

V‘«’:_g'_@.*
ax vx
e T8 (3.118)

Thus this assumption is consistent with the basic premise (3.112).

With the above assumptions, the integrated equations governing
a deflected, buoyant jet may be obtained with (3.114) determining the
new variable 8. The coordinate system X, ¥, Z may also be related to
the X,y,z system by geometrical comsiderations. The complete equation
set is given in Table 3-2.

3.6 Bottom Slopes

The presence of a sclid boundary complicates the derivation of
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Region

Region

Region

Region

Region

Region

v [uC + Vcos9] - g,

1: continuity rs o=

[uC + Vcosg] + rv, - sw_ = 0

dr

. o d dr _ -
2: continuity s [di [h(ucIl + Vcos6)] + (uc + Vcosb) ax + W aSZuJ + vthl 0
3: continuity T [J%_ [b(u I. + VcosB)] + (u + Vcos®) ds _ v + o u ] -wbl, =0
dx c1 c dx s yc r 1
4: continuity —% [hb(u I 2 + Vcos@ﬂ + (u I + Vcos6) [b —-+ h QE} + (w, ~a_ u)Ib
dX h sz ¢l
- (v - ayuc) Ih=0
1: X momentum (u + Vcos6)[2rs jl-[u + Vcos8} + rv. - sw ] + ag 4 11—(AT )+I r (AT h)]
c dx c s r Pl dx
=0
~ d 2 2 2 2 dr
2: X momentum S [di [h (uc 12 + 2Vcoseuc1l + Vicos 0)] + [uC + Vcos6] I
2

Table 3-2.

dAaT h
C

dx 3
a

Integrated Equations for Deflected Buoyant Jets

ag S =
uCVcose + 5 [I4 + I_AT h d~ ﬂ-+ vbh (ucI2+Vcos611)
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. d 2 2 2 2 ds
Region 3: X momentum r [di [b (uc I, + 2VcoseucIl + Vcos“p)] + [uC + Vcosg]) 5 -
o ag [13 dA’J.‘cbr2
v [uc + Vcosf] + ayuCVcos% - whb [ucI2 + VcoseIl] + 0. 5 =
2 dAchh r2 ds
+ 13 r TR + ATC ("2— + I3hr) -a—){] = 0
, L= d 2.2 2 2 2 2 2 2
Region 4: X momentum = Ihb(uc 12 + 2Vcoseuc1l + Vicos™90)] + [u, I, + 2Vcoseucll+v cos 9]
bd—g+h-d—s + [w,b - v,h] [u I, + VecosgIl,] —ul [ b - o hlVecos
dx dx h b c 2 1l ¢l %z ay 9
daT h%b
2&[ —c 2 ds 2 arl |
+ . 1314 a% + IAATch ax + 13 ATchb az Q
~ d db db 2 2 2
Jet y momentum = [éi - [dglNB] [uc bI6(r + hIz) + 2Vcoseucb15(r + hIl) + V'cos eb(r+hﬂ
ag r2 2
- ATC ( 5 + I3rh + IAh ) = 0

a

Table 3-2. Integrated Equations for Deflected Buoyant Jets (cont'd)
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Jet heat

Jet bending

Jet x position

Jet y position

where:

d
= [uCATC(s +bI,) (r + hI,) + VcosoaT, (s + bly) (r + hI3)]

+ KATc (s + bI3) =0

2
[;c (s + bIZ) (r + hIZ) + 2VcoseuC (s + bIl) (r + hIl) +

2 2 de _ . -
Vcos 9 (s+b) (r + hﬂ I% UCVSlne(dlsz(S + bIl) + ay(r + hIlﬂl— 0

= sing = 0
é; - cosfh = 0
dx

Il’ 12, 13, 14, 15, 16’ 17 are as defined in Table 3-1

Table 3-2. Integrated Equations for Deflected Buoyant Jets (cont'd)
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db
= = non-buoyant spreading rate calculated from above equations

with AT = 0

17 72
a =
y Ie¢
1
- — S =
> 0
I -1 r >0
(l Z)E agATCh
(!z = asz=az exp [—S.ODUZ]
il_E_ r=o0 ac
2
€ = spreading rate of a free turbulent region = .22
db _
r ho a €
s = b u = u x = 0
o o
x =y = h = b = 0 AT = ATO
6 = 6
o

Table 3-2. Integrated Equations for Deflected Buoyant Jets (cont'd)



the governing equations since a number of the basic assumptions made
for no slopes are no longer valid as discussed in Chapter 2. The jet
will remain attached to the bottom until adverse pressure gradients or
buoyancy effects cause separation, at which time vertical entrainment,
until then inhibited, will begin. This study will not attempt a theory
which predicts the point of separation due to adverse pressure grad-
ients. It is assumed that the jet will not separate from the bottom,
over the entire width of the jet, until the buoyant effects of lateral
spreading cause the slope of the bottom of the jet to be less than the
bottom slope i.e.

dh dr

ax + ax Sx (3.119)

Before this point, vertical entrainment, LA is zero and the jet is

attached to the bottom:

dh dr _
_d—.)z + dx = S (3.120)

In addition, the presence of the bottom invalidates the expressions for
pressure gradients since the pressure gradient at z = - is no longer
known. It is assumed that until buoyant separation occurs that the
buoyant terms have no effect on the jet.

The formulation of Equation 3.120 in the pre-separation zone,
requires the relaxation of one of the other governing equations. It
is assumed that frictional losses are negligible and that the x momen-

tum equations are valid. Since the non-buoyant y—equations result in
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%% = %% which is known to be true only for jets free from solid
boundaries, the y-equation is dropped.

The calculation of a jet over a bottom slope proceeds by testing
at each x step whether, if the bottom slope were not present, the ineq-
uality 3.119 would hold. If the jet is spreading less than the bottom
slope, calculation proceeds as if the bottom were not there. This
assumes that once separation occurs, the losses in the entrained flow
between the jet and the bottom are small. If the jet is spreading
more rapidly than the bottom allows, Equation 3.120 replaces the y-
equation and the calculation proceeds with that set of equations. Thig

formulation is valid with and without cross flows.

3.7 Solution Method

The solution of the governing equations is done using a fourth
order Runge-Kutta integration technique supplied in the IBM Fortran
Scientific Subroutine Package. The routine chooses a step size to meet
a specified error bound for each step. The calling program keeps track
of which region the calculation is in i.e. whether r or s are zero and
supplies the appropriate equations. The actual IBM routine was modifieqd
slightly to prevent negative values of the physically positive vari-
ables. A listing of the program and an input format is given in Appen-
dix I.

The results of the calculations are output in dimensionless
form with u_, AT and /E;E; being the normalizing velocity, tempera-

ture and length respectively.
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IV. Experimental Equipment and Procedure

4.1 Previous Experiments

As mentioned in Chapter 2, experimental studies of heated sur-
face discharges have been done by Wiegel, Jen, Stefan, Tamai, and
Hayashi. Some of the data from these experiments are compared with the
theory of this study in the next chapter. An examination of the experi-
mental techniques of the previous investigators is useful in designing
improved experiments and in avoiding duplication of effort. Table 4-1
gives a summary of the characteristics of each previous experimental
study:

1) Interest has clearly focused on low densimetric Froude

number jets. Only Stefan considers a case where

FF < 1.0 and a wedge of ambient water intrudes into the
discharge channel. Good control of discharge flow and
temperature is necessary if IFis to be held constant
during the course of an experiment. Wiegel's and Jen's
experiments have a large variation in T for each case.

2) The magnitudes of the Reynolds numbers in Table 4-1
reflect the difficulty of achieving a large Reynolds
number in a laboratory experiment, especially when low
Froude numbers are required. Wiegel, Stefan and Hayashi
report values of Rclose to or below 3000, the minimum
value for fully developed turbulence in circular jets
as discussed in Chapter 2.

3) The dimensions of the receiving basins are typical of
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Jen (21)

Wiegel
(37)

Tamai
(32)

Hayashi
@s)

Stefan
(31)

Investigator Ir

18-180

20-30

2.5-11.3

1.4-16.1

0.6-7.2

8300-21000

700-9300

7100-21300

3000-5600

1200-9600

Table 4-1.

26"

26'

Boundary

Maximum
Flow
Receiving Basin Control x/Yhobo
400
15' x 1.5 none .010'<ho<.016'
.032'<b < 05!
o
15' x 1.5 none 400
Circular

25"

36"

40!

.0164'<D<.0361'

3.5' x 2! none 100
Circular
.033'<D<, 084!
17' x 1.5 none 130
2b = h = ,154"
(s} o
17' x 2' Downstream 100

Wier Overflow - 1

& Upstream bo +23
Cold Water .088'<h <,166'
Make-up Flow °

Summary of Previous Experiments

Measurements

Thermocouples

Scanned to Each
x-then Moved

Thermocouples
Scanned at Each
x~then Moved

Fixed Thermistors
Scanned

Fixed Thermocouples
Scanned

A Tethered Sphere
Velocity Probe &

a Thermistor Probe
Scanned Vertically
then Moved to a
New Position



4)

5)

6)

university laboratory facilities except for Tamai who

uses a narrow chamnel. It is likely that the side walls
of Tamai's channel severely limit lateral mixing and
spreading, thus distorting the jet behavior. For this
reason, Tamai's data is not discussed in Chapter 5. None
of the experiments considered cross currents in the re-
ceiving basin.

Only Stefan provides for a disposal of the heated discharge
at the boundary of the basin. Such control is necessary
if steady state conditions are to be achieved during an
experimental run. Boundary flow control may also reduce
eddying of the ambient water in the far corners of the
receiving basins.

Low densimetric Froude number discharges require large
channel dimensions if Reynolds numbers are to remain

high. The available scaled distance, x//ﬁgg; , decreases
as IFdecreases. Many of Stefan's results are for x//ﬂzgg
less than 50. In such a limited distance the differences
in jet behavior between separate runs are small and it

is difficult to determine the effects of the controlling
parameters.

As noted by Wiegel, buoyant surface jets have a tendency
to meander in the horizontal plane about a mean centerline.

A fast scanning multi-probe temperature measurement system
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7)

8)

is best for obtaining an accurate three~dimensional
determination of temperature. Measurements with a sin-
gle movable probe such as Stefan uses must account for
the unsteady nature of the flow.

The velocity of the discharge in the laboratory is
usually less than 1 ft/sec and decreases rapidly away
from the jet origin. A three-dimensional velocity deter-
mination requires a probe capable of measuring velocities
less than .1 ft/sec. Only Stefan uses such a probe during
the experimental runs.

None of the previous experiments involve control of the
surface heat exchange from the water in the receiving
basin, This requires a room in which temperature and
humidity are regulated. This is usually difficult to
achieve in a room large enough to hold the experimental

basin necessary for jet studies.

In light of the above discussion of previous studies, the exper-

iments in this investigation are designed with the following objectives:

1)
2)

3)

4)

Close control of discharge flow and temperature.
Reynolds numbers greater than 10,000.

Boundary flow control which allows operation of the
experiment without a significant change in the steady

state behavior.

Values of x/Vhobo greater than 50.
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5) An accurately positioned, fast scanning temperature
measurement system.

6) The capability for generating cross flows in the
receiving basin.

7) Addition of a sloping bottom in the receiving basin.

The measurement of velocity and the complete control of heat transfer
are considered beyond the resources of this study. However, the labora-

tory is air conditioned so the ambient temperature remains reasonably

constant.

4.2 Experimental Setup

Figure 4-1 shows the arrangement of the experimental equipment.
The receiving basin is 46' x 28' x 1.5'. All the walls within the
basin, including the discharge channel, are comstructed of marine ply-
wood. The adjustable sluice walls along the sides are held by c-clamps.
The probe platform rests on four leveling jacks which may be reached
from the sides of the basin. Point guages at each corner of the plat-
form assure accurate control of the platform level. The sloping bottom
is a lightweight aluminum frame over which industrial plastic sheeting
is stretched. The water level in the basin is monitored by a fixed
point guage.

The heated discharge is supplied from a steam heat exchanger
capable of delivering up to 60 gallons per minute of water at a cons-
tant temperature up to 150°F. The flow is introduced into the discharge
channel through a gravel filter to insure a uniform velocity distribu-

tion in the channel.
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Boundary flow control is established at the sides and at the
rear of the basin. Water may be pumped into or out of each side chan-
nel to create a cross flow in the receiving basin. At the rear of the
basin there is a manifold consisting of 40 lengths of 3/4" hose with
one end mounted on the basin and the other end tapped into a 30' x 8"
PVC pipe outside the wall. The position and orientation of the hose
ends in the basin are adjustable along a frame suspended parallel to
the back wall.

A five horsepower centrifugal pump is used to provide two modes
of boundary control. Water may be withdrawn from the rear of the basin
through the hose manifold and returned to the side channels or a cross
flow may be established in the basin by pumping from one side channel
to the other. A drain line and a cold water inflow line are connected
to the pumping system to permit replacement of heated water withdrawn
from the basin by new colder water.

All flows are monitored by Brooks rotameter flowmeters except
for the drain and cold water input flows which are measured with sim-
ple Venturi meters. Most of the pipe fittings and valves are schedule
80 PVC plastic. Water hose is used in place of pipe whenever possible.

The temperature measurement system consists of 67 Yellow Springs
Instrument #401 thermistor probes, 59 of which are mounted on the basin
platform (see Figure 4~2) and the remainder in the various inflow and
outflow pipes. The probes are connected to a Digitec (United Systems)
scanning and printing system capable of a scanning rate of 1 probe per

second. The tewmperature in degrees Fahrenheit is printed on a paper

=100~



Figure 4-2. Mounted Thermistor Temperature Probes
(scale in inches)
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tape. The probes have an accuracy of about + .25°F with an interchange-
ability of + .05°F. The response time constant of the probes is 7 sec-
onds which filters out turbulent fluctuations. The probes are leveled
using the water surface as a reference plane.

The laboratory building is air conditioned and the temperature
is relatively constant. This has the advantage that surface heat loss
rates do not vary greatly. The wet and dry bulb air temperatures are
measured using two thermistor probes, one of which is covered by a
water saturated gauze strip, mounted in an air flow provided by a small

blower. The wet bulb and dry bulb temperatures are constant at about
66°F and 73°F from day to day.

4.3 Experimental Procedures

An entire experimental run is completed in about one hour. Sur-
face temperatures are scanned initially to insure that no ambient temp-
erature gradients are present. The basin boundary flows are then es-
tablished. 1In the case of no cross flow, the back wall manifold is
primed and an equal flow to each side wall of 50 gpm is established in
all cases. The back manifold does not function well as a selective
withdrawal device and cannot withdraw from a surface layer without suc-
tion of air. It is used solely as a means for maintaining the basin
level and for preventing large eddies in the ambient fluid. The ver-
tical position of the hose ends is maintained at about .5 ft. from the
basin bottom, pointing toward the discharge. A very slow ambient cur-
rent from the side walls to the back is set up which reduces eddying

but does not distort the jet structure. The capability of the pumping
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system to replace the manifold withdrawal with cold water is not used
at all except to maintain the basin level by discharging into the drain
line a flow equal to the channel discharge.

The channel flow is established by first turning on a bypass
flow from the heat exchanger to a drain and adjusting the temperature
of this flow to the desired value. The flow to the discharge channel
is then gradually increased to the proper rate.

Table 4-2 gives a summary of the parameters of each run. The
Reynolds number of all runs is near 10,000 and the density differences
are all about .004, corresponding to a temperature difference of about
25°F. In Runs 1-10 only the densimetric Froude number and the channel
geometry are varied with no bottom slope or cross flow. In Runs 11-19
the bottom slope is placed in the basin and varied from 1/100 to 1/25
for several values of IF. The last runs, 20-25, investigate the case
of an ambient cross flow, without bottom slope, over the entire width
of the basin. To avoid difficulty in comparing the results of differ-
ent cross flow runs, the same cross flow was maintained continuously
during Runs 20-25. The distribution of cross flow velocity, measured
by timing submerged floats, is shown in Figure 4-3.

4.4 Data Analysis

The data from each experiment consists of flow rates, tempera-

tures in the jet, and temperatures of the various inflows and outflows

from the basin. The ambient temperature is defined as the initial basip

temperature. A variation in the surface temperature at the extremitieg

of the basin is determined to be about 0.5°F per hour but the sub-sur-
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Run

Physical Variables Dimensionless Parameters

4 Vmax K 5

ft o o 3 ft

ho(ft) bo(ft) u oo T,°F AT CF Ap/paxlo Viax sec  Sx Rxl0OT E ho/bo ;;xlo
.290 .380 .24 71.5  25.3 4.10 0 o 1.5 1.00 .76 0 8.5
(.417) (.14) (L.1) (.58)(1.10)

.258 .315 .19 69.9 25.6 4.05 0 ® 1.1 1.03 .82 0 10.5
.164 .188 .32 72.1 24.3 3.95 0 w 1.1 1.83 .87 0 6.2
452 104 .35 71.2  25.8 4.19 0 ® 1.2 1.42 4.30 0 5.8
.355 .063 .50 71.8  24.1 3.89 0 ® 1.1 2.35 5.70 0 4.0
.079 .229 .48 73.3 27.4 4.65 0 o 1.1  4.40 .35 0 4.2
.088 .104 .58 72.3  26.1 4,31 0 w 1.1 5.22 .8 0 3.5
.081 .063 .72 72.3  27.0 4.50 0 o 1.0 6.53 1.30 0 2.8
.164 .042 .95 72.6  23.7 3.86 0 w 1.3 6.60 3.95 0 2.1
.083 .042 1.06 71.8 27.6 4.60 0 ® 1.2 9.55 2.00 0 1.9
.246 .313 .20 73.7  23.6 3.91 0 .01 1.1 1.13 .78 0 10.0
. 246 .313 .20 73.3  23.9 3.94 0 .02 1.1 1.13 .78 0 10.0
. 246 .313 .20 72.8  24.3 3.99 0 .04 1.1 1.13 .78 0 10.0
.355 .063 .60 73.2  26.3 4.42 0 .01 1.3 2.70 5.70 0 3.3
.355 .063 .60 74.0 25.6 4.33 0 .02 1.3 2.70 5.70 0 3.3
.355 .063 .60 74.2  25.1 4.24 0 .04 1.3 2.70 5.70 0 3.3
.079 .043 1.25 70.4  28.0 4.55 0 .01 1.4 11.60 1.90 0 1.6
.079 .043 1.25 70.8 27.6 4.50 0 .02 1.4 11.60 1.90 0 1.6
.079 .043 1.25 71.2 27.2 4.45 0 .04 1.4 11.60 1.90 0 1.6
.164 .188 .33 70.9  32.2 5.45 .085 o 1.1 1.16 .87 .26 6.2
.164 .188 .22 73.1  36.1 6.50 .085 ® .8 1.20 .87 .39 9.0
.164 .188 .21 72.8 15.4 2.35 .085 o .7 1.88 .87 .40 9.5
.164 .042 .74 72.1  34.1 6.14 .085 o .9  4.10 3.95 .12 2.8
.164 .044 .98 71.5  31.2 5.29 . 085 o 1.3 5.85 3.95 .09 2.0
.164 .042 .74 72.6 15.5 2.35 .085 o .9 6.60 3.95 ,12 2.8

a) All cross flows as in Figure 4-3. _s

b) Surface heat loss coefficient, K, assumed to be 2 x 10 ~ ft/sec in all cases (see Chapter 5).
c¢) For Run 1 numbers in parenthesis indicate values upstream of cold water wedge.
d) Reynolds number, IR, defined as éuoRH/v where RH = hydraulic radius = boho/(ho+ bo).

Table 4-2. Summary of Experimental Runs
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Figure 4-=3. Cross Flow Velocity in Experimental Basin
(W] Measured

Function used in Computer Program
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face ambient temperature is constant oyer the time of the experiment.

Figures 4-4 and 4-5 are a sample of the three-dimensional temperature

distribution measured by the movable probes for Run No. 10 and Run No.

22. The data anlaysis resulted in centerline temperature rises and jet

widths and depths as follows:

1)

2)

3)

The lateral profiles of surface temperature at all x are
plotted i.e. T vs. y at all x. Centerline temperature
risesabove the ambient, ATC, are immediately available
as in the position, Yo of the centerline in the case

of deflected jets.

The half width of the jet, b1/2, is the distance between
the centerline and the point where the surface temperature
rise is half the centerline temperature rise. Actually
the average of the left and right half widths is deter-
mined in the data analysis.

At each value of x centerline temperatures at each depth
are determined and plotted i.e. ATC vs. z at all x. The
half depth, h1/2’ is the depth at which the centerline

temperature rise is half the surface centerline temperature

rise.

The temperature rises and distances obtained by these processes are nor-

malized by the initial temperature rise, To - Ta’ and the length,

/hobo, respectively.
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V. Discussion of Results

5.1 The Controlling Parameters

This chapter 1s a comparison of the results of the laboratory
experiments, in this study and others, with the calculaticns of the theor-
etical model developed in Chapter 3. The response of the characteris-—
tics of the heated discharge to the dimensionless parameters describing
the discharge and the ambient conditions is examined.

The physical variables characterizing each discharge may be com-
bined into the following dimensionless parameters (see Table 4-2):

u
Q

u
o =
Ao, ngToho
— gh —_
Py o Py

A= ho/bo = discharge channel aspect ratio

EB== = densimetric Froude number

X surface heat loss parameter
u
o

S = bottom slope

ﬁL cross flow parameter
o
The centerline velocity, centerline temperature and the shape of
the jet are functions of the above parameters and of the distance from

the origin:
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= function

{25 ot b h r s ]
u > AT 3 ’ . b 3
o o [ h‘obo Jﬁobo /Hoho /Hob

(o}

K Vv X
[Eo’ Ay w0 S oo ,_—_]
o o hobo

The internal velocities Ver Wi Vy and w, are not determined ex-
plicitly by the theory nor are they measured in the experiments. The
values of u and AT away from the centerline are calculated using the
similarity functions f and t as in Equations 3.46 and 3.89.

Other interesting dependent variables which are also functions

of x may be defined. In the buoyant jet the vertical entrainment is a

function of a local densimetric Froude number:

Hﬁ‘ = —s = local densimetric Froude number

where us ATC, and h are local values at a given distance from the ori-
gin. The total flow in the jet may be determined by integrating the x
velocity over the jet cross section. The ratio of the flow at a given

x to the initial flow, uohobo’ is called the jet dilution:

Ss+b o]
u dzdy

D = = - . .
o h b T h b dilution
00O 00O
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where the similarity function for u (Equation 3.45) is used in the inte-~
gration. The effect of surface heat loss upon the heated discharge.may
be evaluated by calculating the excess heat flow in the jet where excess
heat is defined as heat which raises the water temperature above ambient.
A parameter, analogous to dilution, may be defined as the ratio of the

local excess heat flow to the initial excess heat flow,pc ATouoh b :
P °co

s+b
pC S {O uldTdzdy
p her _ uCATc(r+I7h)(s+I7b)

0 _ excess heat in
H = = = T 20 _Jjet
OCPATouohobo ATouohobo initial excess heat

5.2 An Example of a Theoretical Computation

Only b, h, and ATC are determined in the experiments. Thus
values of'uc,r, S, ﬂi‘, D and H cannot be compared with the theory.
Figures 5-1 and 5-2 show the calculated results for Run No. 6 (see Table
4-2) which includes all the variables and which illustrates the follow-

ing general structure of heated surface discharges.

1) A core region in which the centerline velocity and the

centerline temperature rise decrease very slightly. The lateral spread
of the jet is very large, requiring an initial rise of the jet bottom
boundary to satisfy mass conservation. The dilution, D, and the local
densimetric Froude number, EL, do not vary greatly in this region. The
magnitude of If is nuch larger than Bz;because the initial depth of the
turbulent region, h, is zero. There is no significant surface heat loss

in the core region.

2) An entrainment region in which the centerline velocity and
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temperature drop sharply, approximately as 1/x, as in the non-buoyant
jet. The jet spreads downward by turbulent processes at a rate of the
order dh/dx =z .22. The lateral growth is dominated by grayvitational
spreading at a much greater rate than the vertical turbulent spread.
Because of this large ratio of lateral to vertical spread, the jet reach-
es a maximum depth beyond which the bottom boundary rises to maintain
mass conservation. Local densimetric Froude numbers in this region de-
crease rapidly and the dilution rises sharply as a result of entrain-
ment. Surface heat loss is still negligible in this region i.e. H =

1'0‘

3) A stable region in which vertical entrainment is inhibited

by vertical stability as indicated by the local densimetric Froude num-
ber which is of order one or less. The jet depth continues to decrease
because of lateral spreading. The small jet depths reduce the lateral
entrainment, the dilution and centerline temperature remaining relatively
constant in this region. The centerline velocity, however, drops sharply
as a consequence of the large lateral spread. The surface temperature
pattern, as shown in Figure 5-2, is dominated by the wide, constant temp-

erature stable region.

4) A heat loss region marking the end of the stable region.

The lateral spread is sufficiently large to allow significant surface
heat transfer and the temperature begins to fall again. Once surface
heat loss has begun to be important, the rate of temperature decrease
is very rapid and in conjunction with the low centerline velocity the

discharge may no longer be considered as a jet.
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5) A far field region dominated by ambient conyectiye and diffug~-

ive processes which are beyond the scope cf this study. If ambient flow
velocities are large, the far field region may begin before the stable
region has formed. The excess discharge heat is ultimately lost to the
atmosphere in the far field.

5.3 Comparison of Theory and Experiment

In the previous section the general behavior of heated discharges
is discussed. Many of the characteristics of the discharges cannot be
generalized and must be determined by examining each case. This sec-
tion, in addition to comparing the data with the theory, examines the
behavior of the jet as a function of the controlling parameters discusg-
sed in Section 5.1.

Chapter 4 includes a description of the determination of ATc,

and b from the experimental data. It should be noted that the

b /2 1/2

half width, b , and half depth, h1/2, are defined in terms of the temp-~

1/2
erature distribution rather than by the velocity distribution as dis-
cussed in Chapter 2. The determination of the half width, b1/2’ is
difficult because of a) distortion of the surface temperature distribuy-
tion in the lateral portions of the jet by recirculation of heated water
within the experimental basin and b) the small temperature differences
in the jet far from the discharge point.

In the theoretical computations for all the laboratory cases,
the surface heat loss coefficient is assumed to be 2 x 10--5 ft/sec.

correspending to a heat transfer rate of 110 BTU/ft%day-F{This is in

the low range of values predicted from standard formulas (3 ) and is
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close to Hayashi's (15) estimate for laboratory enyironments, 1.8 x 107°

ft/sec.

In Runs 1-10 the densimetric Froude number, EB » and the aspect
ratio, A = ho/bo’ are varied. There is no bottom slope or cross flow.
Figures 5-3 to 5-12 show the experimental data and the theoretical com-
putations. For low values of EB the jet spreading is too large to per-
mit determination of the half width, 131 /2"

Runs 1 and 2 illustrate the case of I% = 1.0 which is the lowest
possible value of IF . In Run No. 1 the channel densimetric Froude
number is actually less than one and a cold water wedge is observed in
the channel. As discussed in Chapter 2, the wedge will force the heated
flow to obtain F°'= 1.0 at the discharge point. The value of u, and ho
to be used in the theoretical calculation is determined by this condi-
tion. There is little difference between the temperature distribution
for the wedge and non-wedge runs. In Run 2 the "toe'" of the wedge is
positioned at the channel expansion and the vertical structure of the
jet is approximately the same as if the "toe" had intruded into the
channel. For such low n% discharges the entrainment region is very
small, the temperature of the stable region is high, and the heat loss
is promoted by large lateral spreading.

Runs 3 and 4 show the effect of the discharge channel aspect
ratio, A, on low n% discharges in which horizontal entrainment dominates
vertical entrainment. Large aspect ratios provide larger available area

for lateral entrainment and the temperature drops more quickly. Sur-

face heat loss behaves in an opposite manner, being promoted by the
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large horizontal surface areas in low aspect ratio discharges. The
theory does not reproduce the centerline temperature drop for large as-
pect ratios as well as for smaller values.

The same principle is illustrated in Runs 5 and 6. An increase
in aspect ratio may outweigh an increase in IFoas shown in Figures 5-7
and 5-8. In Runs 7-10 (Figures 5-9 to 5-12) the effect of aspect ratio
and densimetric Froude number is diminished as IFoincreases. The jet
depths are much larger and heat loss is not as significant as in the
discharges of lower E% .

Runs 1-10 indicate that the theory agrees well with the data
and is capable of predicting the structure of heated discharges as a
function of EB and A. The experimental error is greatest in the deter-
mination of b1/2 and least for ATC. Since the theory agrees best with
the data for ATc and worst for b1/2 some of the discrepancy between the
data and the theory, especially for the half widths, can be attributed
to experimental error.

In the runs involving bottom slopes (Runs 11-19) (Figures 5-313
to 5-15) only surface temperatures are measured because of the diffi-
culty of positioning probes near the solid botton. The bottom slope
has two counteracting effects upon the jet:

1) Vertical entrainment is inhibited by the presence of the

solid boundary.

2) The vertical core region of depth r persists as long as

the jet is attached to the bottom. This pronotes lateral

entrainment over the full depth of the jet.
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The resultant effect of these two phenomena is dependent upon the values
of ]n)and A. Runs 11-13 indicate that for low I% the jet detaches from
the bottom almost immediately and that the centerline temperature rise
is nearly the same for all the slopes considered and is near the value
computed for no bottom slope. Runs 14-16 (Figure 5-14) show that for
large aspect ratios and low Bﬂ)the bottom slope actually promotes higher
entrainment than without a slope. As with Runs 11-13 the data shows no
dependency upon the value of the bottom slope, indicating early separa-
tion of the jet from the bottom. In Runs 17-19 (Figure 5-15) the reduc-
tion of vertical entrainment increases as the slope decreases. This be-
havior is a consequence of the large densimetric Froude number and mod-
erate aspect ratio for these cases. The jet remains attached to the
bottom and the dilution is dependent upon the value of the slope.

The theory reproduces the trends in the data as discussed above.
The low D% computations (Runs 11-16) show more dependency on the value
of Sx than do the data, indicating that the theory is not predicting sep-
aration of the jet sufficiently close to the jet origin. For the large
Eb runs (17-19) the theory underestimates the effect of the slope on the
reduction of entrainment. The theory fails to reproduce the lateral
spreading of the jet which is seen to be close to the calculated curve
for no slope rather than for the very small spread the theory predicts
when a slope is present. The assumption put forth in Section 3.6 that
the jet does not exhibit buoyant spreading is clearly not valid. The
jet must be spreading laterally at the edges and remaining somewhat

attached to the bottom near the centerline, distorting the jet beyond
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the capability of the theory to describe it with simple similarity func-
tions.

In Cases 20-25 a cross flow deflected the jet. Determination of
the jet centerline position from the temperature data is very difficult
since the total lateral temperature variation within the experimental
measurement area and far from the discharge origin is only a few degrees.
This is particularly true of the runs with low values of HB . The agree-
ment of the experimental and calculated jet trajectories are scattered
but good on the average (see Figures 5-16 to 5-21). The measured center-
line temperature values are also close to the theoretical curves, being
not much different than the no-cross flow cases with the same Hﬂ)and A.
As expected from the formulation of the equations governing deflected
jets, the jet deflection increases with D%, A, and eL since the only
force turning the jet is entrainment of lateral momenzum. The theoreti-
cal calculations are terminated when u, = Vecosf since the basic assump-
tion of small cross flow velocities does not hold beyond that point.

The theoretical calculations used an analytical expression for the cross

flow velocity as a function of x (see Figure 4-3).

5.4 Comparison of Theory with Experimental Data by Other Investigators

As mentioned in Chapters 2 and 4 a number of other studies
collected field and laboratory data for three-dimensional heated surface
discharges. These results are compared with the theory in this section.
Data from Stefan (31), Hoopes (18) and Tamai (32) are not used. Stefan's
data points are too close to the jet origin in most cases to permit exam-

ination of trends in the data; Hoopes' field temperature measurements
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are too close to ambient values to be useful; and Tamai's data is sever-
ely affected by the fact that the experimental basin is no more than 40
times as wide as the discharge orifice. This inhibits the lateral en-
trainment which is so important in three—~dimensional heated discharges.

Jen's (21) experiments are 'one wit circular orifices and values
of ni)from 18 to 180. He found that the centerline temperature drop,

beyond the core region, is independent of EB and given empirically by

(5.1)

where Ro is the initial jet radius. For EL = o , the temperature rise

beyond the core region predicted by the theory of this study is:

ATC ) lo.ZJhobo
ATO b 4 (5.2)

which is valid for rectangular discharge channels. The experimental

data for Jen indicates that the theoretical expressions for Eb = o

are approximately valid for H% > 15. The quantity JE;E; is the square
root of half the discharge channel area. 1If it is assumed that for a
fully submerged circular discharge pipe the proper scaling is also the
square root of half the discharge area, then the quantity JE;E; is re-
placed by Ro jg = 1.25 Ro. Then the expression for the centerline temp-
erature rise beyond the core region(ﬂ%}= «) and a fully submerged circu-

lar discharge pipe becomes, according to the theory of this study:
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- = ——= (approximately valid for F > 15) (5.3)

which is almost identical with Jen's empirical result (5.1). (see Fig-
ure 5-22) For circular discharges the aspect ratio should be taken as
2.0.

Wiegel (37) studied rectangular orifices with aspect ratios of
1/2 and 1/5 and Eb from 20 to 30. TFigure 5-23 shows that his data, when
normalized by /E;E; falls close to the line given by Equation 5.2.
Figure 5-23 also shows Wiegel's data for a discharge of I% from 20 to 30,
aspect ratio of 1/5, and bottom slopes from 1/200 to 1/50. The beginn—
ing of the entrainment region is delayed by the inhibition of vertical
entrainment. Later dilution is seen to be a function of the slope value.
The theory of this study satisfactorily reproduces the delay in initial
entrainment but not the bahavior farther from the origin.

Hayashi (16) studied heated discharges from rectangular orifices
into stagnant receiving water with no cross flow. His data and the
corresponding theoretical calculations are shown in Figure 5-24. The
data scatter is large and the agreement mostly qualitative. The results
1]llustrate the property of heated discharges that a lower densimetric
Froude number produces less dilution in the entrainment region but higher
eventual heat loss far from the discharge point.

5.5 Summary of Jet Properties

The previous sections have considered the general structure of
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heated discharges, the dependence of the detailed structure of the dis-—
charge on the dimensionless parameters IFO, A, K/uo, Sx and V/uo, and
the ability of the theory of this study to reproduce experimental res-
ults. The theory successfully describes the jet behavior except for
lateral spreading in the presence of a bottom slope. In this section
the theoretical calculations are used to quantify some of the general
statements in the previous sections.

The dilution and corresponding centerline temperature in the
stable region are of interest since the stable region is a significant
portion of the surface temperature distribution as previously discussed.
The centerline temperature rise may be related to the dilution by assum-—
ing that no heat has been lost 1.e. H = 1.0 and considering a position

beyond the core region i.e. r = s = 0. The definitions of D and H may

then be combined to yield:

o
<
0
i
R
| =
h—':—-'
o~
|
'—l
w

(5.4)

|

Figure 5-25 is a plot of the dilution in the stable region vs.
I;)with values of A indicated. The points are the theoretical calcula-
tions for Runs 1-10 and for several of the previous investigations, all
with no bottom slope or cross flow. Some tentative lines indicating
the curves for constant A are drawn but many more calculations are
needed to improve the reliability of the plot. Nevertheless it is clear
that the ultimate stable dilution in a buoyant jet depends primarily

upon Ib and to a lesser extent upon A.
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h
The maximum depth of the discharge jet, —— , is also of inter-
/h b
oo
est and may be determined from the theoretical calculations. Figure
5-26 indicates that the maximum vertical penetration of the jet is a

function of Bﬂ)with a very small dependence upon A. The results are

approximated by the following relationship:

= .5 I; (5.5)

Other interesting features of the heated discharges treated in
this study are the values of x at which the various jet regions begin.
Unfortunately the boundaries of the jet regions are not well defined,
transition zones being present between the regions. The lengths of the
core regions, X and x_, are not the same as for a non-buoyant jet, in
which they are functions only of A, but are rather a function of both
IB and A in the buoyant discharge. In the absence of a great many cal-
culations from which to make general plots, the detailed structure of
each specific discharge is best determined by a separate theoretical
calculation for each case.

In the previous section, little was said about the effect of the
heat loss parameter, K/uo, upon the jet behavior. For all but the low-
est values of IB and A, the theoretical calculations indicate that heat
1oss has no significant effect until after a stable region has formed and
the jet has undergone considerable spreading. This is also indicated by

the experimental data. Thus the value of K/u0 will affect only the rate
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at which the stable region loses heat. Since jet-like hehayior ceases
at this point, the value of Kjuo_may be said to have no effect upon the
region of the discharge considered in this study. Surface heat loss may,

however, be important in the far field region as discussed in the follow-

ing chapter.
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V1. Applying the Theory

This chapter considers the use of the theoretical model for sur-
face discharges of heated water in meeting the objectives outlined in
Chapter 1 with respect to prototype temperature prediction and the de-
sign of scale models of heated discharges.

6.1 Prototype Temperature Prediction

Prediction of temperatures in the vicinity of a specific dis-
charge configuration requires the parameters D% » A, Sx’ K/uo, and V/uo
be specified in addition to ATO, Ta’ and the discharge channel area.

The geometry of actual field configurations are rarely as simple as
those assumed in the theoretical development and judgement must be exer-
cised in the schematization of the discharge to a less complex form

for which the dimensionless parameters may be given. This section is

a discussion of the data requirements for treatment of a heated surface
discharge by the theory of this study and of some schematization tech-
niqu?s.

The following are the physical data needed as input to the
theoretical calculations:

The ambient temperature, Ta’ is assumed in the theory to be

constant in space and time. Actual ambient receiving water temperatures
are often stratified vertically or horizontally and may be unsteady due
to wind, tidal action or diurnal variations in solar heating. The nat-
ural stratification of the ambient water may be increased by accumula-
tion of heat at the water surface if the discharge is in a semi-enclosed

region. The value of the ambient temperature, for a given initial temp-
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erature rise, AIO, determines the initial density difference between the
discharged and ambient water. Also the effectiveness of the entrainment
of ambient water in reducing the discharge temperatures is a function

of the ambient stratification.

If the temperature differences resulting from ambient stratifica-
tion in the vicinity of the discharge are the same magnitude as the init-
ial discharge temperature rise, the theoretical model of this study
should not be applied without further development to account for the
stratification. The theory is valid if an ambient temperature, Ta’ may
be chosen which is representative of the receiving water temperatures,
that is, if the temporal or spatial variations in ambient temperature
do not differ from Ta by more than a few degrees Fahrenheit.

The initial discharge temperature rise, ATO, is determined from
the discharge temperature, To’ and the chosen ambient temperature, Ta'
The value of ATO will be equal to the temperature rise through the con-
densers only 1f the intake temperature is equal to Ta. Actual discharge
temperatures should be relatively steady unless the power plant has sev-
eral different condenser designs in which case the discharge temperature
will vary with the plant load. Use of the theory requires that a con-

stant value of ATO be specified, the choice being based on the likely

steady value of the discharge temperature.

The discharge channel geometry is important since the theory

uses one half the square root of the discharge channel flow area as a
gcaling length. Calculation of the discharge densimetric Froude number,

IF , requires specification of the initial depth, ho, and the aspect
o
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ratio, A, requires both.ho and the initial width, bo. Rectangular and
circular discharge geometries are discussed in Chapter 5. The following
procedure is suggested for any channel shape:
a) Let ho be the actual maximum discharge channel depth
so that calculation of E; is not affected by the schema-
tization.
b) Let bo be such that the correct discharge channel area

is preserved:

channel area
b, = o (6.1)

Then the aspect ratio is given by:

h 2n 2

= = (6.2)

channel area

o

The discharge channel geometry may vary with time if the eleva-
tion of the receiving water changes due to tidal motion or other causes,
In this case separate calculations for each elevation of the receiving
water must be made, assuming that the steady state theory predicts the
instantaneous temperature distribution.

The initial condenser water discharge velocity, u  is a function

of the power plant condenser water pumping rate and the channel area,

The bottom slope, Sx is usually not uniform as the theory assum-

es, The average value used as input to the theory should be close to

the value of the slope rear the discharge point since it is the initial
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portion of the discharge jet which is most affected by the bottom slope.

The surface heat loss coefficient, K, may he determined from

meteorological data as discussed by Brady ( 3) who gives several useful

diagrams for estimation of K.

The cross flow velocity, V, in the receiving water may be meas-

ured by drogue surveys or estimated from current records or flow measure-
ments in the case of a river. The theory accepts as input (see Appen-
dix 1) any analytical function which gives V as a function of x.

The dimensionless parameters Eb , A, Sx’ K/uo, and V/uo are func-

tions of the above physical variables. The initial density difference
bp does not appear explicitly in the theory but is represented by a To-
In calculating the initial densimetric Froude number, Ib , the actual
value of Bp,, should be used to minimize the error in the assumption that
the coefficient of thermal expansion, a, is constant. This choice of
Apo is equivalent to choosing an average value of a over the temperature
range Ta to Ta + ATO.

When the discharge channel densimetric Froude number, n% , is
less than unity, a wedge of ambient water intrudes into the discharge
channel as discussed in Chapter 2 and the heated flow will be forced to
obtain a densimetric Froude number of unity at the discharge point (see
Figure 2-4). The depth of the heated flow in the presence of a wedge,

ho*, is given by: (12)

= o (6.3)
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where ho and n% are based on the channel dimensions. A flow area may he
calculated based on the depth ho* and the aspect ratio calculated as des—
cribed previously in this section. The actual discharge may be directed
parallel to a wall which will effectively cut off lateral entrainment
from one side of the jet. 1In this case the discharge may be schematized
by assuming that the solid boundary is the centerline of a jet whose
discharge channel is twice the width of the actual discharge (see Figure
6-1). The width bo is then twice the width calculated by the procedure
discussed previously.

More complicated arrangements of the discharge channel relative
to the boundaries of the ambient receiving waters are beyond the capab-
ilities of the theory of this study. If the discharge channel is nearly
at right angles to the solid boundaries, the theory may be used as dev-
eloped, or if the discharge is directed parallel to a straight boundary,
the schematization described above may be used (see Figure 6-1). How-
ever, if it is not clear whether the jet will entrain water from one or
both sides or if irregularly shaped solid boundaries will deflect the
jet or distort it from the form assumed in the theory, a meaningful
schematization is not possible.

Once the schematization of the discharge configuration is achiev-
ed, the theoretical calculation is performed by the computer program desg-
cribed in Appendix I. The inputs to the program for each calculation

are HL , A, Sx’ K/uo and V/uo (as a function of x//hobo). The program

outputs the values of AT /AT , u_ /u_, b//hb_, h//ﬁgbo. r//hobo, s/VEOboa
6, and the position of the jet centerline as a function of the distance

along the centerline.
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6.2 Modeling Heated Discharges

Laboratory scale models are used when the determination of temp-
eratures in the vicinity of a prototype heated discharge is beyond the
capability of analytical temperature prediction techniques. The theory
of buoyant discharges developed in this study makes the construction of
a model unnecessary if the region of interest is within the scope of the
theory and if the prototype may successfully be schematized as discussed
in the previous section.

Many prototype situations may be divided into a near field and
a far field region. In the near field region the temperature distribu-
tion is controlled by jet entrainment, buoyant spreading and the local
ambient cross flow. The theory of this study is a treatment of the
near field. In the far field region ambient turbulent dispersion, con-
vection, and surface heat loss determine the temperature distribution.
The far field and near field are not independent of each other; the
near field local ambient conditions are a function of the far field
temperature and flow distribution and the input of heat to the far field
is controlled by the near field characteristics.

Information may be needed about the near field or the far field
or about both. Thermal pollution regulations may be such that maximum
temperature levels must be met within the near field. On the other hand,
an evaluation of the effects of the heated discharge upon the natural
environment requires information about the far field temperature dis-
tribution. Recirculation studies may involve either of the regions,

depending upon the relative location of the intake and discharge.
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The theory of this study may be used to analyze the prototype
temperature distribution if the near field temperatures are of interest.
Schematization of the prototype near field is possible within the limita-
tions discussed in the previous section. In general the theory may be
applied if the far field ambient temperature is independent of the near
field structure and if the geometry in the vicinity of the discharge is
relatively simple.

In the case that the prototype does not yield to schematization
or the far field conditions may not be estimated and may be a desired
result of the analysis, a model study is required. If the far field
temperature distribution is of interest the model must reproduce not
only the far field physical phenomena but also the manner in which the
near field inputs heat to the far field. 1In a heated discharge, this
input is characterized by the dilution and corresponding temperature
of the stable region. A model which is to reproduce the prototype far
field temperature distribution must as a minimum requirement have a
near field stable region with the same temperature rise and total flow
at the same location ;s in the prototype.

The physical dimensions and fluid flows in a model of a heated
discharge must be scaled from the prototype in a manner which insures
similarity of the temperature distribution between model and prototype.
Analytical statements of the proper scaling are commonly called '"model
1aws' and will be different depending upon which physical process dom—

inates the distribution of heat.

The characteristics of the near field behavior of buoyant jets
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are discussed in Chapter 5. The dimensionless centerline controlling
parameters are HL , A, S and V/uo, surface heat loss being unimportant
X

in the near field. For similitude of model and prototype near field

temperature distribution it is sufficient that H% , A, Sx and V/uo be

the same in model and prototype. If the following scale ratios are de-

fined:
z_ = ratio of vertical lengths in model and prototype
L_ = ratio of horizontal lengths in model and prototype
u_ = ratio of velocities in model and prototype
AT = ratio of temperature risesin model and prototype

Apr = ratio of density differences in model and prototype

then the similarity requirements for the near field become:

_ 1/2
Ebr 1.0 or u = (Aprzr) (6.4)
Ar = er =1.0 or Lr =z (6.5)

Thus the model must be undistorted (Equation 6.5) with the velo-
city ratio related to the length scale ratio and the density ratio by
the well-known densimetric Froude model law (Equation 6.4). In most
cases Apr is not much different from unity because of the problems of
working with very large or very small temperature differencesin the
laboratory.

The temperature and dilution in the stable region of a heated

discharge are functions of H% and A (see Figure 5-25). Thus even if
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the detailed structure of the near field region is not of inteyest, sim-
ilarity of near field heat input to the far field requires an undistorted,
densimetric Froude model.

Distorted models have some distinct advantages over undistorted
models especially in regard to laboratory space requirements. For a
model to reproduce a large horizontal area of the prototype, making
z_ > Lr results in more workable water depths and higher model Reynolds
numbers than if z = Lr' Distortion may be required by model laws for
similarity of heat loss (14) or frictional effects (13) in the far
field. 1If a distorted model is constructed, the aspect ratio and bottom
slope will be different in the model than in the prototype even if HB
is the same. If this were the only effect of distortion, one might
attempt to adjust the model values of K% to compensate for the distor-

tion of Sx and A. However, the ratios of dimensionless horizontal and

vertical distances in model and prototype are:

= S (6.6)
/h b /h b Zy )
oo r (ol e} r
z
Z r
[hb] = I 6.7)
00r r

The distortion thus tends to make the dimensionless x and y values of any
physical position less in the model and the dimensionless z distances

more. The model temperature distribution would be wider, longer, and
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shallower than the prototype by a factor of-/;;7f;. Varying EB in the

model arbitrarily may produce the same stable temperature or flow as the
prototype but will not counteract the vertical and horizontal distortion
of the temperature field. To compensate for a larger A in the model the

value of HL must be lowered in the model, which will produce an even

wider and shallower model temperature distribution. It is concluded that

it is impossible to build a distorted scale model which reproduces cor-

rectly the minimum required characteristics of the near field region of

a heated surface discharge.

This result has been generally realized in the past. In certain
cases a separate undistorted near field model has been constructed and
the results used to adjust the discharge configuration in a distorted
far field model to reproduce the stable region as observed in the near
field model. The theory of this study should make it possible to cir-
cumvent the construction of near field models except in cases where
geometrical complications are extreme and the theory cannot be used.

6.3 A Scale Model Case Study

A laboratory study of a heated discharge was described by
Harleman and Stolzenbach (14) in 1968. The power plant is located on
the coast of Massachusetts near Plymouth (see Figure 6.2). The primary
discharge configuration under consideration was a surface discharge from
a trapezoidal open channel into a coastal region having a relatively uni-
form bottom slope. The ambient cross current in the coastal zone was
primarily due to wind-driven circulation. The intake was directly down-

wind of the discharge and wasprotected by two breakwaters (see Figure

6-2).
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The purpose of the model study was twofold: to determine the
extent of far field recirculation of the heated water into the intake
and to evaluate the near field temperature distribution. Thus both far
and near field regions were of interest. Any analytical approach to
predicting the near field temperatures would have been frustrated by the
impossibility of determining whether the discharge jet entrainment would
be cut off laterally by the breakwaters protecting the intake. This
was a particularly strong possibility because the prevailing current
would deflect the discharge toward the breakwaters.

In the model study (ATO)r was determined from the arbitrarily
chosen condition (Ap)r = 1.0. The horizontal length scale was Lr = 1/240
to allow reproduction of a sufficient length of coastline in the experi-
mental basin. A vertical scale ratio was chosen as z, = 1/40 on the
basis of far field surface heat loss similarity (see Ref. 14 ). Harleman
and Stolzenbach justified the 6 to 1 distortion in the model on the
basis of Wiegel's data for bottom slopes with A = 1/5 (see Figure 5-23),
This data indicated that the effects of the bottom slope and aspect
ratio distortions tended to counteract each other with respect to ATc'
Figure 6-3 shows the temperature distribution measured in the model for
a typical tide and current condition. The temperature distribution and
observed current patterns in the model indicated that the discharge jet
does entrain water from both sides.

With the knowledge that the entrainment in the jet is not later-
ally inhibited and using the theoretical results of the present study,

the model and prototype may be schematized as discussed in the previous
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section. The releyant parameters are:

Prototype * Model

T 65°F 77°F

a

ar_ 28.7°F 25°F

Qo 720 cfs 5.2 gpm

h, 6.7 ft 17 £t

b, 26.0 ft J11 ft

u 2.0 ft/sec .32 ft/sec

v 1.0 ft/sec .16 ft/sec

K 3.6 x 107° ft/sec 2 x 10°° ft/sec
(200 BTU/ft2-day°F) (110 BTU/ft2-day®F)

S, 1/60 1/10

¥, 2.0 2.0

A .26 1.5

K/u_ 1.8 x 10°° 6 x 107°

V/uo .5 .5

The centerline surface temperatures observed in the model are
shown in Figure 6-4. The model data is plotted in prototype distances
(frt.) by scaling the model distances with the horizontal scale ratio
Lr = 1/240. A theoretical calculation using the theory of this study
with the tabulated model parameters is also shown. In the theoretical
calculation V/uo = 0 and Sx = = since the cross flow in the model wasg
not significant in the near field region and the large value of Sx(1/10)

in the distorted model had little effect on such a low densimetric
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Froude number discharge. The agreement between the model data and the
theoretical calculation plotted in prototype distances (ft.) is good.
It should be kept in mind that the schematization of the model for in-
put to the theory is based upon the observed two-sided entrainment in
the model. Figure 6~4 also shows the theoretical calculation for the
prototype parameters. The model and prototype curves are close together
up to about 500 ft. from the discharge, but the curves diverge from that
point on. The argument based on Wiegel's data is cbviously limited by
the fact that the IL in Wiegel's runs was 25 rather than 2. The model
case shows the formation of a stable region which is apparently not
present in the prototype although the limitations of the theory with
respect to discharges with bottom slopes must be kept in mind. The
model temperature distribution extends farther from the discharge than
that of the prototype by roughly a factor of 2 to 3 which is what Equa~
tion 6.6 predicts for z, = 6Lr as was the case for this model.

This case study indicates that the distorted model does not re-
produce the prototype temperature distribution although the results are
conservative since the model showed higher temperature rises at corres-
ponding distances from the discharge channel. Also the agreement of
model results and theoretical calculations is a verification that the
theory could be substituted for the construction and operation of the

model as far as near field temperatures are concerned.
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y11. Summary and Conclusions

7.1 Objectives

The use of natural waterways for disposal of power plant rejected
heat necessitates prediction of the induced temperature distribution in
the receiving water for:

a) Evaluation of thermal effects upon the natural environment.

b) Prevention of recirculation.

c) Design of discharge structures to meet temperature standards.

d) Scale model design.

This study treats a three-dimensional horizontal surface dis-
charge of heated water from a rectangular open channel at the surface
of a large ambient body of water which may have a bottom slope and a
cross flow at right angles to the discharge. Of interest is the de-
pendence of the temperature distribution in the vicinity of the dis-
charge point upon the initial temperature difference between the ambient
and discharged water, the initial discharge velocity, the discharge
channel dimensions, the bottom slope, the ambient cross flow, and sur-
face heat loss to the atmosphere. The primary objective is the predic-
tion of the temperature distribution within the near field region domin-
ated by turbulence generated by the discharge. Temperature distributions

in the far field region where ambient processes dominate are beyond the

scope of the study.

7.2 Theory and Experiments

Previous knowledge related to heated discharges consists of

established theories for isothermal turbulent jets, measurements of the
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physical properties of turbulent jets, experimental work on stratified

turbulent flows, and a small number of laboratory experiments on heated

surface jets.

Previous attempts by others to develop a theory for heat-

ed three-dimensional surface discharges have been limited by failure to

consider all the factors affecting the temperature distribution in the

discharge.

The theory of this study has the following structure:

a) The discharge is basically a three-dimensional turbulent

jet with a well defined turbulent region in which velocity

and temperature are related to centerline values by simil-

arity functions. Entrainment of ambient fluid into the

turbulent region is proportional to the centerline velo-

city by an entrainment coefficient determined from non-

buoyant jet theory. Unsheared core regions are accounted

for in the theory.

b) The effect of buoyancy on the discharge is to reduce ver-

tical entrainment and to promote lateral spreading of the

of the jet as a density current. A major contribution

of this study is the incorporation of these buoyancy

effects into the turbulent jet theory.

¢) Surface heat loss is assumed to be propdrticnal to the

surface temperature rise aboye ambient in the discharge

and is accounted for throughout the entire discharge

length.

d) The jet is deflected in the presence of an ambient

-170-



cross flow by entrainment of lateral momentum.

e) A bottom slope is assumed to inhibit yertical entrainment
and buoyant lateral spreading as long as the discharge
jet remains attached to the slope.

The theoretical development synthesizes the results of previous
investigations of turbulent jets and stratified flows. "'No new empirical
constants are introduced in the theory and the comparison of the theory
with experiments does not involve any "fitting'" of the theory to the
data.

Experiments are performed in which all the controlling parameters
are varied. Care is taken to insure establishment of fully turbulent
steady state conditions in the discharge and accurate three-dimensional
temperature measurements are taken. The data reduction results in cen-
terline temperatures, discharge depths and widths, and centerline posi-
tion in the case of an ambient cross current.

7.3 Results

A comparison of experimental data from this study and others
with the theoretical calculations indicates that the theory reproduces
the centerline temperature rise, the jet width and depth, and the cen-
terline position. When a bottom slope is present good agreement is
achieved for centerline temperature rises although the theory does not
predict correctly the lateral spreading of the heated discharge.

Particular theoretical results are:

a) For nonbuoyant jets (IB = o) the discharge spreads linearly

with distance from the origin. The centerline temperature
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b)

c)

d)

f)

beyond the core region is given by:

ATc (1/2 x Area of Discharge Chanuel)l/2
T 13.4 " (7.1)
o

This expression is valid for discharges in which H%> 15.
Buoyant jets (1 < HB < 10) consist of a core region, an
entrainment region, a stable region, and a heat loss

region which marks the end of the jet and the beginning

of the far field which is dominated by ambient processes.
Entrainment increases with increasing initial densimetric
Froude number, Hg , and with discharge channel aspect

ratio, A = ho/bo' The temperature and diluted flow in

the jet in the stable region are functions of EB and A

(see Figure 5-25).

The vertical spread of the jet is inhibited and the lateral
spread increased by the buoyancy of the discharge. Spread-
ing increases with decreasing H%)and the maximum vertical
penetration of the jet is a function of F_ (see Figure 5-26).
Surface heat loss has no significant effect on the behavior
of the discharge in the core region, the entrainment region
or the stable region.

Ambient cross flows whose velocities are small relative to
the initial discharge velocity deflect the discharge center-

line but do not greatly affect the temperature distribution.
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g)

Bottom slopes tend to inhibit yertical entrainment for
heated discharges in which HB is greater than about 5.
Discharges with smaller values of Ib tend to separate
from the bottom close to the discharge point and show
little dependence on Sx’ the value of the slope. There
is some indication that in the region where the jet is

attached to the bottom, the increased lateral area actually

promotes increased entrainment in low Ek’discharges.

This study of heated surface discharges satisfies its broad ob-

jectives to the following extent:

a)

b)

c)

Evaluation of thermal effects: The theoretical model pre-

dicts the limits of the near field temperature distribution
in which temperature rises are significant. The diversion
of natural flows by jet entrainment is also a result of

the theoretical calculations.

Recirculation: The dependence of the maximum vertical

discharge depth on n% (Figure 5-26) enables design of
skimmer wall structures which require a knowledge of the
depth of the heated layer at the intake. The calculated
dimensions and position of the discharge jet aids in the
location of an intake for prevention of recirculation.

Discharge design: The temperature and shape of the heated

discharge is directly related to the densimetric Froude
number, Eb , and the aspect ratio, A, of the discharge

channel by the theory. Theoretical calculations may be
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d)

used to evaluate the success of discharge configurations
in meeting temperature standards.

Scale models: The theory indicates that near field temp-

erature distributions are not reproduced in distorted models.
1f the prototype discharge configuration may be schematized
as input to the theory, the theoretical calculations will
make construction of an undistorted near field model unneces-

sary.

7.4 Future Work

The immediate need is for incorporation into the theory of some

of the more complex aspects of heated discharges:

a)

b)

c)

Stratified receiving water: This requires more complicated

assumptions for heat transfer within the jet and for buoy-
ant spreading rates.

Accumulation of heat in the far field: If the far field is

of finite size, the rejected heat will cause the far field
surface temperature to rise until equilibrium with surface
heat loss is achieved. The resulting stratification must

be described and its interaction with the discharge entrain-
ment and buoyant spreading accounted for as in (a) above.

A far field model: Buoyant plume theories (4 ) (28) have

already been postulated. A complete picture of the temp-

erature distribution in the near and far field regions awaits
the development of a theory for the transition region batween

the near and far fields.
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Much of the field data on temperatures in the vicinity of actual
prototype discharges is either unavailable to researchers or is of such
poor quality that it is unusable. Improvements in the theory of this
study and the development of extensions as described above depend cruc-

ially upon the availability of accurate, complete field data for power

plant heated discharges.
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LIST OF SY:MBOLS

A - the discharge channel aspect ratio = ho/b
o
a - the coefficient of thermal expansion = - %%
b - horizontal distance from the jet centerline to

the jet boundary
b - one half the width of a rectangular discharge channel
b - horizontal distance from the jet centerline to the point
where the temperature or velocity, as defined, is one

half the centerline value

D - the ratio of flow in the jet to the initial discharge
flow = dilution

Dstable - the dilution in the stable region of a heated discharge
db .
- - the spread of a non-buoyant jet
dx
NB
F - the densimetric Froude number = .
o

HB - the densimetric Froude number of the discharge channel

P

o gho
Pa
uC

I¥ - the local densimetric Froude number in the jet =

L
o
e a

[ - @¥)°

f - the similarity function for velocity =

Go - the turbulent integral time scale in a homogeneous flow

Gs - the turbulen:t integral time scale in a stratified flow

H - the ratio of heat flow in the jet to the initial discharge
heat flow

h - wvertical distance from the jet centerline to the jet
boundary
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T ST T

depth of the discharge channel

depth of the heated flow at the point of discharge if a
cold water wedge is present

vertical distance from the jet centerline to the point
where the temperature or velocity, as defined, is one
half the centerline value

the maximum value of h obtained in a heated discharge

f(z)dg = .4500

£2(c)dr = .3160
t(2)dz = .6000

1
g t(g)dedz = .2143
14

o [

f(C)C]'/2 dz = ,2222

o~

£2yt? = 11333

o =

f(@)e(t)dz = .3680

S

the surface heat loss coefficient
the thermal conductivity of water

the scale ratio for horizontal lengths between
model and prototype 12
g QEJ

the Brunt-Vaisala frequency = ['p =2

the pressure
the dynamic pressure

the hydrostatic pressure

~-183-



ATC

AT

AT
r

the discharge channel flow
the entrainment flow into the jet per unit length of jet
the Eulerian time coefficient of a turbulent flow

g %o
the Richardson number = p 3z

3u 2
92
the hydraulic radius of the discharge channel flow

the radius of a circular discharge pipe

AuoRH
v

the jet Reynolds number =

the vertical distance from the jet centerline to the
boundary of the core region

the bottom slope

the horizontal distance from the jet centerline to the
boundary of the core region

the temperature

the ambient temperature

the equilibrium temperature

the jet surface centerline temperature

the temperature of the heated fiow in the discharge
channel

the temperature at the water surface
temperature rise above ambient in the jet = T - '1‘a

the surface temperature rise above ambient at the jet
centerline Tc - Ta

the temperature difference between the discharge and
the ambient water = T° - Ta

the scale length for temperature rises between model
and prototype

the similarity function for temperature = 1 - 53/2
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the velocity components in the fixed coordinate system

the velocity components in the coordinate system relative
to the centerline of a deflected jet

the velocity in the discharge channel

velocity of the heated flow at the point of discharge
if a cold water wedge is present

the surface centerline jet velocity
the scale ratio for velocities between model and prototype
the ambient cross flow velocity

the lateral velocity of the entrained flow at the jet
boundary

the lateral velocity in the jet at vy = s and ~h <z <-r
the lateral velocity in the jet at y = s and -r<z < n
the vertical velocity in the jet at z = -r and s<y<b

the vertical velocity of the entrained flow at the jet
boundary

the vertical velocity in the jet at z = -r and O<y<s
the fixed coordinate directions

the coordinate directions relative to the centerline
of a deflected jet

the distance from the jet origin to the point where s = 0
the distance from the jet origin to the point where r = 0

the scale ratio for vertical lengths between model and
prototype

the entrainment coefficient
the entraimment coefficient in a homogeneous flow
the entrainment coefficient in a stratified flow

the lateral entrainment coefficient in non-buoyant and
buoyant jets
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a - the vertical entrainment coefficient in a non-buoyant jet

- the vertical entrainment coefficient in a buoyant jet

sz

§ - a scaling quantity one order of magnitude less than unity

€ - the spread, %5—, of the turbulent region in an undeflected
non-buoyant jet

n - the water surface elevation

8 - the angle between the jet centerline (x axis) and the y axis

6, - the angle between the discharge channel centerline and the
y axis

o ~ the density of water

Py - the density of the ambient water

Po - the density of the heated discharge

Ap - the difference between the density and the ambient water
density = p - Pa

Apo - the difference between the density of the heated flow in
the discharge channel and the ambient density = Po = Pa

Apr ~ the scale length for density differences between model
and prototype

® - viscous generation of heat

v - the kinematic viscosity of water

Superscript * -  indicates a characteristic magnitude of the

variable
Superscript' - indicates a turbulent fluctuating quantity
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Appendix I. The Computer Program for Theoretical
Calculations of Heated Discharge Behavior

The computer program is written in Fortran IV, G level, Mod 3
and the calculations for this study are done on an IBM 360-65 computer.
The program consists of a main program and five subroutines:

MAIN: This program reads the input data for the theoretical calcula-
tions, sets up the initial conditions for each calculation, and calls

the subroutine SRKGS which performs the actual calculations.

Input Data Format
Number of Calculations 13
One Set (F_, S_, A, K/uo, 6,» Xp» ERR, bi 8F10.5
Calcula_ Vl’ V2’ V3’ V4, Vs, V6’ V7, V8 8F10-5
tion
uo
where: HB = initial densimetric Froude number =
Ap
90 h
S_ = bottom slope 0 g4,
X a

A = channel aspect ratio = ho/bo
K/uO = surface heat loss coefficient parameter
8 = initial angle of the discharge with the

boundary of the ambient region

»
1]

F The value of x//Eobo at which the program should
terminate for this calculation. In this study,

xF varies from 50 to 200.
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ERR = Maximum allowahle pumerical truncation error in
each dependent variable at each time step. 1In this
study a value of ERR = .0l is used.

b, = Initial value of h/yii}i; and b/xﬁi};; to be used
in this calculation. The mathematical formulation
of the theory sets h = b =0 at x = 0 but in the
numerical scheme a finite value must be given. A
value of bi = 10_8 is used in this study. The
calculations are found to be independent of the
choice of bi as long as it is small.

I. - I, = Integrations of similarity functions as given

in Table 3-1.
€ = Spreading rate of the turbulent region of a non-
buoyant jet.

V, - V., = Input constants describing the cross flow - (see

description of subroutine CROSS).

SRKGS: This subroutine is a modified version of the IBM Scientific
Subroutine Package routine DRKGS. It is a fourth order Runge-Kutta
solution to a system of first order differential equations.

The form of the equation is:

dyj
[ aij ] Fralis ¢y (I-1)

where aij is a coefficient matrix, ¥ is a vector of the independent

variables and ¢ is a vector of the constants in the i equations.
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The program MAIN provides the initial values ij and the sub-

routine SRKGS advances the solution by calling subroutine FCT (described

dy
below) which calculates the values of aij’ Cis and E;L at each step.
The solution is terminated when x = Xe- The results of each step are

output by subroutine OUTP.

FCT: This routine takes the current values of x and xj and computes
the values aij and ey according to the theory of this study, the system
of equations in (I--1) are then solved by an IBM Scientific Subroutine

DGELG which returns the values of Byj/ax to FCT which returns them to

SRKGS.

OUTP: The independent variables 2 and u/uo, ATclaTo, h//E;bo, b//ﬁobo,

/b, s/Vi by, db/dx, x//h b, y/WVh b, and ¢ . The values of these
variables are output after each step of the calculation. The value of
the dilution D and the heat flow H (see Chapter 5) are also calculated
and printed. Each page of output displays the input variables for that
particular calculation on the page heading.

§§9§§: This subroutine is called whenever the velocity of the cross flow
is required. The subroutine uses the values of Vl - V8 to compute the
cross flow as a function of x//E;E;. For each particular application
of the theory, the subroutine may be different. The only requirements

are as follows:

a) The subroutine returns the value of V/uo at the given x/rﬁobo.
1 d(v/uo)

b) V, is reserved for retuxrn of e
8 v/“o d(X/jhobo) to the main

program.
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In this study the following algorithm is used;

2
Viu =V exp{—V [V ( = ) -—V] } (I-2)
o 3 2 4 T 1
hObO
Vg = = 2V,V, [v4 (h"b ) - vl] (1-3)
o 0

Note: The program may generate numerical underflows in certain calcu-
lations and corresponding error messages may be printed out. The re-

sult of an underflow calculation is set to zero automatically.
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MATIN PRNGRAM

REAL I1,12,17,15,16

DOUBLE PRECISION PRMT ,Y JAUX 3 DERY s THy XPaYPyByUsGeHyBX3SyRy Xg XLIM
INTEGER R

FXTERNAL FCT,0UTP

EQUIVALENCE (Y{1)aTH) (Y {2) 4XP)(Y{3),,YP)y(lY(4),B),(Y(S),U)
FAQUIVALENCE (Y(6)sG) o (YL T)sHY (Y(8),BX)y(Y(9),3S),{(Y(10),R)
NDIMENSICN PRMT(5) ,Y(14),AUX(16,14),DERY(14},VEL(B)

COMMON NPAGCS yNLINE gFRGFTgASyEeTl 212,17 ,T1,T2,EPSsIS9169SXsTHILZVEL
COMMON ERR

RR=5

READ (RR,1 ") KK

P01 K=1,4KK

READ (RR4171) FRySXgASsEsTHI oXLIM,FRR,yR]

READ (RR41°1) T11,3129T1,T2,15,1651THEPS

READ (RRy171) (VEL(I)y I=1,8)

FORMAT (13)

FORMAT (8F11.5)

R=AS+=* .5

S=1,/R

B=B1

H=R81

u=1."

G=1.\

RX=EPS

TH=THI

Xp=n,

Ye=".

NPAGE="

NLINE=S2

FI=(1./(FR-"2)}*S

PRMT(1)=",

PRMT(2)=XLIM

PRMT( 3)=,07% 1

PRMT (4 )=ERR

DO 2 N=1,1"



=261

DERY(N)=.1

CONTINUE

NDIM=1"

CALL SRKGS(PRMTY,Y,DERY,NDIM, IHLF,FCT,0UTP, AUX )
CONTINUE

CALL EXIT

END



[aN e
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alel

SUBRIOUTINE SRKGS(PRMT,Y,DERY NDIM,THLF,FCT,0UTP, AUX)
DCUBLE PRECISION PRMT,Y,DERY ,AUX Ay RyCyXyXENDyHy AJyBJI9CIyR1,R2,
1DELT,DABS

DIMENSION Y(14),05RY(14),AUX{8,14),A(4&),B(4),C(4),PRMT(5)
DO 1 I=1,NDIM

AUX(ByI)=,"66666666666666667D2F DERY (1)

X=PRMT (1)

XEND=PRMT(2)

H=PRMT( 3)

PRMT (5)=",D"

CALL FCT(X,Y,DERY)

FRROR TEST
IF(H* {XEND-X)138, 37,2

PREPARATIONS FI RUNGE-KUTTA METHON
A(1)=,5D"
A(2)=,29289321881345248D"
A(3)=1,70TLNATBL1I8B654T75D
A(4)=,16666666666666667DN
B(11)=2,0"

B(2)=1,D"

8(3)=1,D"

B(4)=2,D"

C(1)=,5D"
C{21=,292893218R1345248DN
C{3)=1.7"717678118654T750D"
Clt4a)=,5n"

PREPARATTIOINS OF FIRST RUNGE-KUTTA STEP
DO 3 I=1,NDIM

AUX(Y,1)=Y(])

AUX(2,1)=DERY(I)

AUX(341)=7,D"

AUX(641)=",D"

IREC="

DRKG1N7C
DRKG111"

DRK51130
DRKG1140
DRKG115¢"
DRKG1160
DRKG1170C
DRKG1180
DRKG1190
DRXG12CH
DRKG121"
DRKG1220
DRKG1230
DRKG124)
DRXG1250
DRKG1269
DRKG1270
DRKG1280
DRKG129n
DRKG13CN
DRKG1310
DRKG1 32"
DRXG1330
DRKG1349
DRKG1350
DRKG1360
DRKG1 370
DRXG138N
DRKG1390
DRKG1400
DRKG1410
DRKG1 429
DRKG1430
DRKG1440
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13

H=H+H

THLF=-1
ISTEP=0
TEND=0

IF({ X+H-XEND I *H) T 46,45

START OF A RUNGE-KUTTA STEP
H=XEND=X

IEND=1

RECORDING OF INITIAL VALUES OF THIS STEP
CALL DUTP(X,Y,DERY,IREC,NDIM,PRMT)
IF{PRMT (5)) 47y 8y 4N

ITEST=r

ISTEP=ISTEP+]

START OF INNFRMOST RUNGE-KUTTA LOOP
J=1

DD 91 I=14NDIM
AUX(3,1)=n,D"
AUX{(6,4,1)=0,0D"

AJd=ACJ)

RJ=B(I)

CJ=CLI)

DO 11 T=14NDIM
R1=H*DERY(I)
R2=AJ*(R1-BJ“AUX(6,1))
Y{I)I=Y(1)+R2

R2=R2+R2+R2

AUX (6, T)=AUX(6, I)+R2=-CI*R1
IF(J=-4)1241%415

J=J+1

TF{J-3)13414413

X=X+, 5D0M*%H

DREGL&ABHN
DRKG146D
DRKG147D
DRKG1400
DRKG1499
DRKG1 SN
DRXG1520
DRKG1510D
DRKG 1530
DRKG1540
DRKGL1S55D
DRXGL1 56D
DRKG1ISHTO
DRKG1 58N
DRKG159ND
DRKG1550
DRKG1610
DRKG162n0
DRKG1639
DRKG 1640

DRKG165D
DRKG 1660
DRKG167C
DRKGi1 o682
DR<G169D
DRKG1T7YN
DRKG1710
DRLGLI720
DRKG1732
DRKG1740
DRKG1750
DRKG176N
DRKG1770
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16
17

18

13

27

21

22

24

CALL FCY(XsY,DERY)
60Ty 10
END 3F INNERMOST RUNGE-KUTTA LOOP

TEST OF ACCURACY
IF(ITEST)I16416,420

IN CASE ITEST=" THERE IS NO POSSIBILITY FOR TESTING OF ACCURACY

DO 17 I=1,NDTM
AUX(441)=Y(1)
ITEST=1
ISTEP=ISTEP+ISTEP-2
THLF=THL F+1

X=X-H

H=¢, 50 0%H

DC 19 I=1,NDIM
Y{1)=AUX(1,1)
DERY(I)=AUX(2,7)
AUX (6 ,1)=AUX(3,1)
GOT0 9

IN CASE ITEST=1 TESTING OF ACCURACY IS POSSIBLE
IMND=ISTEP/ 2

IFCISTEP-IMOD-IMNN)21,423,21

CALL FCYUX,Y,DERY)

DO 22 I=1,NDIM

AUX(5,1)=Y(T])

AUX(T,I)=DERY(])

GOTO 9

COMPUTATION OF TEST VALUE DELT
DELT=0,.D"

D2 24 I=1,NDIM
DELT=DELT+AUX (8, I)*DABS(AUX(4,1)-Y(T))
IF(DELT-PRMT(4))28,28,25

DRKG1780
DRKG1790
DRKG1800
DRKG1810
DRKG1820
DRKG183D
DRKG1840
DRKG1850
DRKG185)
DRKG1870
DRKG1880
DRKG1890
DRKG1900
DRKG1913
DRKG1920
DRKG1930
DRKG19490
DKG1950
DRKG196 0D
DRKG1970
DR<G1980
DRKG1992
DRKG200O0
DRKG2010
DRKG2020
DRKG2030
DRKG20 40D
DRKG 2050
DRKG2060
DRKG2070
DRXG2080
DRKG2790
DRKG210D
DRKG2110
DRKG212)
DRKG2130



c
25
26
27
C
C
28
5N
281
!
-
)
o
1
29
3¢
31
C
c
32
33

34

ERROR 1S TON GREAT
GO Tn 26

ND 27 I=1,NDIM
AUX(441)=AUX(5,1)
ISTEP=]ISTEP+ISTEP -4
X=X~-H

TEND=D

GOTO 18

RESULT VALUES ARE GOOD
DO SN K=1,10

IF (Y(K)) 25,57,5"
CONTINUE

CALL FCT(X,Y,DERY)

D0 29 T=1,NDIM
AUX(1,1)=Y(1)

AUX (2, 11=DERY (1)
AUX(3,T)=AUX(6,1)
Y{I)=AUX(5,1)
DERY(T)=AUX(7,1)

CALL OUTP{X~HyY,DERY,IHLF NDIMyPRMT)
TF(PRMT(S))4", 30, 4D

DO 31 1=1,NDIM
Y(I)=AUX(1,1)
DERY(I)=AUX(2,1)
IREC=THLF
IF(IEND)32,32, 39

INCREMENT GETS DOUBLED
[HLF=THLF =]

ISTEP=ISTEP/2

H=H+H

IMON=ISTEP/2
IF(ISTEP-IMID~IMDD) 4,34,4
GD 7O 35

DRKG214D
DRKG215n0

DRKG2170
DRX G2180
DRKG219D
DRKG220
DRKG221N
DRKG222n
DRKG2230
DRKG2240

DRKG225D
DRKG2260
DRKG227D
DRKG228N
DRKG229D
DRKG230D
DRKG2310
DRKG2320
DRKGZ2330D
DRKG234nNn
DRKG235D
DRKG 2360
DRKG2370
DRKG23Z G0
PRXG2390
DRKG240D
DRKG2610
DRKG2420
DRKG2430D
DRKG2450
DRKG2460
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35

36

37

38
39

4r

IHLF=THLF-]
ISTEP=ISTEP/2

H=H+H
GOTO 4

RETURNS TN CALLING PROGRAM

IHLF=11

CALL FCT(X,Y,DERY)

GOTN 39
THLF=12
GCTY 39
IHLF=13

CALL OUTP(X,YDERY,IHLF,NDIM, PRMT)

RETURN
END

DRKG2480
DRKG249D
DRX32500
DRKG2510
DRKG2520
DRXG2530
DRKG254n
DRKG2550
DRX G256N
DRKG257?
DRKG2580
DRKG2590
DRKG26CD
DRCG2610
DRKG2620
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SUBRDUTINE FCT{ Xy YeDERY)
INTEGER P
INTEGER FLAG,SLNPE
DOURLE PRECISION A DERY 4 XyYsC sERSTHyXP»YPB,UsGyHyBXsSsRyDARS
REAL Il1,412,1T7,15,16
DIMENSION A(14+14),DERY(14),Y(14&),VEL(8)
COMMON NPAGEWNLINEsFRyFIJAS)E T 19 T24I T4 T19T2EPSyI5,169S5XsTHIZVEL
COMMON ERR
P=6
TH=Y( 1)
XP=Y(2)
YpP=Y(3)
B=Y (4)
U=y (5)
G=Y(6)
H=Y (7))
BX=Y(8)
S=Y(9)
R=Y (10)
IF (M) 700, 77°C,7TN]
7Y H=1.70-7
771 CONTINUE
SLopPE=1
FLAG=1
CALL CROSS({XP,yV)
IF(V) 75,475,76
75 EPSB=EPS
FLAG=2
76 1F (R=40G1N71) 87,8N,81
AN R=C,
WINF=I1"U*EPS/2
GO 7O 811
81 WINF=({I1-12)*EPStU
B11 IF {S-,000"1) B2,82983
82 S$=0,
VINF==I1#U"EPS/2



83
831
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838

3y
ni
372

3n3
4%

GO 1O 831
VINF==(11-12)*EPS*Y
VCT=DCOS(TH)*V
VST=DSIN(TH)*V

WINF S=WINF

FIS=F1

B1=S+RB=%]1

B2=S+B*12

B3=B*16

B4=8%=]5

BG=S+B*T1

BT=S+B=1T

Hl1=R4+H*I1

H2 =R+H*T2
HGG=R*R- , 5+T1#H* R+ T2 kH*H
HT=R+H*IT

HG=R+H*T]
UM2=U*1212+42,“VCT*I14]1
UM1= U* 1242, VCT*I1

DO 1 N=1,14

DO 1 NN=1,14
A(NJNN)=D,

CONTINUE

GO TO (3°7,371), FLAG
FI=.n00"0Nn]

GO TO 6

ARG= S#G#H/{URUFR*FR )
IF({ARG)372,373,373
ARG=",

IF (ARG-10,) 37,300,432
WINF=0,

GO TN 6

WINF=WINF*E XP{-ARG)
A(l,1)=URU*B2%H2+2, ¥UtVCT*B1%H]1 4
Al2,2)=1,"

A(3,3)=1,"

VCTeVCT*(S+B)*{R+H)
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3n5
351

A(4,4)=130

DERY (4)= BX

A(S5,1)=-H¥B«VST

A(Sy4 =11 %UnHk]]1 +HVCT

A(5,5)=1]1 *H«R¥*]]

A{S, 7T)=11*#U%BX114B%VCT
A(5,9)=UrH 11 +H*VCT
A(S,10)=U%B*]1+B*VCT

A(S5411)=-Hk]]

Al5,12)=8%*[1
A(Ey1)==2,%H"B¥(UXI[1*I14VCT)*VST

A(644 )=U"H UM+ T1*T2* H* - GV F T +H*VCT ¥VCT
A(bBy5)=2 *HEBX{ YT 2% T2¢VCT=]1%]1)
A(646)=TL*T2 - H*H*B*F]

A6y T)=U*BEUM24B*VCTHVCT +T1¢T2%2,*G*H*B%F [
A(659)=U¥HUML +H «VCTH*VOTHT 2% G Hy H*F ]
A(691D)=UHRe ML +BRVCTRVCT 4T #T]1 3 GeH*B%F |
A(6,411)=-H*UM]

A(6,12)=BxM 1

A(T41)=-G*HG"BG"VST
A(744)=G*(U=TTRHT+T1%VCT*HG)
A{7,5)=G+HT «BT

A(T,6)=UKHT 8T+ VCT*BG*HG

A(Ty T)=6*(U*IT*BT+T1%VC T*RG)

A(T749)=G" (U=HT+VCT=HG)
A(T,10Q)=G*(U“BT+VCT*BG)

GO TO (374,375), FLAG

A(898)=lon

DERY(8)=",

AlG4T)==1,"

DERY(4&4)=1,

GO TO 306

GO TN (3051,3052), SLOPE
A(851)=-(AX-EPSB ) %VYST*2, 4{UsH1*B4+VCT* (R+H)*B)
A8y, 4)=(BX-EPSB)* (UkURTEXH242,¥VC TEUXH]I*] S+ VC T VC T (R4+H))
A(8,5)=(BX-EPSB)«2% (UkH2#B3+VCT*H1*B4)
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376

50

6"
61

A(8,T)=(BX-EPSR)=(UsUKTI2%B342,*V(CT*B4*11*U¢VCTEVCT%B)
A(848)=U*U=B3kH2+ U2, xVCTEB4xH]1+VCT*VCT* (R+H) *B
A{B,1N)=(BX-EPSB )&{UxU*B3I4+2, *VCT4B4&*U+VLT*VCT*R)
DERY(8) = G*HGG*F1

GO TO 376

DERY(8)=",

A(8,8)=1,0

DERY(4)= SX~DSIN{TH)

Al444)=0,0

A(4,7’=1aq

Al4,10)=1,"0

IF (R) 57,59,51

A(11,10)=1,9

Al12,412)=1.D

A(l13,13)=1.?

A{l4a,14)=1,N

GN TO 60

A{l1,1)=-R&B"VST

A(l1ly4)= T15R*U4R*VCT

A(1145)= 1" R¥B

A(1]l4+9)= UZR4R=VCT

A{11,12)= -11%8

A{ll1,14)= -R

A(12,1)==2, «BkR¥ (U*T1+VCT)*VST
A(12,4)=REYXUMLI4+R*VCT*VCT+T]1#G*FI%( , S5*¥R*R+R¥H%T])
A(12,45)=R&B*2, % (Uk[24VCT *I1)

A(1246)= T1=2B%(,S5«R“R+R&H*T])*F1
A{12,7)=T1+T1%B«R%RG%F [

A(1249)=R* (U U+2,*U*VCT +(R¥*q S+H*T1 ) *G*F 1) +R*VCT*#VCT
A(12,17)=A(12,7)/T1

A(12,12)= -8~“UM1

A(12,14)= -R"(U+VCT)

IF (S) 61,61,62

A(9,9)=1."7

A(17,11)=1,"

Al13,13)=1.D
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62

63

IAS

Al{l4,14)=1."

Go 0 70

A9,y 1)==S*H*VST

A(9,5)=I1%S"H

A(9y, T)=11*S«U+S*VCT
A(S,10)=S=U+S*VCT

A(9,11)=11*H

A{9413)=5
A(1741)==2,%SxH&(UxT14VCT )2VST
A(10,5)=S*H*24, 4« (U*I24+VCT%T1)
A(1046)= [2%H¥H*S*F]
A(1Da7T)=S=UNUML +S=VCTAVCT 4T 2% 2+ HXG*S#F [
ACLID 10 =SSP URU42, %URVC T+GRHXT1*FI+VCTEVCT)
A(1C 411)=H"UM]
A(C10,13)=S¥(U+VCT)

IF (R} 7Y,70,63
A(13,1)=-R¥S=VST

Al13,5)= R*S

A{13,13)= =S

A(13,14)= R

A(14,1)=-2, "R&SkU+VCT) *VST
A{14,45)1=R¥S*2.*(U+VCT)
A(1446)=(H*T14R/2)*FI&R%S
A{14,7)=G*T1 *FI*R*S

Al{14,10)= GX*FILR*S
A(14413)==S*"(U+VCT)
A{l4,14)=R" (U+VCT)
DERY{1)=-VST=(WINF*B1-VINF*H1)
DERY{2)=DSIN(TH)

DERY( 3)=DCOS{TH)
DERY(S)=(WINF*B-VINFXH)*I1
DERY(6)=VCT*DERY(5)
DERY(T7)=-E*GBG

DERY(9)=S*WINF

DERY(10)= VCT#DERY(9)
DERY(11)=-R*VINF
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327

DEIY(12)= VIT*IERYI(LII)
NERY(13)= "~

DERY(141V=",

IF (V) 73,73,71
VR=VCT-VEL(8)/VST

DD 72 1=2,14

DERY{ I)=DERY(IVI+A({1,1)*VR
CONTINUE

CONT INUE

DO 27 I=1,1%

AMAX=N, T

DO 21 J=1,14

DA=DABS(A(I,J))

IF (DA-AMAX) 21,21,22
AMAX=DA

CONTINUE

TF (AMAX) 20,27,24

DD 23 J=1l,14
ACToJ)=A0T,J)/AMAX

CONT INUE
DERY{I)=DERY(I)/AMAX
CONTINUE

ERS = L1D-16

CALL DGELG{NERYyAy14,1,ERS,IER)
IF (1ER) 948,7

WRITE (Py5™Y) 1ER,FLAG,SLOPE
WRITE (P,571) ((A(1,J4)4d=1,164),DERY(I},1=1,14)
CALL EXIT

WRITE (P,5ND) TERWLAG,SLOPE
FORMAT ()X4s1B8HERRNR IN MATRIX = ,12,T74,14)
FORMAT (15(08,2))

GO 7O (327,321 )y FLAG

FLAG=?2

FPSR=DERY(4)

FI=FIS

GO TO 888



321
322

3221

323

-%02Z-

GO TO (322,4323),SLOPE
SJ=DERY(T7)+DERY{1n)
SXC=SX*DSIN(TH)

IF (SXC-SJ) 3221,3221,323
SLOPE=2

WINF=0D,

FI=,0NN00N1

GO TO 888

FI1=FIS

VEL (81)=0,

RETURN

END



SUBRAOUTINE DUTPI(X,Y, DERY , IHLF,NDIM, PRMT )
INTEGER P
DOUBLE PRECISININ DERYy Yy PRMTo Xg THoXP g YP yU B 9GoH B Xy Sy Ry XLTIM
REAL 11412,17,15,16,M
DIMENSION DERY(14),PRMT{5),Y(14) ,VEL(8)
COMMON NPAGEyNLINEy FRyFI9oASyEsI1e124TTyT1yT24EPS,I54169SXyTHI o VEL
COMMIN ERR
TH=Y(1)
XP=Y(2)
YP=v{(3)
U=Y(5)
B=Y(4)
G=Y(6)
H=Y(T)
BaX=Y (&)
S=Y(9)
R=Y(1D)
P=¢6
CALL CROSS(XP,V)
IF (NLINE-57) 1%,11,11
11 NPAGE = NPAGE +1]
NLINE = °
WRITE (P,272) NPAGE
222 FORMAT (1H1,24HBUOYANT JET CALCULAT IONS, 19X, SHPAGE ,12)
WRITE (P,2721)
2021 FORMAT(/2Xy2HFR 38Xy 2HSXy TX92HAS yBX9IHE s 6X93HEPS 96X 3HTHI 4, TX
102HTIY g 7TX2HI2 4 TXe2HI3 g TX 92HI G T X9 2HIS 3 TXy 2HI 69 TXy 2HI 74 TXe 3HERR )
WRITE (Py203)FRySXyASIEIEPS oTHI 911 412,T1,72,15,16,1IT4ERR
273 FORMAT (14(1X,F8.,5)//)
WRITE (Py32") (I4VEL(I),y I=1,8)
37" FORMAT (8(3Xe3HVELyI1,41H=,F8,3)//)
WRITE (P,199)
199 FORMAT (5Xg1HXeBXe1HUsB8Xs1HT ,8X 31 HH 48X 1HB,B8X g1 HRy8Xy1HS,TX
192H My8X91HQy BXy 1HVy TXy 2ZHHT 3 T X9 2ZHXP ¢ TX9y2HYP 3 TXy 2HTH/)

1" NLINE = NLINE +1
FC=(G*H/(U>1}))

-c0z-
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FC=ABSI(FC)

FC=FCku 5

FC=FR/FC

Q=U*{S+B*TI}Y " (R+H*T1)+V*BLCOS{TH)}*(S+B) *(R+H)

M=UrU(S+8*T12) “(R+H=T2)+Q*V*DCOS(TH)

M=M3URV-DCIST